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PROBLEMA BASICO DE DISTRIBUICAO E SUAS
EXTENSOES
- UMA REVISAO BIBLIOGRAFICA -

Maria Teresa Almeida
Instituto Superior de Economia e Gestao (UTL)
Rua Miguel Lupi, 20, 1200 Lisboa

Resumo: O problema bdsico de distribui¢do consiste na determinagio da configuragio
6ptima de um conjunto de rotas a serem percormdas por uma frota de veiculos para servirem um
conjunto de clientes cujas localizagdes ¢ procuras sdo conhecidas, minimizando os custos de
distribuigdo e respeitando as restrigdes de capacidade.

Este tipo de problemas encontra-se em numerosas situagdes de planeamento de transporte de
pessoas ¢ bens, bem como em situagdes de planeamento de determinadas tarefas. Ele pode ser
generalizado a existéncia de numerosas outras restri¢des e/ou condigbes de planeamento, dando
origem a uma vasta classe de problemas, geralmente designados por problemas de distribuigo.

Neste trabalho € feita uma revisdo bibliogrdfica dos principais métodos exactos e
aproximados de resolugfio de problemas de distribuigdo.

1. Iniroducao

A designagdo "Problemas de Distribuig@o", tradugdo das designagdes "Vehicle Routing",
"Vehicle Scheduling”, "Truck Dispatching" e "Delivery Problem" encontradas na literatura
especializada de lingua inglesa, engloba uma enorme variedade de problemas. Se em muitos
deles se trata efectivamente de distribuir (e/ou recolher) produtos (derivados do petréleo,
correSpondéncia postal, produtos alimentares, lixo doméstico e industrial, etc.), noutros trata-se
do transporte de pessoas (transportes especiais para deficientes, transportes escolares, etc.) e
noutros ainda trata-se de situagdes em que ndo hd bens ou pessoas a transportar, mas antes,
determinadas operagdes a efectuar (inspecgio de redes ou condutas, selecgio de produtos num
armazém, etc.) as quais podem ser modelizadas como se se tratasse de um problema do tipo dos
anteriores. A enorme variedade de situagdes englobadas conduz, naturalmente, a uma
multiplicidade de modelos.

Pode, no entanto, considerar-se que na base de todos eles estd o problema, neste trabalho
designado por problema bdsico de distribuigfo, da determinagio do percurso de comprimento
minimo a efectuar por uma frota de vefculos estacionada num armazém central para servir um
conjunto de clientes. Conhecidas as capacidades dos veiculos, as localizagBes geogréficas dos
clientes e do armazém central e as procuras, trata-se de determinar as configuragdes das rotas
que correspondem ao menor comprimento total, Para isso € necessdrio, por um lado, proceder &
afectagfo dos clientes as rotas, respeitando as restrigdes de capacidade e, por outro, determinar
a ordem pela qual deverdo ser visitados os clientes incluidos numa mesma rota.

O problema bdsico de distribuigio pode ser considerado uma generalizagio do problema do
caixeiro viajante miltiplo, Bodin et al (1983), obtida pela introdugio de restrigdes na carga total
a transportar em cada rota, Este, por sua vez, pode ser visto como uma extensdo do cldssico
problema do caixeiro viajante, Christofides (1979), em que se admitem repetidas passagens
pelo armazém central.
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Todos os problerhas j4 referidos pertencem 4 classe dos problemas NP-completos, Lenstra e
Rinnooy Kan (1981), ndo se conhecendo por isso, para nenhum deles, algoritmos exactos de
complexidade computacional. Contudo, os problemas de distribui¢do tém-se mostrado na
pratica comparativamente ainda mais dificeis. A dimensdo dos problemas de distribuigdo para os
quais € possivel encontrar solugdo exacta estd muito aquém néo sé da dimensio da maioria das
aplicagdes reais, como da dimensio jd alcangada para o problema do caixeiro viajante, Balas ¢
Christofides (1981), Crowder e Padberg (1980) ¢ Padberg ¢ Rinaldi (1986). Laporte e Norbert
(1987) indicam como dimensdo médxima jd resolvida (excepto para certas condigdes de tipo
muito particular) cerca de 30 clientes. Lucena Filho (1986) na sua tese, resolve problemas com
45 clientes, resultado que € apresentado como correspondendo aproximadamente 3 duplicagio
da dimensio médxima resolvida até entio.

Na Secgdo 2 sfio apresentadas as principais extensdes do problema bdsico de distribuigdo.
Na Secgdo 3 sdo apresentadas formalizagGes alternativas do problema bésico de distribuigdo ¢
métodos exactos de optimizagdo nelas baseados. Na Secgdo 4 sfo apresentados métodos
heurfsticos para a obtengdo de solugdes aproximadas.

2. Problema Basico de Distribui¢io e suas Extensoes

No problema bésico de distribuigdo, como j4 foi referido, considera-se um conjunto de n:
localizagbes geogréficas, N={1,2,...,n}, a primeira representando um armazém central onde se
encontra estacionada uma frota de veiculos ¢ as restantes representando os clientes. Para cada
cliente, além da sua localizagao, é também conhecida a sua procura g;, i = 2,..., n, relativa ao
bem em consideragio. Para cada vefculo € conhecida a sua capacidade Qy, k = 1,..., M. Trata-
se de determinar as configuragGes das rotas a efectuar pelos veiculos, de modo a que cada
cliente seja servido por um e um sé vefculo, minimizando-se o comprimento (ou custo) do
percurso total.

Esta situagdo pode comportar diversas restrigdes adicionais. De entre as mais frequentes
podem salientar-se as seguintes:

(I) Restricdes Temporais

Os vefculos (ou, mais exactamente, os seus condutores) s6 podem operar durante intervalos
de tempo de duragdo limitada. Assim, cada rota ndo pode ter uma durag@o superior a um
determinado valor pré-fixado. Na avalia¢do da duragdo da rota, dependendo das situagdes,
podem ser apenas incluidos os tempos de trajecto, ou ser também incluidos os tempos de
carregamento do veiculo no ammazém central e os tempos de descarga e entrega das encomendas
nos clientes.

Os clientes 56 aceitam as encomendas durante certos intervalos de tempo (designados na
literatura inglesa por "time-windows"). Neste caso, podem ainda distinguir-se as situagdes em
que se admite que o veiculo chegue aos clientes fora dos intervalos temporais admissiveis e
fique estacionado a espera que eles se iniciem e as situagdes em que devido 2 inexisténcia de
local de estacionamento, o vefculo s6 pode chegar aos clientes durante os intervalos temporais
admissiveis para as descargas. No primeiro caso os tempos de espera devem também ser
considerados na avaliagio da duragdo temporal da respectiva rota. Solomon e Desrosiers (1987)
fazem uma revisio bibliogrdfica sobre estes problemas.

(II) Restri¢coes de Precedéncia

Nalguns casos hd restri¢des de precedéncia entre clientes, ndo podendo determinados
clientes ser visitados sem que outros o tenham jd sido. Esta situago € particularmente frequente
nos modelos em que hd simultaneamente recolha e distribui¢do, pois em muitos casos,
determinadas recolhas t8ém de preceder algumas distribuigdes e, por outro lado, a sequéncia de
recolhas e distribuigdo, tem de ser compativel com as capacidades dos veiculos.

(XII) Restri¢oes na Frota

O mimero de veiculos que compdem a frota pode ser conhecido a priori tendo nesse caso
que impdr-se a restrigdo adicional de que o niimero de rotas a gerar nfio pode ultrapassar o
nimero de veiculos disponivel,

O problema bdsico de distribuigio pode também ser generalizado, sendo as suas
generalizagGes mais frequentes as seguintes:

(I) Miltiplos Depésitos

Se existir mais do que um armazém para estacionamento dos vefculos, mas cada vefculo
estiver afectado a priori a um dos armazéns (por razdes de organizagdo regional ou outras), o
problema € decomponivel em tantos problemas com um dnico armazém, quantos os armazéns
existentes. Se, no entanto, se admitir que um vefculo pode iniciar a sua rota num armazém e
termind-la noutro, além da afectagfo dos clientes s rotas é ainda necessério proceder 2 afectagio
das partidas e chegadas de cada veiculo a um armazém, tendo em atengio a capacidade de
estacionamento de cada um deles.
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(II) Frota Niao Homogénea

Nalguns casos a frota dos vefculos niio é homogénea, ndo s6 porque nem todos os vefculos
ttm a mesma capacidade, mas porque nem todos tém as mesmas condi¢bes de transporte
(compartimento frigorifico, por exemplo, no caso de bens alimentares). Sendo assim é
necessdrio proceder A afectagdo dos veiculos as rotas geradas tendo em consideragdo as
respectivas caracterfsticas.

(III) Multiplos objectivos

Para além do objectivo ji referido da minimizagio do comprimento (ou custo) total, podem
estabelecer-se outros objectivos. Quando o nimero de veiculos na frota néo € pré-determinado
(porque se admite a compra ou aluguer de novos veiculos, se necessdrio) além da minimizagio
dos custos de transporte, designados geralmente por custos varidveis, tem de incluir-se também
na fungdo objectivo uma parcela relativa aos custos de compra ou aluguer dos veiculos
utilizados, geralmente designados por custos fixos. Podem ainda incluir-se na fungdo objectivo
penalizagBes relativas a clientes ndo servidos quando com as restri¢Ses ndo é imposto que cada
cliente seja visitado por um e um sé veiculo, ou ponderadores dos clientes que favoregam os
que sejam considerados de maior importincia.

Para além destas extensdes do problema bdsico de distribuigdo, merecem ainda particular
destaque, aquelas que se referem a tipos de problemas bem caracterizados como os de
transporte escolar, Desrosiers et al (1986), Graham e Nuttle (1986) e Gavish ¢ Graves (1979),
€ os transportes compartilhados de passageiros ("dial-a-ride" na literatura inglesa), Desrosiers,
Dumas e Soumis (1984, 1986), Bodin ¢ Sexton (1986), Gavish e Srikanth (1979) ¢ Gavish e
Graves (1979). No caso dos transportes escolares sio particularmente relevantes as condigdes
referentes a normas de seguranga. No caso dos transportes compartilhados de passageiros cada
cliente corresponde a um par de localizagGes, com relagiio de precedéncia entre si, referentes aos
pontos de inicio e fim da viagem a efectuar.

Por iiltimo, refira-se ainda que, por vezes, o planeamento das rotas dos veiculos ¢ feito com
0 objectivo de o repetir periodicamente ao longo de um horizonte temporal, sendo neste caso
utilizada a designagdo de "rotas fixas", Beasley (1984).

3. Algoritmos Exactos

Dada a complexidade computacional do problema bdsico de distribui¢do, todos os
algoritmos exactos desenvolvidos para a sua resolugdo, tém de recorrer as técnicas de
programagdo inteira, em particular, & pesquisa em drvore,

Estes algoritmos baseiam-se em diferentes formalizagdes do problema ¢ em diferentes
técnicas (relaxagdo Lagrangeana, programagdo dindmica com relaxagio do espago dos estados,
testes de dominfncia, etc.) de tratamento dessas formalizagdes. Em seguida, apresentam-se
algumas dessas formalizagbes, bem como métodos exactos de resolugio nelas baseadas.

. O problema de distribuigdo pode ser considerado uma extensio do problema do caixeiro
viajante, como j4 foi referido. A formalizagfo seguinte, apresentada em Golden et al (1977),
baseia-se nessa ideta. Nela sdo admitidas diferentes capacidades para os diferentes veiculos e
podg ser generalizada 4 existéncia de miltiplos depésitos, Bodin et al (1983).

ejam:
¢jj - distdncia entre i ¢ j, i,j=1,...,n (o armazém estd localizado em 1)
q; - procura do cliente i,1=2,...,n (pode considerar-se q;=0)
Q - capacidade do vefculo k, k=1,...,.M
{ 1, se o veiculo k vai de i para j directamente
Xijk 0, caso contririo
O problema pode formular-se como:
M n
min 37 % ¥ cijij M
k=1 i=1 i=1
n M
s.a. z injk j=1...,n 2)
i=1 k=1
n M

> 2 Xk =1 i=1,..,n 3

i=l k=l

1

r =

) (Xijk‘xjik)=0 k=1,...,M; j=1,..,,n (4)

k

il
—
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n

lejksl k=1,.,M (5)
i=1

n M

2 ai (O i) <&k k=1,..M )
= =l

xjik € {0, 1) i,j=1,.,n:k=1.,M @
XeS (®)

A fungio objectivo (1) traduz a minimizagfo do comprimento total do trajecto a efectuar pela
frota. As condigBes (2), (3) e (4) garantem que cada cliente € visitado exactamente uma vez e
que o vefculo que entra numa localizagio volta a sair dela. As condigdes (5) asseguram que cada
veiculo ndo efectua mais do que uma rota. As condigdes (6) referem-se as restrigdes de
capacidade nos veiculos. As condigdes (7) definem as varidveis como bindrias e as condigdes
(8) s@o as restrigdes que evitam a formagio de subcircuitos que ndo passam pelo armazém
central e podem ser expressas de diversas formas, Christofides (1979).

Em Magnanti (1981) esta formalizagio € tratada excluindo as condigdes (2) (que sdo
desnecessdrias na presenga das restantes) e relaxando de forma Lagrangeana, Geoffrion (1974),
as restrigdes (3). O problema relaxado pode, ento, decomp6r-se em M problemas, um para
cada veiculo. Esta abordagem levanta, contudo, duas questdes: a dificuldade de resolugio dos
problemas relaxados e a possibilidade de na solu¢do dos problemas relaxados ser feita a
afectagio dum mesmo cliente a vdrios vefculos o que certamente tem mas consequéncias na
qualidade do minorante obtido. Neste trabalho ndo sdo apresentados resultados computacionais
para esta abordagem, nem para as outras variantes sugeridas.

Formalizacio 2

O problema de distribui¢do pode também ser relacionado, como ji foi referido, com o
problema do caixeiro viajante multiplo. Essa ideia foi explorada por Christofides et al (1981a)
num método de pesquisa em 4rvore em que os minorantes sio determinados 2 custa da
resolugdo de problemas de determinagiio de drvore com grau k no centro.

~ Se numa qualquer solugdo admissivel do problema do caixeiro viajante miiltiplo, fér
eliminado um conjunto Sy de y arcos adjacentes ao armazém e um conjunto S; de M - y arcos
(sendo M o miimero de caixeiros viajantes) o grafo resultante, se for conexo, é uma drvore
geradora, Gondran e Minoux (1984), cujo centro (que representa o armazém) tem grau k = 2M
- y_
Sejam as varidveis:
X { 1, se o arco £ pertence A drvore de centro com grau k
L= .
0, caso contririo

0 - { 1, se o arco £ pertence ao conjunto S

4 0, caso contrdrio

! { 1, se o arco £ pertence ao conjunto S,
xl =
2

0, caso contrdrio
O problema do caixeiro viajante miltiplo pode formalizar-se como:

min %cl(x£+xg+x}t) ©)
sa. Y xy21 vV, CV (10)
Le(v,V)
D xy=2M-y (1
LeAy
Y, x,=n (12)
2
> xG=y (13)
LeAy
Y (xp+x+xh)=2 V=1 (14)

Le A
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X’eG [0, 1] V(e (153)
xhe {0,1) v, (15b)
xpe {0, 1) v, (15c)

com y <M e A; representando os arcos incidentes no vértice i.

A fungiio objectivo (9) representa a minimizagdo do percurso total. As restrigdes (10)
garantem que a solugio € conexa. As restrigoes (11), (12) e (13) impdem o nimero correcto de
arcos na solugdo. As restrigdes (14) impdem que cada cliente seja visitado exactamente uma vez
e as restrigdes (15) definem as varidveis como bindrias. Relaxando de forma Lagrangeana as
restri¢des (14) obtém-se um minorante para o valor da solugio 6ptima do problerna do caixeiro
viajante miltiplo (e, portanto, também para o valor da solugdio éptima do problema de
distribuig#o), o qual € usado numa pesquisa em drvore. As restrigSes relativas as capacidades
dos vefculos sdo apenas tidas em consideragdo na escolha do valor y e, talvez por isso, os
valores obtidos por este processo ndo sdo de grande qualidade.

Uma abordagem diferente do problema de distribuigdo consiste em considers-lo como o
problema da selecgfio do subconjunto de rotas, entre todas as rotas possiveis, que minimiza a
distancia total percorrida.

Seja R={1, 2,..., /1}) o conjunto de todas as rotas admissiveis, isto €, que respeitam as
restrigdes de capacidade dos vefculos. Para cada cliente i considere-se o conjunto N;C R das
rotas que o incluem e para cada rota re R seja d, o seu comprimento (ou custo) total.

Sejam as varidveis:
1, se arotar éincluida na solugdo
Yr =

0, caso contrdrio
O problema pode ser formalizado como, Balinski e Quandt (1964):

min Y dyy, (16)
reR

sa. 9 yp=1 v, a7
re N;
yre {0, 1) VieR (18)

A fungdo objectivo (16) traduz a minimizagdo do percurso total. As condigdes (17) garantem
que cada cliente € servido uma vez e as condigGes (18) definem as varidveis como bindrias. Esta
formalizagdo corresponde a um problema de partigio de um conjunto, podendo portanto o
problema de distribuigdo ser, neste caso, resolvido pelos algoritmos desenvolvidos para o
problema da parti¢do de um conjunto, Balas e Padberg (1979). H4, contudo, duas questdes de
dificil resolugdo nesta abordagem. Em primeiro lugar, o niimero total de rotas admissiveis,
mesmo para problemas de dimensdo moderada, € de tal modo grande que se torna impraticdvel
proceder & sua geragdo e em seguida resolver o problema de partigo de conjunto resultante. Em
segundo lugar, a avaliagio do comprimento (ou custo) de cada rota exige a resolugio de um
problema de caixeiro viajante formado pelos clientes inseridos na rota e pelo dep6sito. Balinski
¢ Quandt optaram por gerar apenas um subconjumto de rotas admissiveis, desenvolvendo desse
modo um algoritmo que nio garante a obtengdo da solugdo Sptima, mas apenas duma solugio
aproximada.

Christofides et al (1981a) usaram uma formalizagio idéntica com uma restri¢io que
estabelece a priori o niimero de rotas na solugdo. Nela procederam a relaxagdes de modo a gerar
apenas para cada cliente e para cada carga admissfvel a rota de menor custo, sendo esse custo
avaliado por um minorante obtido através do uso da programagio dinimica.

Lucena Filho (1986) com base nesta formalizagio desenvolveu um conjunto de
procedimentos para eliminar & partida uma percentagem substancial de rotas de forma a,
trabalhando apenas com um nidmero muito reduzido de rotas, garantir a obtengdo da solugio
6ptima. Este trabalho € o que apresenta resultados computacionais para problemas de maior
dimensdo.

Esta abordagem tem sobre as outras, a vantagem de permitir facilmente a introdugio de
restrigbes adicionais ao problema, pois essas restrigdes diminuem o ndmero de rotas
admissiveis.

lizaca

Christofides et al (1981b) consideram o problema de distribuigio como um problema de
programagio dindmica. Admite-se que os clientes e os veiculos estdo ordenados por ordem
decrescente das suas procuras e das suas capacidades, respectivamente. Dado um subconjunto
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T de clientes seja f(k,T) o custo minimo para servir os clientes no conjunto T apenas com os
primeiros k veiculos, v(T) o valor da solugio do problema do caixeiro viajante definido pelo
depdsito e pelos clientes em T e q(T) a soma das procuras dos clientes em T. A recorréncia pode
assim definir-se como:

(1, T) = v(T) (19
fk, T) = min {f(k-1,T-b)+v(S)} k=2 (20)
sCT
k-1
sa. qT)- D, Qp<qS) SQ @1
h=1
= AN - ) S ) - Sq(T) 22
considerando apenas os subconjuntos T de clientes que satisfazem a:
M M
Q) - D, Qy S q() <3 Qp @3)
h=k+1 he=1

As restrigbes sdo impostas para evitar o cédlculo de valores que ndo iriam corresponder a
rotas admissiveis. Nesta formalizagdo, Christofides et al, procedem 2 relaxagio do espago dos
estados para a obtengdo de minorantes a usar num processo de pesquisa em drvore. Os
resultados obtidos para os minorantes por este processo sdo considerados de boa qualidade
comparativamente com os obtidos por outras relaxagdes.

Uma outra forma de abordar o problema de distribuigio é apresentada por Fisher e Jaikumar
(1978, 1981). Nesta abordagem o problema € considerado decomponivel num problema de
afectagio generalizada (que determina a afectagdo dos clientes 3s rotas) e num conjunto de
problemas do caixeiro viajante (que determinam a configuragio éptima de cada rota).

Sejam as varidveis:

{ 1, se o cliente i € servido pelo veiculo k
Yik 0, caso contrédrio
1, se o vefculo k visita o cliente j imediatamente a seguir ao cliente i

Yijk = {O, caso contrdrio
O problema pode formalizar-se como:

min )3 Zk CijXijk 4)
L

a2 Gy S Q k=1,..,M (25)
1
{ Mi=1
- 26
%y”‘ {1 i=2,..,n 26)
yike (0, 1) i=l,..,n; k=1, M @D
> Xijk = Yjk i=l..,n (28)
1
> Xijk = Vik i=1,.,n 29)
J
k=1..,M
2 Xip SIS~ 1 SC (2,..,n) (30)
(ij)e S%S
2<ISI€n -1
Xijke [0, 1) i,j=l,...,n (31)

A fungio objectivo (24) representa a minimizagdo do percurso total. As condi¢es (25), (26)
€ (27) definem um problema de afectagdo generalizado, Martello e Toth (1987), que garante a
afectagdio dos clientes as rotas, de acordo com as capacidades dos vefculos. As restrigdes (28),
(29), (30) e (31) definem M problemas do caixeiro viajante, um para cada veiculo, que
garantem a optimizagdo da configuragdo das rotas. Esta formalizagio pode ser tomada como
base de algoritmos exactos, como sugerido em Fisher e Jaikumar (1978), mas ela é
fundamentalmente conhecida como base dum algoritmo heurfstico (ver secgio seguinte).
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Abor n

Para além dos algoritmos j4 referidos e que parecem conduzir aos melhores resultados,
outras abordagens tém sido sugeridas para o problema de distribuigéo.

Christofides et al (1979) apresentam um método de pesquisa directa em drvore em que as
rotas sdo geradas sequencialmente por ramificago. Trata-se duma pesquisa em profundidade,
em que cada nodo representa uma rota que possa ser efectuada por, pelo menos, um dos
veiculos da frota e a ramificagio ¢ feita escolhendo um cliente ainda nfo considerado e gerando
a lista de todas as rotas admissiveis que incluam esse cliente.

Laporte et al (1985) apresentam uma formalizagdo apenas com dois indices, considerando
todos os vefculos idénticos, com a qual resolvem problemas simétricos com restrigdes de
capacidade e de distancia. A resolugfo € feita por pesquisa em drvore relaxando as restrigdes de
integralidade e as restricGes que impedem a formagfio de subcircuitos. As primeiras sdo
impostas pela ramificagdo e as segundas sdo impostas quando violadas.

Lucena Filho (1986) apresenta uma formalizagdo para o problema bdsico de distribuigio
com frota homogénea baseada no problema de fluxo com dois bens ¢ sugere um método de
resolugdo nela baseado. Ndo apresenta ainda resultados computacionais.

4. Algoritmos Heuristicos

Dada a complexidade computacional dos problemas de distribuigdo, muito trabalho tem sido
também . dedicado ao desenvolvimento de algoritmos que permitem obter solugdes
aproximadamente éptimas com um esforgo computacional mais reduzido.

Esses métodos podem ser classificados segundo diversos critérios. Podem ser classificados
como construtivos, se se destinam A construgdo duma solugdo admissivel ou, de tipo
melhorativo, se se destinam a melhorar uma solugdo admissivel jd conhecida. Os métodos
construtivos podem ser classificados de acordo com a estratégia de construgio utilizada:
sequencial, quando cada rota é construida em separado e s6 ¢ iniciada a construgio de uma nova
rota depois de terminada a construgdo da anterior ou, em paralelo, quando diversas rotas vio
sendo construidas simultaneamente. A construgdo das rotas pode ser feita apenas numa etapa ou
em duas. Neste caso, a primeira fase destina-se a agrupar os clientes a incluir em cada rota e, a
segunda fase a determinar a sequéncia pela qual devem ser visitados os clientes incluidos numa
mesma rota.

Em seguida, sdo referidos os principais métodos encontrados na literatura para a resolugio
aproximada de problemas de distribuigzo.

(I) Métodos Baseados no Conceito de "Poupanca"

O conceito de poupanga ("savings" na literatura de lingua inglesa) foi inicialmente
introduzido por Clarke € Wright (1964) para o problema de distribuigio e tem vindo, de entdo
para c4, a ser utilizado em muitos outros problemas. Considere-se que dois clientes i ¢ j, sdo
servidos por dois vefculos distintos a partir do armazém central localizado em 0. O custo total
envolvido serd:

¢y =2cp+ 2 ey

Se a capacidade dos vefculos permitir que ambos sejam servidos por um s6 veiculo, o custo

total envolvido serd:

Cp =Cp; + Coj + Cij

A diferenga entre os dois custos

8jj = Coj + Coj - Cij (32)
¢ designada por poupanga. O algoritmo de Clarke e Wright partindo de uma solugido
(eventualmente ndo admissivel) em que cada cliente é servido em exclusivo por um vefculo, vai
procedendo a fusdo de rotas correspondentes a poupangas positivas, previamente ordenadas por
ordem decrescente, até ndo ser mais possivel reduzir um nimero de rotas na solugdo. O
algoritmo pode ser implementado, quer na versdo sequencial, quer na versdo em paralelo.

A férmula de cdlculo da poupanga referentes a agregagao de duas rotas pode ser modificada.
Gaskell (1967) propds a substituigdo de (32) por uma das seguintes alternativas

A’ij = Sij (c+ ICOi - COjI - ij) (33)
Tij = Sij - Cij (34)

onde ¢ representa a média dos valores cy; € s;j € definido por (32). Yellow (1970) propds a
substituigio de (32) por

$ij = coi + coj - ¥ ¢jj 35)
que por manipulag&o do pardmetro ¥ permite atribuir maior ou menor importéincia i distdncia
entre os clientes a agregar numa mesma rota. Em Golden et al (1977) e Paessens (1988) sdo
apresentadas implementagdes eficientes deste tipo de métodos.
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Hart e Shogan (1987) em altemativa a manipula¢do dos valores da poupanga propdem que a
selecgdo das rotas a fundir em cada iterag@o seja feita de forma aleatéria e que o processo seja
repetido sucessivas vezes, escolhendo-se no final a melhor solugio obtida.

Em Mole e Jameson (1976) é desenvolvido um algoritmo baseado numa generalizagio deste
conceito em que a medida que as rotas vdo sendo construidas se vai também considerando a
possivel alteragio da ordem que os clientes nelas ocupam.

(IT) Métodos de Duas Fases

Os métodos de duas fases procedem na primeira fase ao agrupamento dos clientes a incluir
em cada uma das rotas ¢ na segunda 2 determinagfio da configuragio de cada rota em fungio dos
clientes que a compdem.

Gillett e Miller (1974) apresentam um algoriano designado por "sweep algorithm" em que a
agregagdo dos clientes € feita em fungdo das suas localizagdes representadas pelas respectivas
coordenadas polares e a determinagfio da sequéncia pela qual sdo visitados os clientes incluidos
numa mesma rota feita com o algoritmo de Lin e Kernighan (1973) para o problema do caixeiro
viajante.

Fisher e Jaikumar (1981) apresentam um algoritmo de duas fases baseado na formalizagdo
5, apresentada na secgdo anterior. Na primeira fase a agregagdo dos clientes € feita resolvendo
um problema de afectagdo generalizada e na segunda fase € determinada a configuragio das
rotas, mediante a resolugio de problemas do caixeiro viajante com um algoritmo semelhante ao
de Miliotis (1976, 1978). A resolugdo do problema de afectagio generalizada levanta contudo
algumas dificuldades. Trata-se dum problema NP-completo, Martello e Toth (1987), havendo
por isso que recorrer para a sua resolugiio a enumeragao em 4rvore. Em Fisher et al (1986) é
apresentado um método de ajustamento de multiplicadores que dé bons resultados na resblugdo
da respectiva relaxagdo Lagrangeana (neste caso problemas do tipo saco-mochila binério,
Martello e Toth (1979)). Para além disso, a fun¢io objectivo é neste caso nio linear e
particularmente dificil de estabelecer (€ fungfo das rotas a gerar posteriormente) e € necessdrio
substituf-la por uma aproximagdo linear.

(ITY) Métodos de Optimizagio Incompleta

Os métodos referidos na secgio anterior obtém a solugdo 6ptima exacta quando completada a
pesquisa em drvore, Eles podem, no entanto, dar origem a métodos aproximados se a pesquisa
for restringida.

Balinski e Quandt, como j4 foi referido, ndo garantem a obtengdo da solugo éptima porque
restringem a pesquisa a um subconjunto das rotas admissiveis que pode ndo conter as rotas
6ptimas.

Christofides et al (1979) sugerem também que o método de pesquisa directa em drvore (ver
secgio 4) pode ser usado como um método aproximado restringindo o conjunto de rotas
considerado e determinando o valor das rotas com métodos heuristicos.

(IV) Outros Métodos

Para além dos métodos referidos nos trés pontos anteriores, outros foram também
sugeridos. Christofides e Eilon (1969) apresentam um método de troca de arestas semelhante
aos métodos r-optimais de Lin (1965) e Lin e Lernighan (1973) para o problema do caixeiro
viajante. Os resultados computacionais apresentados sio superiores aos obtidos com o método
de Clarke ¢ Wright. Christofides et al (1979) apresentam também um método em qiie numa
primeira etapa so escolhidos clientes "semente” para iniciar as rotas e numa segunda etapa se
inserem os restantes clientes nas rotas jd definidas.
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Abstract. This paper reports on the development of special cutting planes for the
generalized set covering problem, GSCP, which is a covering problem where the variables and
the right-hand sides are allowed to have any positive integer value. Those inequalities are,
actually, a generalization of the cutting planes derived from conditional bounds and originally
presented by Balas (1980), for the set covering problem. More recently, Hall & Hochbaum
(1985) have extended those results for the multicovering problem, The generalized inequalities
that we derive for the GSCP are proved to be of the covering type and, hence, keeping the
structure of the problem constraints.

Key Words: cutting planes, conditional bounds, disjunctive inequalities, generalized set
covering problem

1. Introduction
In this paper, we deal with the generalized set covering problem (GSCP), which can be stated
as the following mathematical program:

(GSCP) min Y, ¢ X

jeN

sito Y, a;x; 2 b; ieM) o))
jeN
0 < x; <h; and integer (jeN) ?2)

where M and N are the index sets of, respectively, the rows and columns for the problem. The
bj (ie M) and hj (je N) are positive integer values. Also, one has 3;€ {0,1} ieM,je N) and, in
order to avoid a trivial resolution, we assume that 2 a;;> 0. A vector x verifying the
JEN i
constraints (1) and (2) is called a gover. Finally, and for the sake of simplicity of the notation,
we define the following two sets: Mj= {ieM: a4 = 1} and Nj= {jeN: 8 = 1}. Then, for

instance, the covering constraints can be stated as 2 X 2 b; ie M).
jeN;

Research for this paper was partially supported by INIC (Instituto Nacional de Investigagdo Cientifica) and by
JNICT (Junta Nacional de Investigago Cientifica e Tecnolégica) under the Research Contract
nb.809.86.148/MIC.
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The GSCP has been widely used for several real life situations and a survey for that can be
found in Pato (1989). Most of those applications are related to personnel scheduling,
particularly the determining of the schedules for drivers in mass transit bus companies [Blais &
Rousseau (1982); Bodin, Rosenfield & Kydes (1981); Mitra & Welsh (1981); Paixiio et al
(1986); Shepardson & Marsten (1980); Yihua (1985)].

As suggested by the designation, the GSCP includes the well known set covering problem

(SCP), where all the b; (ie M) and h; (je N) are equal to the unity. It also includes the so called

multicovering problem (MCP), where hj= 1 (je N) but the right-hand side values b; (ie M) can
be zlljri‘y positive integers. From that, it follows straigthforwardly that the GSCP is an NP-hard
roblem.
P Hence, heuristics and LP-based techniques have been the approaches most used for the
GSCP. In particular, cutting plane methods have been applied as a way of dealing with
instances where a null linear gap occurs or a high number of alternative solutions exists
[Geoffrion & Marsten (1972); Wolfe (1984)]. That, actually, is the case of GSCPs related to
crew scheduling problems [Pato (1989)], for which lagrangean relaxation and tree-search

procedures have been applied too [Paixiio & Pato (1989); Shepardson & Marsten (1980)].

In the present paper, we extend to the GSCP a class of cutting planes that have been
described by Balas (1980) and Balas & Ho (1980) for the SCP. Those cutting planes are
derived from conditional bounds following a general disjunctive approach [Balas (1975),
(1979)], and have been extended by Hall & Hechbaum (1985) for the MCP.

The paper is organized as follows. Next, in this section, we introduce the idea of cutting
planes from conditional bounds through an example. Some formal notation is stated too.
Section 2 is devoted to a single result leading to the obtaining of a valid inequality which is
strengthened in the following section. Then, in section 4, the example considered in the
introduction is used for the purpose of illustrating the results of the previous sections, Finally,
some remarks and conclusions are presented in section 5.

Before giving an example for introducing the idea of conditional bounds and the related

cntting planes, let us state some notation. We denote by GSCP the continuous version of the

GSCP, and the corresponding dual linear problem, DGSCP, has the following formulation:

(OGSCP) max . bju;- 3, hv;

ieM ieN
s. to 2 uj- VS ¢ (je N) 3)
ieM;
vj2 0 (e N) )
020 (ieM) 5)
The constraints (3) can be rewritten as 1j= ¢j- 2 Ui+ vy 2 0 (je N), with T being

ie M;
designated as the reduced cost for the variable index j. A vector [u v] satisfying constraints (3)-
(5) is said to be a dual feasible soluton.
Now, let us consider the following instance for the GSCP:
min 2x; + 2%y + x3 + L5x4 + 2x5

s. to Xy + X3 + xs.2 4
X; + X4 + X522
Xy + X4 + X526

Xt < 1, XZSZ, X3, ?(4, X5S4

Xy, ..., X520 and integers.

Also, consider a cover given by X =[0 2 2 4 0] and the dual feasible solution defined by
i=[00 1.5]andv=[00000]. Hence, the optimum is a value between 9 and 12.
Suppose that the constraint X3 2 3 is added to the covering problem. Then, for this enlarged

instance, one may consider the previous dual feasible solution with an additional variable ti4 =
1. The optimal value for the enlarged instance is bounded from below by 12. This leads to the
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conclusion that the constraint x3 < 3 has to be satisfied by any feasible solution for the original
problem with an objective value less than 12. Combining this with the first constraint of the

covering problem, X3 + X3 + x5 2 4, one may conclude that x, + x5 2 2 is a valid inequality for
any cover with a beiter value than the current one. Note, that this new constraint is of the
covering type.

2. Weak Inequality

In this section, we derive a first valid inequality for the GSCP following the approach
proposed by Balas & Ho (1980) for the set covering problem. For that, a cover and a dual
feasible solution must be available. Consequently, an upper bound z, for the optimal value of
the GSCP is known. Then, as suggested in the example, additional constraints are determined
in such a way that the corresponding dual linear problem has an optimal value greater than or
equal to zy. Therefore, solutions strictly better than z, must violate at least one of those
additional constraints. Finally, the combining of this last disjunction to some of the covering
constraints for the original GSCP leads to a valid inequality for the feasible solutions with a
better value than the current one.

The required pair of feasible solutions, ¥ for the GSCP and [u V] for the dual linear

problem (DGSCP), must verify the following conditions:

(2 Kj-b) ;=0 (eM) )

jeN;

ijmax[o,—cjwL XJ,-} (ieN) @)
jEMi

®;-h) =0 ‘ (e N). (8)

We denote by zy and 7 p, respectively, the upper bound on the optimum provided by % and

the lower bound given by the associated dual feasible solution [l ¥]. Those solutions can be
casily obtained through the using of primal-dual greedy heuristics presented for the GSCP by
Paixdo & Pato (1987).

Now, let us define the set § = (jeN: k“j > 0 and Fj > 0} with Tj being the reduced cost
produced by [ii V] for the j column. And, let S = (j(1),...,j(p)) be a subset of § and integers
1) 2 Xjgy (i)e S) such that:

k},,;’“’ 8oy 2 zy- 7y ©)
where z, is the best known upper bound on the optimum for GSCP.

Note that such condition holds for the case where § =S, z, =7, and 8j) = Xj(k)-

Theorem 1. Let X and [ii ¥] be feasible solutions, respectively, for GSCP and DGSCP

verifying the conditions (6)-(8). Also, let 5j(k) (k=1,...,p) be integer values

for which (9) holds with z, Z y and ¥ defined as above.
Then each feasible solution, x, whose value is less than z,, must satisfy

D %2 d (10)
JEW
with
d=k[?.m (bi(k)-Bj(k))+1 an
=1,....p
w= U p(Ni(k) -Qu (12)
where, i(q) is any index in M and Qj, € Nygq (k=1,...,p) verify
2 Tig < GeN) (13)
k:je Qy

Proof. Consider S = {j(1),...,j(p)} and a vector &, both defined according to our
hypothesis. Let GSCP, denote the GSCP enlarged with the p additional
constraints:

Z XjZSj(k) k=1,..., )] (14)
jeQx
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The dual linear of this enlarged problem has a feasible solution, given by [u V] plus p
variables associated to new constraints (14) and, respectively, equal to the reduced costs,

;j(l)""’?'j(p)' The definition of the sets Qy (k=1,...,p) guarantees the dual feasibility for this
‘enlarged” solution.
The value of this dual feasible solution for the enlarged problem is given by

AN 12 T 3o
=1,...p
which, according to (9), is greater than or equal to z;;, the upper bound for the optimal value.
From the weak duality theorem applied to the GSCP,, one may conclude that the enlarged
problem has no feasible solution better than z,,. Then any feasible solution of GSCP better than
z, must violate at least one of the additional constraints (14). In other words, such cover must
satisfy the following disjunction
v (2 xj<8iq),
k=1,...p € Q
which implies )
v ( 2 Xj 2 bi(k) - 8}0‘) + 1) (15)
k=1,..p jENi(k)‘Qk

Now, if d and W are defined by (11)-(13), one has that z xj2d is an inequality satisfied
jEew
by any solution with a value better than zy,. ¢

The existence of the sets Qk (k = 1,..., p) is guaranteed and, next, we present a procedure
(denoted by QKAPA), which produces such a family of sets. There, we assume that Criterium
Jjr and Criterium i5 have been established, respectively, for selecting a row and a column in each
iteration.

Using different criteria for determining j(k) and i(k) in the procedure QKAPA, several cuts
can be generated. Naturally, if we intend to obtain a strong cut, it is reasonable to keep the
cardinality of W as low as possible and, simultaneously, find a large value for d, the right-hand
side of the inequality.

Hence, in order to reduce IW| one should try to add the least possible number of additional
constraints. This can be pursued through including the columns in S by decreasing order of the

reduced costs (Criterium jy). Of course, if z, =2, and () = Xjq then p is equal to IS! and
any sorting of the reduced costs is irrelevant.

Another way of reducing IW| consists of including as many variables as possible in the
additional constraints, while respecting dual feasibility. The reduction of IW! may also be
achieved by choosing, accordingly to Criterium iy, i(k) as the row with minimum cardinality

among the ones covered by column j(k).

The determination of a large value d could be attained by taking 8;) = Zj(k) and by
choosing row i(k) in Mjq) such that bi(k} is the largest one (Criterium i;).

Therefore, the selection rules for column j(k) and row i(k) may be relevant. Unfortunately
these rules are not enough to ensure the elimination of any feasible solution for GSCP, which

is the main objective when deducing efficient cutting planes. In the next section we present and
discuss a way of achieving that,

procedure QKAPA (input: GSCP, 7, S ; output: Q, (k=1,...,.p) )
% initialization *
Aef 5 pelsl
¢ jterations *
for ke1,..p do
choose j(k) applying Criterium j;
Q + (i)}
choose i(k) ¢ Mjgg applying Criterium i
for jE Ni(k)-S do
ir r‘} 2 Tjgy then (Qg « QU (i} ) endir
enddo
r} L r'j‘ - ?)(k) (]EQk)
enddo
end QKAPA
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3. Strong Inequality

In this section, we define a cutting plane from conditional bounds that eliminates a
previously known nonredundant cover (one whose components cannot be reduced without
producing unfeasibilities).Also, it will be proved that such cut defines a facet of a GSCP
polyhedron.

First, let us define the following sets of variables:

$"= (jeN: % =hy) (16)
T={iEM: ij:bl} (17)
JeN;
Associated to a given variable j(k) we define a row:
il)e TN Mjg, such that Xj=0 for jeNigy-S™-{j(k)) (18)

In order to build up the sets Qy (k=1,...,p), we shall now consider this last condition in the
row selection criterium of the procedure QKAPA,

Theorem 2, Let X be a nonredundant cover for the GSCP, the sets Sh, Qr &k=1,....p)
and indices i(k) (k=1,...,p) be defined as above. Also, let Z,,Zy P, [U V],
Z, ¥ stand as in Theorem 1. Then every feasible solution to the GSCP
whose value is less than z,, verifies the following condition violated by X:

D, xj21 (19)
W
where
W= ) lu (Nigy - Qi - SM) 20
=1,...,p

Proof. Taking into account that S =S and & = ¥, the assumptions of Theorem 1 are

verified for any z, < Z,. Consider that the procedure QKAPA determines Qx
(k=1,..., p) with the further condition in selecting row i(k), given by (18).
As was seen in the proof of the first thearem, the improved solutions relatively to z, violate
at least one of those additional constraints. That is, they satisfy the condition (15).
Now, let us rearrange the condition (15) in the following form:

> Jizbig-Torl- X by @1
P jeNjay QS je Njgy-Qnsh
Note that, from the definition, ;= h; for all je (N;g)-Q)NS",
Since i(k)e T and (18) is verified for all k=1,.. ., the above condition (21) is equivalent to

v
k=1,

v (2 x21)
k=1,...p jENi(k)Qk'Sh
Now from the integrality of the GSCP variables, one has the following inequality:
Z Xj 21 (22)

j€ V] Ni(k)—Qk-Sh
which is valid for any feasible solution strictly better than z,,.
Since SZJ- =0 for je k=1U,‘ p(Ni(k) - Q- SM, it comes straightforwardly that X is eliminated

by the deduced cut 0

Note that the last result states that the cut (19) is a valid inequality for the set of all INI-
dimensional vectors satisfying constraints (1) - (2) amended with Z cjx;j < Zy

JEN

Now, one may generalize, for the GSCP, the known facet defining property of the similar
cut derived for the SCP [ Balas (1980) ]. Before stating that, let P be the convex hull of all
integer nonnegative INl-dimensional vectors satisfying (1) and (19). That is,

P=conv {xe R : E X;j 2 b; (ie M), z xj21and Xj nonnegative integer (je N)} (23)

N jEewW
Theorem 3. The cutting plane (19), constructed according to the Theorem 2, defines a
facet of the polyhedron P given by (23),
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Proof. First let us prove that the index set W, defined through the hypothesis of Theorem
2, satisfies the following:

FreM: NS W
Consider X, the cover for the GSCP defined in that theorem, and the set of its positive
variables, Ng = ( je N : ')ZJ- >0 }. Thus, one has Ny N Ng# ¢ for all ke M.

But % violates the inequality (19) and, therefore Ni N W = &.Then, the statement (24) is

easily seen to be true. This will be used later on.

We already know that (19) is a valid inequality for the polyhedron P. Now, one aims to
build up INI linearly independent INI-dimensional nonnegative integer vectors satisfying (1) and
verifying (19) as an equality.

(24)

Let us assume without loss of generality that W is the set of the first p indexes in N.
Consider the INI vectors given by the rows of the following matrix:

e p —F
100 ... 00
010 ... 00
001 ... 00
000 ... 10
000 ... 01
X=]100.. 00
100 ... 00
100 ... 00
100 ... 00
100 ... 00

where £ = max b;.

e NIop -mmmed
) 2N A B A
V2R B A
VR N N
VIR 2N R A
Y 2N 2 S A |
28 4 AL 4 2
L2222 4. 42
L A2t .. 42
A h A28 8
A2 k. k22

"

o

- &

ieM
Taking into account that (24) holds true for our case, each one of these vectors verifies the
constraints (1). Moreover, it has nonnegative integer components and it satisfies strictly
inequality (19), once there is only one 1 in its first p components.

It now remains to show that X is a nonsingular matrix.

Let us define matrix Z by:

R g -
14MNlp 00 ... 00
N-p 10 ... 00
INbp 01 ... 00
IN-p 00 ... 10
INlp 00 ... 01
-1/4 00 ... 00
-1/2 00 ..., 00
-1L 00 00
-1/4 00 ... 00
-1/2 00 ... 0O

and see that X Z = Iy, where Iy stands for the INI X INI identity matrix.

00

00
0

Nl-p -
1 -1 T
11
1-1

. P

11 |

-1 4

00 T
00
00

NI -p
Y20 ]
012 1

Hence, the IN! vectors given above are linearly independent and the result comes

straightforwardly from the definition of facet of a INI-dimensional polyhedron.

0
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In the next page we describe the procedure CUT which, when successful, produces a
cutting plane under the conditions stated above.

However, the procedure CUT may fail in obtaining the 'strong’ cut that one aims for. This
is due to the fact that, for most of the instances, the hypothesis of Theorem 2, namely the one
expressed by the condition (18), can hardly be verified. This is completely different from the
case of the SCP and MCP where the variable upper bounds are all equal to the unity. For those
cases, the condition (18) is easily satisfied and the cuts from conditional bounds can be more

effective [ Balas & Ho (1980); Fernandez (1985); Hall & Hochbaum (1985) ].

procedure CUT ( input: GSCP, z,,, %, Z,, [U 7], Z y and ¥ satisfying the hypothesis of Theorem 2 ;
output: should the answer be true, cut Y xj21 )
ieW
# initialization *

DeZy 5 kel ; Wed 3 Se (jeN:%T>0) ; SO«[jeN:ij=0)

i
she [jeN:?cj=hj) i Te {ieM: Y ijzbi] ; Hj\t-’r‘j (GeN) ; answer « true
ieN;
* jterations *
label 1:  j(k) « arg max ?j ¢ Criterium j;  *
jes
Oce® 5 Te [ieTNMjgy: (N-S™(00)) N $0= (NS () )
if T«
then choose i(k)ei‘ with Criterium ig * select row index  *
else answer « false ; stop  cutting plane not determined  *
endif

for j € (Nigy-S-W) U {i®)] do
if IJA < ?J(k)

then (if Xj =0 then Oy « O U (j) endif ) ¥ variables for the cut  *

else rfe r';‘ “Tig) # variables for the new additional constraint ¢
endif
enddo
D«D+ i Koy 3 WeWU 6k * verify validity of the cut  #
if D<z, then (§&58-(K) ; ke k+1 ; gotolabel 1)  endif
if W=2¢ then answer « false endif ® optimal solution for GSCP found ¢
end CUT

A further difficulty, in practical terms, comes from the fact that a valid inequality obained
from Theorem 2 eliminates the current feasible solution, but does not necessarily cut off other
solutions with the same value. And this is very frequent for the GSCP.

Thus the procedure without improvement tumns out to be very slow. In fact, our personal
experience in using this approach for real life GSCPs proved to be very poor. The procedure
CUT was tried out for 34 instances related to a real life scheduling application, all of them with
36 rows, 100 or 865 columns and high density - more than 50% of ls in the covering
constraint matrix [Paixdo & Pato (1989); Pato (1989)]. The primal and dual solutions needed
for generating the cuts were found by means of a combined primal-dual greedy and improving
heuristic procedure [see Paixdo & Pato (1987)]. However, we were not successful with any
one of the above test problems,

4. Example
To illustrate the results of the previous sections we consider the example given in section 1

assuming that the same pair of feasible solutions is available and also that zy = Z, = 12, In this

case, one has that ©'=[2 0.5 1 0 0.5] and Zy=9.Since T38;=1%3 and Z,-%7,=
12 - 9, we may easily verify that the hypothesis of Theorem 1 is true, with S=(3} and p=1.
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Let us take Q = 3, i(1)=1 and, then, calculate W = Nj(1) - Q1 =Nj - Q1=(2,5) and d =
biry-dj1y+ 1= by -83+1=4-3+1=2

The previously constructed valid inequality, x5 + x52 2 , may now be derived in
accordance with the first theorem.
Bearing in mind the same cover and the same dual feasible solution, along with the fact that

condition (9) is fulfilled with S =S and sj(k) = ij(k) , we can see that § = {2,3} and so p=2, in
the hypothesis of Theorem 2.

Firstly, the column j(1) = 2 is chosen and any row selection criterium picks up i(1) = 3,
because it is the only one from set My = {1,3)} satisfying condition (18). Thus Qy = {2,5} and
the reduced costs are updated: rA={2 0 1 0 0]. Atlast j(2) = 3 and now i(2) = 1, the only
possible choice, leading to Qg = {3). The reduced costs for the enlarged problem become ré =
[20000].

As the set of variables equal to their upper bounds is Sh= (2,4}, the variables with positive

coefficient in the cut belong to the set W = {N3 - Qy - S"Y U [Ny -Qq-S") ={5).

Thus, from Theorem 2, the valid cutting plane is x5 2 1, which is clearly violated by the
current cover and is verified by every strictly less-than-12 cover. As may be observed, the
three optimal alternative solutions with vatue 11 (x4=2,x5=4; x2=1,x4=2,x5=3; x2 =
X4 = X5 = 2) satisfy this new valid inequality.

5. Remarks

In this paper, we have characterized two families of valid inequalities for the GSCP. These
results correspond to a generalization of Balas’s cuts for the SCP. Those cuts keep the
covering structure.

The first type, studied throughout section 2, can be defined from conditional bounds for
every GSCP, but does not necessarily eliminate one single feasible solution.

The other kind of cutting plane, also derived from conditional bounds (Theorem 2),
eliminates the current cover. However, very tight conditions are required and, thus, one gets a
harder process to generate the cuts for genuine GSCP instances. In fact, our computational
experience attested this difficulty.

The study of a less restrictive hypothesis in Thgorem 2 could be a promising field of
research, and we hope that an algorithm combining these cuts with several heuristic or other
bounding tools will enable us to efficiently tackle the generalized set covering problem.
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Abstract: In this paper the authors investigate the use of direct methods for the solution of
large-scale Convex Quadratic Programs subject to Box Constraints (BQP). An Active-Set
Method, a Parametric Principal Pivoting Algorithm and a Bard-type Method are the algorithms
considered in this study. Two implementations of these algorithms for the solution of large-
scale Convex BQPs with general sparse and tridiagonal matrices are proposed. The
implementations of the Active-Set Method can also be used to find stationary points (loca!
minima) of Nonconvex BQPs.

The results of the experiences show that there is not a big gap between the efficiences of the
Active-Set and Bard-type methods but the former is consistently more efficient. The Parametric
Principal Pivoting Method has the worst performance. Furthermore the implementations seem
to be quite good in terms of storage, speed and accuracy.

Resumo: Neste artigo os autores investigam o uso de métodos directos para a solugdo de
programas quadréticos de grandes dimensdes com apenas restrigdes nos valores das varidveis
(BQP). Um Método de Restrigdes Activas, um Algoritmo Pivotal Principal Paramétrico e um
Meétodo tipo Bard sdo os algoritmos testados neste estudo. Sdo propostas duas implementagdes
destes algoritmos para a resolugio de BQPs Convexos de grandes dimensdes com matrizes
esparsas gerais e tridiagonais. As implementagdes do Método das Restrigdes Activas podem ser
usadas para determinar pontos estaciondrios (minimos locais) de BQPs ndo convexos.

Os resultados das experi€ncias computacionais mostram que néio € muito grande a diferenga
enwre as eficiéncias dos métodos das Restrigdes Activas e tipo Bard, mas o primeiro algoritmo &
sempre mais eficiente. O método Pivotal Principal Paramétrico é o menos eficiente. Além disso
as implementagdes parecem ser muito boas em termos de armazenagem, rapidez de execugio e

precisio numérica.

Keywords: Quadratic Programming, Box Constraints, Linear Complementarity Problem,
Large-Scale Problems, Sparse Matrices.
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1 - Introduction
A Quadratic Program subject to Box Constraints (BQP) can be defined as

Minimize qTz +T1 Mz

6]

subject to a;sz;sb,i=1,2,..,n

where qe R", M is a symmetric matrix of order n and a;, b; are real numbers or = satisfying
a; < b;. The BQP is Convex if M is a symmetric positive definite (SPD) er a singular symmetric
positive semi-definite (SPSD) matrix. This problem has been studied during the past years and
a large number of applications of the Convex BQP has been préposed. These include the
solution of partial differential equations arising in Dirichlet problems with obstacles [13] or free-
boundary value problems, such as the journal bearing [2, 23] and the elastic beam bending [39]
problems. Optimal Control Problems [6] and Linear Least Squares [22, 25} are another two
sources of Convex BQPs applications. A large number of applications has also been proposed
in elastoplastic analysis of structures [29, 33], portfolio selection problems [32, 33} and spatial
equilibrium models {34]. Convex BQPs are also useful in the solution of more general Convex
Quadratic Programs {24]. Convex Nonlinear Programs subject to box constraints can be solved
by SQP algorithms that rely on the solution of Convex BQPs {12]. In most of these applications
the matrix M is large and sparse. This has increased the use of iterative methods to solve such
problems [2, 6, 23, 24, 30, 40]. In this paper we study the applicability of direct methods to
solve Convex BQPs.

Finding a global minimum for the Convex BQP(1) or a stationary point for the Nonconvex
BQP(1) is equivalent solving the following problem

w=q+Mz
a; <z S b
zi=a;=>w;20 i=1,2,..,n (2)

zi=bj=>w;<0
ai<zi<bi=>wi=0

which represents its.Kuhn-Tuckcr conditions [20). The problem (2) can be seen as a
generalization of the Linear Complementanity Problem(LCP)

w=q+Mz,zZO,w20,sz=0 (3)

Recently we have performed a computational study of the main direct methods for solving
LCPs with SPD and singular SPSD matrices [18}. Murty's Bm‘d—lyﬁe method [28], Keller's
method [19] and Graves' algorithm [14] have been considered in that study. We have proposed
a static implementation for these methods that exploits the symmetry and sparsity of the matrix
M. The study has shown that the efficiency of the first two algorithms is not very different, but
usually Murty's method is the more efficient. Graves' method has the worst performance.

In this paper we present a similar computational study for the solution of large-scale Convex
BQPs by direct methods. A Bard-type method [16], an Active-Set method [8] and a Parametric
Principal Pivoting method [32] are the algorithms tested in this study. These three algorithms
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can be seen as exlensions of the algorithms referred to above. We introduce an implementation
for these methods capable of solving large-scale Convex BQPs with general sparse SPD
matrices. This procedure can be seen as a more advanced version of the implementation
presented in [18}. We also propose another implementation for the solution of large-scale
Convex BQPs with tridiagonal SPD matrices. The implementations of the Active-Set method
can also be used to solve Convex BQPs with singular SPSD matrices and to find a stationary
point (local minimum) of a Nonconvex BQP. The results of the computational experience show
that: '

(i) The Bard-type and Active-Set methods usually perform in a similar way. However,
the Active-Set method is consistently more efficient, even for the LCP(3). The
Parametric Principal Pivoting method has in general the worst performance.

(ii) The efficiency of the direct methods depends very much on the number nv of
variables that are in both the initial and optimal active sets. The algorithms usually
require a number of iterations slightly superior to n-nv, where n is the dimension of
the Convex BQP, that is, the order of the matrix M. This number may be even
worse when the global minimum is degenerate.

(iii) Cycling may occur in the Bard-type algorithm but the phenomenon is quite rare,

(iv) Both the implementations for general sparse and tridiagonal matrices seem to be
quite good in terms of storage, speed and accuracy.

Active-Set methods require a feasible vector, that is a vector z satisfying the bounds, to start
with. However, this is not necessary for the two remaining algorithms. We believe this may be
exploited in the design of efficient procedures for solving Convex BQPs that do not depend so
much on the starting vector. As is discussed in the last section of this paper, this may also have
important implications on the design of Diagonalization and Sequential algorithms for Convex
Nonlinear Programs,

There exist other procedures to solve Convex BQPs {37, 38). However, it does not seem
possible to design similar implementations for these methods that fully exploit the symmetry
and sparsity of the matrix M. Hence they are not so recommended for solving large-scale
Convex BQPs and are not discussed in this paper,

The organization of this paper is as follows. In Section 2 the direct methods are discussed.
The implementations of these methods are described in Sections 3 and 4. Finally the
computational experience with the direct methods is presented in the last section, together with
some suggestons for future research.

2 - Direct Methods for Convex BQPs

Consider the BQP(1) and the problem (2). In order to describe the direct methods, we need
to introduce the concept of Basic Solution for the problem (2). Let F be a subset of {1,..., n}
such that the principal submatrix Mgg of M is nonsingular, If

T={l.,n)-F=TyUT,, ,NT,=8
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where @ denotes the empty set, then w = q + Mz is equivalent to

Zg I— qF _I Mg Vrrl MFTz WEg
[ :Tl j|=|' FTl _| + M—TlF _MTITI MT]TZ, |: Z‘Tl } (4)

Tao a ~— ~— — Ta
a7, Mt Mpor, Mrgr,

where

== -1 — [ G -1
Mpg = Mg, Mpr = -Mpe Mpp M = M Mg, Q= -Mpge g
I -1 _— -1
Mpr=Mpp- M Mge Mep G p = qp- M Mpqg

A Basic Solution (Z', W) for the problem (2) is a solution of the system (4) such that

(5

F={i:w;=0},Ty={iiz=b<+o}, Ty={i1zg=2>-)

The variables w;, ie F and z;, ie T are called Nonbasic, while the remaining variables are

said to be Basic. Hence the values of the nonbasic variables are
TT] = le, TT'Z = aTz, W}: =0 ! (6)

Furthermore the formulas (4) and (5) imply that the values Z g and W  of the basic

variables satisfy

r\’il:p?p =- ( Qr + MFT] 71‘1 + }\’1}:’1‘2 TTZ )
O]
WT =qr+ MTrl _Z—Tl + }\’1’1"]‘2 TTZ + Mg T}:

where Z'r, and Z T, are given by (6).
A Basic Solution (Z°, W) given by (6) and (7) is a solution of the problem (2) (7" is a
global minimum of the Convex BQP or a stationary point of the Nonconvex BQP) if and only if

aFSTFSbF,WT]SO,WTZZO (8)

If this condition does not hold, then the basic solution is said to be Infeasible and one of the
following cases may occur:
(i) Ti<ai (ieF) (ii) Tl>bl(IEF)
(iii) 7Zj=aandw;<0 (iv) Z;=bjand w;>0

which are called Infeasibilities of the problem (2).

The direct methods to be described in this paper are procedures that use in each iteration
infeasible solutions of the problem (2) until finding a basic solution satisfying the condition (8).
In each iteration of the algorithms an infeasibility is picked and the sets F, T, and T, are
modified according to certain rules. Next, we describe the three direct methods.
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(i) Bard-Type Method

As in Murty's Bard-type method [28], each iteration of this method consists of removing the

first infeasibility associated with the current basic solution without caring about the feasibility of
the remaining variables. The steps of the algorithm are as follows:

StepO-LetF:{i:a,-:-c’oandbi=+m }, Ty={i:a;>-) and
Ty={i:a=-and b; < +e0)
Step 1 - Compute “Zgand W by (7) and let
I =(ieF: 7z ;> b}, L= {ieF:7Z <a)
®

L={(ieT):w;>0), I, = (ieT,: W; <0)
and

4
§ = min {ie kL_J1 Ik} (10)

If s does not exist, then 7 = (zF b’rl. aTz) is a solution of the problem (2).

Otherwise s belongs to exactly one of the four sets Ix. Go to step (k+1)
provided se .

Step2-sel; - Set E=F- (s) and Ty =T, U (s} and go to Step 1.

Step 3 -sel,- SetF=F - {s}and T, =T, U (s} and go to Step 1.
Step 4 -sely - Ifag=-e,set F=FU (s} and Ty =T, - {s} and go to Step 1.
Otherwise (ag > - =) compute M and let

8 = min { s , by -as}

ﬁSS
If6="bg-agset Ty =T - (s} and T, =T, U {s} and go 10 Step 1.
Otherwise set Ty =T, - {s} and F=F U {s) and go to Step 1.

Step 5 -sely - 1f by =+, set F=F U (s} and T, =T, - (s} and go to Step 1.
Otherwise (bg < +2>) compute T ¢ and let

6=min{- —&—,bs-as}

m g

If8=bg-ag set T,;=T,- {s) and T, =T, U {s} and go 1o Step 1.
Otherwise set Ty =T, - (s} and F=F U {s) and go to Step 1.

It is easy to see that if Me SPD, then all the four steps 2 to 5 can be performed and the
infeasibility s is removed in all the cases. Furthermore, if M is a nonsingular M-matrix [35],
then the algorithm converges to the unique solution of the problem (2) in a finite number of
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iterations [16]. Hence the Bard-type method converges to the unique global minimum of the
BQP if M is a SPD matrix with nonpositive off-diagonal elements, If M is a general SPD
matrix, then it is not possible to prove convergence and we provide in appendix a Convex BQP
for which cycling has occurred in the algorithm. However, cycling has occurred quite rarely in
all the tests performed so far.

For a complete description of the algorithm we have to explain how the quantity T g is
computed. Since T is only necessary when se T, then, by using (5), we obtain the following

procedure to compute this quantity

Solve Mgg X = - Mg — Mg

(1n
Compute M gg = My + Mgs M,

If follows from the description of the algorithm that it is necessary in each iteration to solve
a systern to compute the vectors Z gand W in Step 1. It may seem that if se I; or se 1y, then
two systems have to be solved. Fortunately this is not true, since in these latter cases the values
Z pand W in the next iteration can be updated by the following procedure:

(12)

where 6 is the quantity given in Step 4 or 5 and

£E=

{ 1 if se T,
-1 ifseT,

These formulas can be obtained by linear algebra manipulations.

As in [18] we have replaced criterion (10) by one that chooses s as the row at which the
Jargest infeasibility is achieved. Hence this new criterion consists of finding s as the first row at
which

4
max {max {Z;-bj:ie])), max {a;-Z j:iel;}, max {I_V\Til:ie klf3lk]} (14)

is achieved. We have not been able to prove convergence for this new version even for
nonsingular M-matrices. Computational experience has shown that cycling is even rarer in this
case.

(ii) Active-Set Method
This algorithm seeks a global minimum of the Convex BQP by only using solutions "z
satisfying the bounds. Hence I; = I, = & in any iteration of this algorithm, where I are the sets
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given by (9). Therefore (Z g, at,, br,) is a global minimum provided I = 1, = 8. Otherwise let
s be given by

s=min {i:iely U1, ) (15)
or the first index at which the quantity
IWgl=max { IW;l:ie UL, } (16)

is attained. Then the value of the variable zg is decreased (if se T)) or increased (if se T,) from
its corresponding bound. The increase or decrease of the entering varjable zy may be unblocked
or blocked by either the variable wy or by a basic z. (re F) whose value attains one of the
bounds. If z; is not blocked, then either attains the other bound or, in the case this bound is
infinite, the quadratic function is unbounded below on its constraint set. If zg is blocked by wy,

then zg becomes basic by changing with wy, If z; is blocked by a variable zp, re F, that attains a
bound, then this latter variable becomes nonbasic and takes a value equal to that bound. A ¢tycle
is initiated in which zg stays nonbasic with a value 'z ¢ between the bounds and continues to be

increased or decreased until one of the previous cases occurs. During this cycle only a finite
number of basic variables z; (ie F) becomes nonbasic.

The steps of the Active-Set method are presented below.

Step 0 -Letz= (Zp, br,, ar,) be an initial solution such that agp €2 < bg and
compute W by (7).

Step 1-1If Iy =14 =g, then (Z , br,» ar,) is a global minimum of the Convex
BQP and stop. Otherwise let s be the index given by (15) or (16).

Step 2 - Compute HFS and Mg by (11) and let & be given by (13). Compute 6,,
62 and 63 by

W s
S f T > 0
61= € m g

+ o ifmg <0

Z, -a . Z -8 ., —
—r——r—=m1n{ L_':leFandemiS>O}
€

0y = g € mjg
+ if F=8gorem;;<0forallieF
b, - 7 . b -7 —
—r-_—zr=m1n{—%-:1eFandemis<0}
S By =<{ -E Mg -€m g

+@ if F=gorem20forallieF

and let 8 = min {b; - a5, 8), 85, 83}. Go to Step (k+2) provided se Ty,
k=1, 2.
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Step 3-seT), -
(i) If 8 = +o>, the quadratic function is unbounded below on its
constraint set and stop.
(i) If 8 =bg-ag, set Ty =Ty - (s} and T, = T, U (s}, Update
"z and W by (12) and go to Step 1.
(iii)If 8=0,,set Ty =T, - {s) and F=F U {s}. Update 'z and W by
(12) and goto Step 1.
(iv)If 6 =85 set T, =T, U {r} and F=F - {r}. Set 7, = a, and update
ZE zgand Wby (12). Goto Step 2.

(v)If =65, setT; =T, U {r}) and F=F - {r}. Set 'z = b, and update
Z g, zgand W by (12). Go to Step 2.

Step 4-s5eT, -
(i) If © = +o, the quadratic function is unbounded below on its
constraint set and stop.
(i) If0 = bg - ag, set T, =T, - (s) and T; = Ty U {s]. Update
“Z and W by (12) and go to Step 1.
(i) If 0=0,,set T, =T, - {s) and F=F U {s}. Update z and W by
(12) and go to Step 1.
(v)If 8 =85, st T, =T, U {r} and F = F - {r}. Set 2 = a; and update
Zf, z gand W by (12). Go to Step 2.
(v)If 6=64,setT;=T; U {r} and F=F - {r}. Set z = b, and update
Zp, Zgand Wby (12). Go to Step 2.

To complete the description of the Active-Set method, it is only necessary to explain the
process of finding an initial solution in Step 0. Consider the sets
G={i:a;=-% and b=+ }

an
Tp={i:g>-w ), Ty={i:ra=- andbj<+e }

Then two cases may occur:
(i) If Mgge SPD, then set F = G and let "z g be the solution of the following linear

system
Mg X = - (QF + Mpr, bt + MET, 37, ) (18)
Then (Z , bry, ar, ) is the initial solution.

(ii) If Mg is a singular SPSD matrix then [18] either the quadratic function is
unbounded on its constraint set or there exists a set 8 € F C G such that
Mgge SPD. In this latter case all the variables z;, i€ G - F, can be set to zero until
the end of the procedure, that is, we set a;=b;=0 for je G - F and Tp=T, U (G -
E). The initial solution is ( "z g, ar,, by, ), where Z f is the solution of the linear

system (18).
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The description of the algorithm shows that it is required in each iteration to solve a linear
system with matrix Mgp and perform some operations with matrices and vectors, scalar
products of vectors and sums of vectors. Moreover Mgg is initially a SPD matrix (we assume
that the determinant det (Mgg) of Mgg is equal to one) and only increases when mg > 0. In
this Jast case we have [3]

Mpp Mpg 3 _ =
del(MSF Mg =det (Mpp) Mg >0

Hence all the submatrices Mg used by the algorithm are SPD and the Active-Set method can be
used to solve any Convex BQP.

It is possible to show by using linear algebra manipulations that the value of the quadratic
function reduces in each iteration. Hence the Active-Set method always temminates in a finite
number of iterations and either finds a global minimum of a Convex BQP or shows that the
quadratic function is unbounded below on its constraint set. This latter case cannot occur if
Me SPD.

It is important to mention that this algorithm is exactly the Fletcher-Jackson Active-Set
method [8] presented in a different form. We have chosen this new presentation in order to
better see the similarities and differences among the three direct methods discussed in this
paper. The Active-Set method can be seen as a special case of the Bard-type method in which
the sets I} and I, are forced to be empty in each iteration.

The Active-Set Method can be used to find a local minimum of a Concave BQP, that is, a
BQP in which - Me SPSD. If G is the set given by (17), then three cases may occur:

(i) If G = 8, then the Active-Set method is used without any modification.
(ii)IfGatH.anqu:O,MGG=0,thcnsetai=bi=0forieG and T, =T, U G in
the Initial Step, and use the Active-Set method as before.
(iii) If the two previous cases do not occur, the quadratic function is unbounded from
below and the algorithm stops.

It is worth mentioning that for Concave BQPs the set F is always empty in any iteration of
the algorithm. This means that no systems have to be solved in this case. Furthermore the Bard-
type method coincides with the Active-Set method for this kind of BQP.

The Active-Set method can also be used to find a stationary point of a Nonconvex BQP (that
is, a BQP such that neither Me SPSD nor - Me SPSD) provided the set G given by (17) is
empty or Mgge SPD. If none of these conditions holds, then it is necessary to make a change of
variables from z;, ie G into 4' by the transformation

2=7 7ay1, i€G

and write a,,1 = a; =0, i G. Then G = & for the resulting BQP and the Active-Set method can

be used 1o find a stationary point for this program. This stationary point is a local minimum
provided wr, < 0 and wry > 0. 1f wp, <0 and wr, 2 0 and there exists al least a component w;

=0 (i€ T) then the stationary point is usually a local minimum but it can also be a saddle-point
[12].
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(iii) Parametric Principal Pivoting Mehtod

This algorithm is essentially due to Pang [32] and can be scen as an extension of Graves'
method [14] for the solution of Convex BQPs with Me SPD. As in this method, an aditional
vector pe R" and a parameter A are introduced in w = q + Mz to get a system of the form

w = q + Ap + Mz. The initial solution
(T brpar,) (19)
is obtained as in the Bard-type method and p is any vector satisfying

p;>0 ifieT,
pi <0 ifie T,
pi=0 ifieF

where F, T, and T, are the sets defined in Step 0 of the Bard-type method. If (19) is the initial

solution, then there exists a value A > 0 such that

Zp=ZF+ A PF, Zr,=bry Iy =ar, 20)
is the global minimum of the Convex BQP, given by

Minimze (q+7»p)Tz+ Tl 2" Mz

@
subjectto aj<z;<bj, i=1,2,...,n

The Parametric Principal Pivoting Method consists of finding a nonincreasing sequence of
values A of A such that the solution (20) is a global minimum of BQP—A—. A global minimum of
the BQPy is 2 global minimum of the Convex BQP(1). As in parametric linear programming,
the vector p is transformed in each iteration. By using similar formulas to those presented in
(5), we can easily see that in any iteration the corresponding vector p_ is obtained by the
following procedure:

Solve Mg x =-pgp— PF
(22)
Compute pr=pr+Mp P

The steps of the Principal Pivoting Method are as follows:

Step 0-LetF={i:a=-o and bj=+e= ), T,={i:a>- ) and
T, ={iraj=- and bj<+e }.

General Step - Compute Z g, Wby (7)and P by (22). Let I, k= 1,..., 4 be
the sets of infeasibilities given by (9). If




J.J. Jidice et al.[Direct Methods for Convex Quadratic Programs 33

4
I, =8
o
then (Zp, ary, by, ) is the global minimum of the BQP and stop.

Otherwise compute

l1=mu{l)-£—}—L:ieI,}

Pi
=max{a—i_;—z—i— 1612}
Pi
7\3=max{- lv_i iel; U Id}
Pi

Let A = max { X1, A5 A5 } and s be the first index at which the
value A is attained. Then:

(i) ifsely, setF=F- (s} and T, =T, U (s}
(i) ifsel,, setF=F- (s} and T, =T, U (s}
(iii) ifsely, setF=FU (s} and T, =T, - {s}
(iv) ifsely, setF=FU (s} and T, =T, - (s}

Repeat General Step.

It follows from the description of the algorithm that two systems with matrix Mg have to be
solved in each iteration of the algorithm. This is an obvious disadvantage of the algorithm. The
method terminates in a finite number of iterations with the unique global minimum of the
Convex BQP provided a tie-break rule similar to [27, Chapter 11] is incorporated to avoid
cycling in degenerate cases. However, the choice of the first index in case of ties has proven
sufficient to guarantee convergence in all the tests performed so far.

3 - Implementation of the Algorithms for a General Sparse Matrix

In this section we describe an implementation for the three algorithms discussed in the
previous section when M is a sparse SPD or a singular SPSD matrix without special structure,
The procedure borrows some ideas from the solution of large-scale linear systems with such
matrices [7].

(i) ANALYSE Phase and Data Structures for the matrices M and LDLT
decomposition of Mg g

As discussed in the previous section, it is necessary in each iteration of the algorithms to

solve linear systems with mawix Mgg. The BQP is invariant under symmetric permutations. In

addition either the quadratic function is unbounded below on its constraint set (this can only

occur when Me SPD) or it is always possible to remove the rows and columns s such that

mge = 0 [18]. So we can assume that all the diagonal elements of M are positive. These
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properties enable the use of an ordering algorithm, such as the minimum-degree algorithm to
find a symmetric permutation for the rows and columns of the matrix M that is suitable in sparse
terms [11]. So, instead of solving the BQP, we solve the permuted BQP that arises from this
ordering algorithm, .

After the minimum-degree algorithm is applied, the data structure for the permuted matrix M
is created. This matrix is stored columnwise as an unsymmetric matrix, in order to facilitate the
matrix-vector products given by (7), (11), (12) and (22) and also the updating procedures for
the LDLT decompositions of the submatrices MEr to be described later. Hence the matrix M is
stored by using the arrays DM, IM, PM and VM stated below.

DM - array of dimension n containing all the diagonal elements of M.

PM - array of dimension (n+1) containing pointers for the first off-diagonal entry in
each column of the matrix M. PM(n+1) points to the position after the last
nonzero entry of M. Note that PM(j+1) - PM(j) is the number of nonzero
elements in column j.

IM - array of dimension equal to the number of nonzero off-diagonal elements of M
containing the row indices corresponding to each nonzero off-diagonal entry of
M.

VM - array of dimension equal (o the number of nonzero off-diagonal elements of M

containing the values of these elements.

To clarify the understanding of this data structure, let the permuted matrix M be given by

1. 0. 0. 1. 0.
0. 3. 2. 1. 0‘—]
M=y 0. 2. 2. 0. 0. (23)
Ll. 1. 0. 5. 3.J
0. 0. 0. 3. 4.
Then
DM=|1.3.2.5.4‘| IM:|43421254l
PM=|124589 l VM=!1.2.1.2. L. 1.3.3.|

Another data structure is necessary to store all the matrices L. and D corresponding 1o the
LDLT decompositions of the matrices Mgz used by the algorithms. To create this data structure,
the symbolic phase described in [11, Chapter 5] is applied. Let nonz and nfill be respectively
the number of off-diagonal elements of M strictly below the diagonal and the fill-in positions
that occur in the symbolic phase. After this procedure is, applied it is known the maximum
number of off-diagonal elements that each column of L. can take. This allows us to construct an
array of pointers PL of dimension n such that PL(i) points to the first off-diagonal entry in the
column i of the matrix L of the LDLT decomposition of M, In the case of the matrix (23), we
have nfill = 1 and (4, 3) is the unique fill-in position, whence PL has the following form

PL=| 12456 24)

This array is never modified during the whole procedure. Besides this unmodified array, the
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data structure for the matrices L and D of the LDLT decompositions of the successives
submatrices Mgy contains four other arrays that are modified in each iteration. These are
. presented below.
DD - array of dimension n containing all the diagonal elements of the matrix D.
IL - array of dimension (nonz + nfill) containing all the row indices corresponding to
the nonzero off-diagonal elements of the matrix L.
VL - array of dimension (nonz + nfill) containing the values of the nonzero off-
diagonal elements in each column of the matrix L.
NZL - array of dimension n containing the number of off-diagonal elements of the
matrix L.

In each iteration the elements of column ie F of the matrix L of the LDLT decomposition of
Mg are located in IL and VL between the components PL(i) and PL(i) + NZ(i) - 1. The next
components from PL(i) + NZ(i) to PL(i+1) - 1 are ignored. Also ignored are the entries IL(j)
and VL(j) such that je {PL(t), PL(t+1) - 1} and te F.

The diagonal elements of the matrix D of the LDLT decomposition of Mgy are located in the
positions ie F of DD. The components j of DD such that je F are ignored. Furthermore the
components j of NZL such je F are also ignored.

(ii) The Initial Step

The ANALYSE Phase is completed after the vector PL is constructed. Then storage space is
provided for the remaining arrays of the data structure of the matrices L and D of the LDLT
decompositions of the matrices Mgg. The FACTOR-SOLVE Phase starts by finding the LDLT
decomposition of the matrix Mgpe SPD, where F = G and G is the set given by (17). The

elements of the matrices L and D are placed in the respective positions according to the scheme
explained above. To illustrate this step consider the Convex BQP with matrix Me SPD given by

(23) and suppose that G = {2, 4}. As stated before, nfill = 1 and (4, 3) is the fill-in position for
this matrix. Furthermore

R I B VAT | SRRV | 1]
If - represents an ignored component, then

pD=| -3, - 1453 -| M=|-4...]
(25)
vi=|-13 - . | NzL=|-1-0 -]

which together with the array (24) constitute the data structure for the matrices L and D of the
LDLT decomposition of Mgg.

As stated in the previous section, the Initial Step is not performed if it is empty the set G
given by (17). If G = g but Mgge SPD, this is noticed during the procedure of finding the
LDLT decomposition of the matrix Mgg by the occurrence of a zero diagonal element d;; (dj;
smaller than a tolerance for zero) in the matrix D. In this last case W'; is computed by using the
formulas (7) and the LDLT decomposition of the submatrix Mgge SPD of Mg already
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obtained. Two cases may occur:
(i) if W # 0, the quadratic function is unbounded below on its constraint set and the
algorithm stops. '
(ii) if W =0, then the row and column i are deleted from further considerations. As
stated before we set a; = b; = 0 and Ty = T, U (i} and we proceed with the next
index of G.

(iii) Data Structure for the sets F, T; and T,

In each iteration of the direct methods the sets F, Ty and T, are modified according to certain
rules. Hence it is necessary to construct a data structure for the representation of these sets. This
data structure should be designed in such a way that not only the sets are easily updated but also
the matrix-vector products given in (7), (11) (12) and (22) are performed quickly. We propose
a data structure consisting of two integer arrays IV and 1VS of dimension n. If | F |, | T, | and
I'T,  are the numbers of elements of the sets F, T, and T, respectively, then ‘

(i) the first | F | components of IV contain the indices of F
(ii) the last | T) | components of IV contain the indices of T,
(iii) the remaining components of IV contain the indices of T,

Each component i of the array IVS is positive or negative depending on ie Forie T, U T,
Furthermore the absolute value of IVS (i) represents the position in TV where the index i can be
found. For instance for the BQP with matrix M given by (23) the data structure corresponding
to a solution such that T) = {3}, F= {2,4) and T, = {1, 5} is as follows

v=1]2 4 15 3] vs=| 31524

It is not difficult to see that both the updating of the sets F, T, and T, and the evaluation of
the matrix-vector products required by the algorithms can be performed quickly by using this
data structure,

(iv) Procedure for updating the LDLT decomposition of Mpp

Whenever the set F is modified the LDLT decomposition of the resulting matrix Mgg must
be updated from the LDLT decomposition of the old matrix Mgg. The updating must be
performed by following the ordering achieved in ANALYSE Phase. To explain the updating
procedure, consider first the case where the set F is increased by an index s. Let the LDLT
decomposition of the old matrix Mg be given by

vere[ 4 )L L) ][ ] @

where Lj and Dj, i = 1, 2 are unit lower triangular and diagonal matrices respectvely, If
F =FU(s) is the resulting set, then we can write

A d BT
MgE=| dT o, eT | rows @7
B e C
T

| column s
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where 0y is a real number and d, e are vectors of appropriate dimensions. Then [18]

L, D, I_Lj; d ET_l

Mip=| dT 1 a g 1 €T (28)
E e tz 52 I_ i’{-l

where the real number @ and the vectors d and e are given by the following procedure

Solve the system Lyx=d

a—o"—‘ao'xD.]lx

- _ 1 . .
Compule ¢ - (e -E x) (29)
(e ) .

n

L_EJ‘:D'II)(

and the matrices L, and D, are the unit lower miangular and the diagonal matrices of the LDLT

decomposition of the matrix
L,D,LT -y e eT

This decomposition can be obtained by a version for sparse matrices {21] of Bennett's
algorithm [1]. This last procedure incorporates a symbolic phase that indicates the elements that
have 16 be modified in each column. Care must be taken with elements that become zero due to
cancellation and are considered to be nonzero by this symbolic phase. They must be stored with
value zero. We also note that Bennett's algorithm is not used if the index s to be added to F
satisfies s 2 j for all je F in the ordering achieved in ANALYSE Phase.

The procedure for updating the LDLT decomposition when an index s is deleted from the set
F is even simpler. Let F be the old set and F = F - {s}. If Mgg and Mgy are the
corresponding matrices given by (26) and (27) then it is only necessary to compute the LDLT
decomposition of the matrix

LD, L+ ape e’

which can be done by the sparse version of Bennett's algorithm stated above. Note that no
work has to be done if s is the last row and column of the matrix Mg ¢

By using some contrived examples, Fletcher and Powell [9] have shown that when s is
added to F Bennett's algorithm may have some difficulties in presence of rounding errors. They
have designed a more elaborate algorithm to overcome these problems. In practice, these
difficulties are checked by the occurrence of a nonpositive element (smaller than a tolerance for
zero) in the matrix D of the LDLT decomposition of the matrix Mgg. Our experience has shown
that this phenomenon is extremely rare. So instead of using Fletcher and Powell algon'thm; we
have decided to implement Bennett's method and use a reinversion whenever a nonpositive
diagonal element of a matrix D occurs. This reinversion consists of finding directly the LDLT
decomposition of Mg from stack instead of using the updating procedure.
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Whenever an updating of the LDLT decomposition is performed, the data structure for the
matrices L and D has to be modified. However, it is important to stress that not all the
components of this data structure are modified but only those corresponding to the cotumns and
rows that are active in the symbolic phase of this updating. To illustrate how this data structure
is modified, consider again the BQP whose matrix M is given by (23). Suppose that F = {2, 4}
and let the data structure for the matrices L and D of the decomposition of Mg be given by
(25). Furthermore let 1 the index to be added to the set F. Then F becomes (1, 2, 4}. Since

1. 0. 1. 1. 1. 1 0. 1.
Mep=] 00 3. <[ o 1, I ]
1. 1. 5. 1. 1/3 1. 14/3 1.
then the data structure for the resulting matrices is given by the PL unmodified array and

DD=]| 1.3 - 143 -| L=|d44--.]

vi=|113 - - | NZL=|11 -0 -

-To complete the description of the implementation, we should add that the linear systems
with matrix Mg are solved by using the data structure that stores the matrices L and D of the
LDLT decomposition of this matrix and the algorithms described in {11}, The matrix-vector
products and scalar products stated in (7), (11), (12) and (22) are performed by using the data
structure for the matrix M, the data structure for the index sets F, T and T, and the vector Z
or Mg solution of the linear systems with matrix Mg

We have described an implementation for the three direct methods that exploits the
symmetry and sparsity of the matrix of M of the Convex BQP. The procedure is static, since the
dimensions are not modified and garbage collections [31] are not necessary during the whole
procedure. The total primary storage for this static implementation is given by

stor=2 X n + 3 X ponz + nfill (30)

where nonz and nfill are defined as before. Therefore this implementation is recommended
whenever there is sufficient storage to accommodate stor real numbers and a similar number of
integer numbers that are necessary for the data structures of the index sets and matrices L and
M.

(v) Implementation for a Nonconvex BQP

Consider now the case of a Nonconvex BQP. Since Mpge SPD in each iteration of the
Active-Set method then only the principal submatrix of M with positive diagonal elements
should be considered in the ANALYSE Phase. This means that the value of stor is reduced for
Nonconvex BQPs. Furthermore if it is empty the set G defined by (17) or Mgge SPD, then the
procedure described in this section with the modification stated above is a valid implementation
for the Active-Set Method. If G # 8 and Mgge SPD, then as stated before it is required to make

the change of variables

G =2G ~ Iy €G
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where e is a vector of ones of order |G |. If H = (1,..., n) - G, then the BQP(1) is replaced by
the equivalent Nonconvex BQP

T
46 T zg [ 26 7] Mec Myg Moces G

Min %H |:ZH j|+—2—[ ZH ] MHG MHH MHGeG (:ZH :]
T TaT T z

reLe] Zn+1 Zn+1 CGMGG CGMHG CGMGGCG n+1

subjectto a; Sz;<by, 1=1,2,..., n+l

where a; = 0, b; = +<° forie G and ap,) = 0, by,; =+, Therefore the matrix of this BQP has

[ 5, ]

where B is a real number, f is a dense vector of order n and M is the matrix of the BQP(1).

the form

As before, in the implementation for such a Nonconvex BQP only the principal submatrix of
M with positive diagonal elements is considered in the ANALYSE Phase. The data structures
are defined as before and stor is increased by n, since the vector f also has to be stored. The
matrix of the systems required by the Active-Set method either have the form Mgg with
FC {1,.,n}or

i)
f}: ﬁO

depending on z;,, being a nonbasic or a basic variable respectively. In the latter case the

solution of a system of the form

[NfI“EF I§Fo ][ yxo]{fo ]

is performed by the following procedure:

Solve Mpex=¥¢
Solve MpB=fp _
¥o- fTx
Compute Yo = F
Bo- B
Compute X=X -yof

These are the main features to be added to the implementation for the solution of Nonconvex
BQPs when G#8 and Mgge SPD.

The implementation for a Concave BQP is even simpler. In fact, since no systems have to
be solved for this kind of problem, then no ordering algorithm is required in ANALYSE Phase
and the data structure for the matrices L and D is not necessary. This reduces the value of stor to
n+ 2 % nonz and allows the solution of quite large Concave BQPs.
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4 - Implementation of the Algorithms for Tridiagonal Matrices

Tridiagonal matrices constitute an important example of structured matrices that occur quite
frequently in aplications. Due to this special structure, it is possible to design an implementation
for the direct methods that is more efficient for these BQPs than the procedure explained in the
previous section. Since M is a tridiagonal matrix, then it can be stored by only using an array D
of dimension n that stores its diagonal elements and an array of dimension  (n-1) for its
subdiagonal elements, Furthermore Mg is a block diagonal matrix such that each diagonal
block is itself a tridiagonal matrix (we can assume that matrices of order 1 and 2 are
ridiagonal). Then we can write

MFF = diag ( MFlFl""' MFka ) 31
where
k
F=UF
=1
FiNFj=0 for i#]j (32)

max{s:seF;} <min{r:reF;} -1 foreach i=1,..., k-1

For instance if n = 10 and F = {1, 2, 3, 6, 8, 9} then

myymyg
mMy; Map My3
- m3g M33 3
MFF— Mg (33)
mgg Mgy
Mg g Mgg

and we have the representation stated above with Fy = {1, 2, 3}, F, = {6}, F3 = {8, 9}.

As suggested in [5], each matrix Mpg can be recovered from M by using a linked list
consisting of a scalar IP and an array of dimension IB of dimension (n+1). The scalar IP and
the array IB are defined as follows:

IP = first row and column of the first diagonal block of Mgp.
IB (i) = first row and column of the next diagonal block (if IB(i) = 0 then the current
block is the last).
IB(i+1) = number of rows (and columns) of the diagonal block that starts at the row
(and column) i.

For instance the linked list associated with the matrix (33) is given by
IP=1, IB=(6,3---810,2--)

where - means an ignored location.

In each iteration of the direct methods the set F is modified in at most one element. A change
in the set F implies a modification in the diagonal blocks of the matrix Mg, that is, in the linked
list. For instance, if the index 2 is taken from F, then Mgg has four diagonal blocks M]:ipi,

where F; = {1}, F, = {3}, F3 = {6}, and F; = (8, 9}, and the linked list is as follows

IP=1, IB=(3161,-8102--)
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If the index 7 is now added to the set F, then F has three blocks again and the linked list is
as follows

IP=1 IB=(3161,-04,----

As discussed in Section 2, it is necessary in each iteration of the direct methods to solve a
linear system with matrix Mgg (2 systems for the Parametric Principal Pivoting method) and
perform some operations with matrices and vectors. Next, we show that the computational
effort of these steps is highly reduced because of the structure of the matrix M.

In Step O of the direct methods it is necessary to solve the linear system

Mpg x = & (34)

where FC {i:aj=- and bj=+c)and ¢ =qg + Mg, by + M, a7,
Since M is a tridiagonal matrix, then any component ¢'; of the vector & is given by

3’i=qj+2mijbj+ m;; a;
jeF! jeF?
where
Fl=T /N {i-1,i+1},F2=T,N {i-1,i+1)

Hence two multiplications are required in the worst case to compute each componenet ¥; of the

vector &'. Since F has the form (32), then the solution of the system (34) reduces to solving the
k systems

NiFiFi X =~3’Fi‘ i= 1,,,., k

Since the matrices of these systems are tridiagonal, then the total number of operations

(multiplications and divisions) required to solve the system (34) is

k
3 D IR -2k
i=1

where | Fj | is the number of elements of the set F;.

We have shown that the computational effort for finding the initial vector Z g is greatly
reduced. In any other iteration the vector z g can be obtained in an even smaller amount of
computational work, To see this, let s be the infeasibility chosen by the direct method. If se F
(this cannot occur for the Active-Set method) then each one of the direct methods set F=F-{s}.
Let F be given by (32) and se F; for some re (1,..., k}. Then the set F, is replaced by two
disjoint subsets Fy, and Fp, (one of these two sets may be empty). Hence the components 7z j,
ieFy,U Fy, can be obtained by solving at most two linear systems of the form (34) with F=F,
and F=F,2. On the other hand, as the sets F, i#r, are disjoint with F;, then all the components
of Z'g; are not modified. So 3 x (| Fy, 1 +1F,, 1) - 4‘operations are required to solve such
systems. The same can be said for the computation of the vector P g required by the Parametric
Principal Pivoting method.

Consider now the case in which the index s chosen by the direct method belongs to T. Since
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F is given by (32), then Mg can be computed by solving at most two linear systems with

matrices Mgg; and Mg |, g, ,» Where Fj (F,y) is not empty if and only if s - 1 € F;

(s+1eFj;y). Furthermore
Mgg = Mgg + Mg 5. Mgy g+ Mgy TMeyppg

that is, it requires at most two multiplications. After this quantity T ¢ is computed, then only
the components 'z j such that je F; U F;,, have to be updated by the formulas (12), as the other
components of Z g do not change their value. In the Parametric Principal Pivoting method, F is
increased by the index s. Hence the vector Z g (and P ) is computed by just solving a linear
system with matrix Mg/, where Fi' =FUF,, U (s}.

Finally consider the computation of the vector W . For any te T,

Wl=ql+ z‘ml)’ bj+ Zlmlj a)-+ z‘mlj Tj
Ty €Ty jF
where
T, =Ty N {t-1,,1+1)
T£=T2ﬂ(t»l,l,l+l)

F'=FN{t-1,1+1)

This means that each component W', of this vector requires three multiplications. Note that
the total computational effort to compute W can be reduced if the formulas (12) are used,

Since each iteration of each one of the direct methods consists of the computation of the
quantities stated above and the updating of the linked list (whenever the set F is modified), then
it is clear that the computational effort in each iteration is quite small. This allows the solution of
quite farge Convex BQPs in a reasonable amount of time even when the number of iterations of
the direct method is quite large. This will be confirmed by the computational experience
presented in the next section.

The implementation of the Active-Set Method can be used with modifications similar to
those stated in the previous section to find stationary points (local minima) of Nonconvex
BQPs. Furthermore Concave BQPs do not require the use of the linked list.

5 - Computational Experience and Conclusions
In this section we present a computational investigation of the efficiency of the three direct
methods and their implementations discussed in the previous sections. To do this, some
Convex BQPs with Me SPD have been constructed and are stated below.
(i) TP1 - Convex BQP taken from elastoplastic analysis of structures [29].
(i) TP2, TP3, TP4, TP5 - Convex BQPs whose matrices are randomly generated
by Stewart's technique described in [40].
(i) TP6, TP7, TP8 - Convex BQPs which occur in portfolio selection models
whose matrices are randomly generated by the technique described in [32]. If n
and m are the parameters defined in that paper, then
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TP6-n=200, m=5
TP7 - n =200, m = 20
TP8 - n=600, m=2
(iv) TP9, TP10 - Convex BQPs whose matrices M satisfy m;; < 0 for all i=jand
are randomly generated.
(v) TP11, TP12 - Convex BQPs with pentadiagonal matrices taken from [24].
(vi) TP13, TP14 - Convex BQPs with tridiagonal randomly generated matrices.

The characteristics of the test problems are described in Table 1. We have decided to present
only the results for Convex BQPs with all lower bounds equal to zero, since the performance of
the algorithms with infinite or nonzero lower bounds is similar. As far as the upper-bounds is

concerned two tvpes of problems have been considered:

(i) all the upper-bounds are infinite (the Convex BQP reduces to a LCP).
(ii) all the upper-bounds are finite and positive.

In both cases the veclor q is generated by using a technique described in [36] that fixes the
numbers VA and VB of variables that are at the lower and upper bounds in the optimal solution
of the Convex BQP. For both the two types of problems the vector z=0 is the initial solution
(F=#) for the algorithms, Hence VA is the number of variables that are both in the initial and
optimal active sets, We also note that for nondegenerate solutions (all the basic z-variables have
a value strictly between the bounds) the quantity n - (VA+VB) represents the number of
elements of the set F coresponding to the optimal solution of the Convex BQP. If the optimal
solution of the Convex BQP is degenerate, then this number is greater than or equal to n -
(VA+VB). We have tested problems with nondegenerate (Tables 2,3 and 5) and degenerate
optimal solutions (Table 4).

We have tested in the experiments two versions for the Active-Set and Bard-type
algorithms. We denote by ASET1 and ASET?2 the versions of the Active-Set method that
incorporate criteria (15) and (16) respectively. Furthermore the versions of the Bard-type
algorithm incorporating criteria (10) and (14) are denoted by BARD1 and BARD?2 respectively.
We have also found that in general the better choice for the vector p of the Parametric Principal
Pivoting Method is as follows

pi=-1 ifieT,

1 if ie T,
0 if i F

Pi

1}

Pi

where Ty, T, and F are the sets given in Step 0 of this method. All the experiences have been

performed on a CDC CYBER 180-830 of the University of Porto, whose machine epsilon [10,
chapter 2] is g, =10-14 | In the tables containing the results of the experiments, there are some

parameters with the following meanings:
n = dimension of the Convex BQP = order of the matrix M

nonzer = number of nonzero elements of M = 2 X nonz + n, where nonz is the number
of nonzero elements of M strictly below the diagonal.
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stor = total primary storage given by (30).

VA = number of variables at the lower-bound in the optimal solution.

VB = number of variables at the upper-bound in the optimal solution (VB=0 for the
LCP).

NO = number of operations (multiplications and divisions) multiplied by 107,

NI = number of iterations.

TO = CPU time in seconds for finding an ordering for the rows and columns of M
(minimum-degree algorithm),

TF = CPU time in seconds for the symbolic phase.

T = CPU time in seconds for the direct methods.

RES = Residual of the optimal solution, It is given by

12
n n 2
I'w-(q+M7) n2=|:z (_w“i—qi— Z m j; Tj) } (35)
=1

i=1
If o and B are positive integer numbers we use the quantity a-PB to represent the
~Residual a % 10-B.
C = Cycling has occurred in the algorithm,
NS = The algorithm has not terminated after 5000 seconds of CPU time but a cycling has
not occurred.

Tables 2 and 3 present the results of the experiments on the solution of the test problems by
the three direct methods when the optimal solution is nondegenerate. We have tested both the
versions BARD1 and BARD2 of the Bard-type method and also the versions ASET1 and
ASET?2 of the Active-Set algorithm. As expected, the results show that the versions BARD2
and ASET2 usually require less number of iterations than the corresponding versions BARD1
and ASET1. This difference between the number of iterations can even be quite large for some
problems. For the LCP whose matrix M has nonpositive off-diagonal elements the number of
elements of the set F is always increasing [16] and both the versions 1 and 2 of the direct
methods require the same number of iterations. The versions 1 for BQPs with finite upper
bounds can even require smaller number of iterations for such matrices.

Despite the number of iterations for the versions 2 being smaller in general, the time T and
the number of operations NO do not decrease proportionally. In some cases the versions 1 are
more efficient on these parameters (they are the most important) even when the number of
iterations is larger. This better performance of the versions 1 can be firstly explained by the
search for the infeasibility in each iteration, which obviously requires less work for the versions
1. Furthermore, if the number of deletions that occur in the set F is small (it is zero for the
LCPs with Me SPD and my; < 0) then, by the least-index rule employed by the versions 1, quite
often the index s to be added to F in the next iteration satisfies s > j for all je F. As we have
seen, in this case the updating procedure for the LpLT decomposition has a much lower cost
and the number of operations and the resulting CPU time per iteration turn to be much smaller.

Each version of the Active-Set method is in general more efficient, particularly in terms of
operations and time, than the corresponding version of the Bard-type method. The reasons for
this worse performance of the Bard-type method are presented below.

(i) Since in the Active-Set method the variables z; of the successive basic solutions
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must be kept inside or at the bounds, then deletions in the set F start in the initial
stages of the algorithm. In the Bard-type method the set F tends to increase inially
and deletions are more frequent in the final stages of the algorithm, Therefore the
number of elements of the set F corresponding to the different basic solutions is

usually smaller for the Active-Set method. Hence the solution of the linear systems
with matrices Mgg usually require less computational work for the Active-Set

method.

(iiy For the Active-Set method, whenever a deletion in the set F takes place, only a
component of the vector W has to be computed in the next iteration. This does
not occur in the Bard-type method where the whole vector Wt is required.

(iif) In the Active-Set method Mg, is always the right-hand side vector of the system
that has to be solved in each iteration. In the Bard-type method the vector qg is
quite often the right-hand side vector. Since Mg is usually sparser than qg, then
for the same set F the number of operations for solving a system with matrix Mgg
in the Active-Set method is never greater than that required for solving such
system in the Bard-type method.

Another disadvantage of the Bard-type method lies on the possibility of occurrence of
cycling for Convex BQPs with some or all finite upper-bounds. These cases are mentioned in
Table 3 by a letter C. In general cycling occurs more frequently for the version BARDI1.

The Parametric Principal Pivoting (PARM) method share the characteristics of the Bard-type
method but has two disadvantages over this method:

(i) It is necessary to solve two systems with matrix Mgg in each iteration.

(ii) There is always a change in the set F in each iteration. Hence in the solution of
Convex BQPs with some finite upper-bounds it is necessary to update the LDLT
decomposition of Mgg in each iteration. This may not be required in the other two
direct methods, where the infeasibility s may be moved from one of the sets T;
(i=1, 2) to the other without modifying F.

These two drawbacks explain the worst performance of the PARM method. However, the
algorithm is always convergent to the optimal solution of the Convex BQP when Me SPD.

As stated before, z=0 has been chosen as the initial solution for the three direct methods,
that is, we have set Ty ={1,...,n}, F = T =8 initially. We have generated the test problems by
introducing the quantities VA and VB representing the number of variables that are at the lower
and upper bounds in the optimal solution. Hence n - VA measures the number of variables that
move from the initial tq the optimal active sets. The three direct methods are quite sensitive to
this quantity n - VA, In general, the number of iterations NI of the methods BARD2, ASET2
and PARM satisfy

n-VAles%(n-VA)

and the upper-bound can be 5 (n - VA) for the versions ASET1 and BARD!. It is also
interesting to mention that [NI - (n - VA)] tends to decrease with an increase of (n - VA).
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Table 4 presents the results of the experiments for LCP test problems with degenerate
optimal solutions. The results for Convex BQPs with finite upper bounds show a similar
behaviour and are not presented. The efficiencies of the algorithms BARD2, ASET2 and PARM
do not seem to be much deteriorated with the occurrence of degeneracy in the optimal solution
of the Convex BQP. However, the behaviour of the versions ASET! and BARD!1 may be
catastrophic in presence of degeneracy in the optimal solution of the Convex BQP. This has
actually occurred in the solution of the test problems TP11 and TP12, where no cycling has
occurred but the algorithms have not been able to terminate after 5000 seconds of CPU time.
Note that for n = 50 and the vector q generated by the same technique [36) BARDI requires
142971 iterations to find the global minimum. It is important to mention that Lin and Pang [24)
have reported that the Projected SOR method has not been able to find the global minimum in a
reasonable amount of time for a LCP with the same matrix M of order n = 50 and a different
right-hand side vector q.

To test the efficiency of the implementation for the direct methods with general sparse SPD
matrices, we have considered for each test problem the value of three quantities, namely, the
total number of operations NO, the CPU time T and the Residual RES defined by (35). To gain
a better idea about how good these quantities are for each problem, we have decided to solve for
each matrix M a system Mx + q = 0, where q is a vector generated by the same technique [36]
with F = {1, 2,..., n}. The system has been solved by the General Sparse Solver for SPD
matrices described in [11, chapter 5] and the residual of the solution is given by the same
formula’(35) with W™ = 0. The results of the solutions of these systems are presented in Table 1.
The comparison of the quantities NO, T and RES for the systems and for the direct methods
shows that the implementation is quite efficient in terms of speed and accuracy.

Table 5 contains the results of the experiments of solving Convex BQPs with wridiagonal
SPD matrices. Unlike the other tables, only the results for the Active-Set and Bard-type
methods are presented, since the PARM algorithm is less efficient. As before we have tested
both versions 1 and 2 of these methods. The versions 2 of the algorithms require less number
of iterations and operations. However, the CPU time is inferior when the versions 1 are used
and this difference increases considerably with the dimension n and the value (n - VA) stated
before. The better performance of the versions 1 is a consequence of the block diagonal
structure of the matrices Mgg. As discussed before, this structure implies that quite few
components of the vector Z  are modified in each iteration. Since the least index rule is
employed by the versions 1 of these direct methods, then the search for the infeasibility s is
usually quite small. In fact, this search only starts from the first component of Z g whose value
has changed in the previous iteration. On the other hand, in the versions 2 the infeasibility s is
found by comparing the absolute values of W (and Z; for the Bard-type method). Hence the

search is much longer and becomes quite expensive when n is quite large.

As before, each version of the Active-Set method is more efficient than the corresponding
version of the Bard-type method. However, the difference is not very big. The reason for this
lies on the fact that the number of operations is only related with the subsets of F that are
modified in each iteration. Hence the dimensions of the sets F (which are larger for the Bard-
type method) have not an effect similar to the case of general sparse matrices. Table 5 also
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contains the resuits of the solution of the linear system Mz + q = 0, where q is generated by the
technique described in [36] with F = {1,...,n}. As before the comparison of the quantities NO,
T and RES for the systems and for the direct methods shows that the implementation is quite
good in terms of speed and accuracy. Furthermore the storage space for this implementation is
(3n + 1), which corresponds to the diagonal and subdiagonal of M and the linked list.

As a final conclusion of this study we can claim that there is not a big gap between the
efficiencies of the Active-Set and Bard-type methods, but the former is consistently more
efficient. The versions of these two methods that differ on the choice of the infeasibility in each
iteration have a different performance for general sparse and tridiagonal mairices. It seems
worthwhile to design partial selection techniques [4,15]) which can exploit the benefits of each
one of the selection procedures that have been tested in this paper. Cycling may occur in the
Bard-type method but the phenomenon is quite rare. The Principal Parametric Pivoting
algorithm is convergent but it is in general less efficient than the other two direct methods.

In our experiments we have always used z = 0 as the initial solution for all the direct
methods. The Active-Set method can start with any vector z satisfying the bounds. The choice
of this starting vector has a determinant effect on the efficiency of the Active-Set method, as the
computational study presented in this paper has shown. Recently some work has been done on
the design of hybrid methods that try to identify the optimal active-set in a reasonable amount of
time [26]. The Bard-type and the Parametric Principal Pivoting methods can even start with a
vector z which does not satisfy the bounds (the vector p should be chosen with care). This is a
great advantage of these methods over the Active-Set method. Is seems easier to find a
procedure that gets an advanced basic solution that is close to the optimal solution. Recently we
have designed an algorithm for solving LCPs with SPD matrices [17] that incorporates such a
procedure before using Murty’s Bard-type method [28]. This method is in general much more
efficient than the direct methods discussed in this paper particularly when the dimension of the
LCP is quite large. We have been investigating on the design of a similar procedure to solve
Convex BQPs with some or all finite upper-bounds.

It is well-known that there are algorithms for nonlinear optimization, such as
Diagonalization and Sequential methods, that rely on the solution of a sequence of Convex
BQPs. All the matrices of these Convex BQPs have the same sparsity pattern and in some cases
are even equal. Since the Bard-type and Parametric Principal Pivoting methods do not require a
vector satisfying the bounds to start with, then they may be much more useful than the Active-
Set methods for these types of algorithms. This is another imponant topic of our research.
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An advantage of the Active-Set method over the two remaining algorithms is its ability to
solve Convex BQPs with singular SPSD matrices. The Active-Set method can even find a
stationary point (local minimum) of a Nonconvex BQP, The extensions of the Bard-type and
Parametric Principal Pivoting methods to solve Convex BQPs with singular SPSD matrices and
Nonconvex BQPs have not been done unless in some special cases. This is another important
topic of future research,

Problem n nonzer stor ANALYSE SYSTEM

TO | TF | NO| T | RES

TP1 484 9920 ] 178981 3.8 [ 0.49 1.1 254 2-11

-TP2 600 | 11442 | 17463 | 3.7 | 0.21 | 6.32| 1.51 | 5-12

TP3 800 | 10920 | 16780 3.2 | 0.22 | 4.83| 1.28 ) 4-12

TP4 1000 | 16386 | 25079 | 5.2 | 0.32 | 8.14{ 2.03| 4-12

TPS 1500 | 9824 | 15468 | 4.4 | 023 | 299 1.01| 3-12

TP6 200 1622 3035 ] 0.5 1005 | 1.07] 0.27] 1-12

TP7 200 8072 116083 | 3.2 | 048 | 27.6| 5.27| 5-12

TP8 600 | 9878 | 15135| 6.9 | 024 | 129] 2.59| 3-12

TP9 500 2156 8332 1 29 | 033 1474 2921 7-12

TP10 1000 | 2842 6217 1.7 1016 ] 259] 0.71 | 6-12

TP11 500 2494 3991 | --- | 0.09 06 | 0.26 ] 3-12

TP12 1000 | 4994 7991 | --- ] 0.18 1.2 | 0511 4-12

TABLE 1 - Matrices of the test problems, ANALYSE Phase and Systemns
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BARD1 BARD2 ASETL ASETZ2 PARM

N VAIVE g | » T RES NI 10 T RES ML *0 T RES | NI %0 T RES NI 0 T =S

™ 8% 369 | 72 | 752 79.6) 21.8 5-12 216 19.7 6.9 |6-12 709 36,91 11.9 | 1-11 || 224 10.4 4.2 | 9-12 251 | 103.3 22.2 | &-12
86 | 104 [1176 |296.8| 5.7 1-11 355 |150. 49.9|1-11 ms | 12009 0.2 | 2-11 | seo 67.6 | 23.5 | 2-11 617 | 725.1 (150.7 | 1-11

2 00 420 | 90 | sor| 61.3| 21.8] 1-12 277 17.3 7.9 | 1-12 809 30.8 | 12.5 | 2-12 | 300 13.6 6.2 | 1-12 w7 | 152. 36.5 | 1-12
120 | 240 [ 588 92.2 31.9 | 3-12 ws8 | 207.3| s2.7 | 3-12 | 807 85.1 | 27.9 | 3-12 925 | 8836.7 |189.7 | &-12

. 800 560 | 120 | 841 | #0.8| 18.5] 1-12 326 16.1 9.7 1-12 797 26,6 | 11.9 | 1-12 | 0 12.1 7.1 | 112 w09 | 162.9 | 39.5 | 1-12
160 | 320 |1780 |247.2) @81.4] 3-12 920 |117.4 ©6.9 | 3-12 1585 | 100.4 | 8.2 | 3-12 | 990 92.2 | 36. [3-12 | 19 |ioss. |238.1 | 3-12

™ | 1000 700 | 150 [1199 [105.9]| w1. | 1-12 < 1083 s6.2 | 23.6 | 1-12 | 433 25.7 | 12.5 | 1-12 536 | 323.5 | 73.9 | 1-12
200 | 400 |2600 491.7| 151.8f 3-12 | 1102 [19a.7 7.9 | 3-12 2181 | 212.2 p2.9 3-12 J1233 | 175.3 | 4.1 | 3-12 | w72 |2021.  |sws.7 | 3-22

s | 1s00 | 1050 | 225 [=] 588 24.3 25.9 | 8-13 1127 33.9 | 25.6 | 1-12 | ses 17.8 | 191 |1-12 791 | 295. 92.6 | 8-13
300 | 600 [ 1595 |13s.e | 115.7)2-12 2188 | 130.1) 96.9 | 2-12 1655 | 129.6 | 90.9 |2-12 | 2119 |1817. ]495.2 [ 2-12

™6 200 60 | 30 |135]| 2.5 1.14] 6-13 69 0.58 0.47] 5-13 133 1.42)  0.72] 7-13 71 0.39| 0.3 6-13 91 7.4 2. 7-13
0 | 80 |266] 7.3] 2.8 |8-13 169 3.98 1.88 1-12 237 3.96) 1.89] 1-12 | 177 1.83 | 1.22{1-12 261 | 53.8 13.3 | 813

57 200 1%0 | 30 | 458 | 117.d 26.9 | 2-12 79 9.3 2.6 [ 1-12 66.8 | 16.1 | 2-12 86 4.81] 1.3 |2-12 93 | 36.3 7.3 | 2-12
0 | 8o | 636 | 203.9 62.9 | 412 194 82.8 18.8 | 4-12 645 | 199.4 | 5.2 | s-12 | 236 38.6 8.8 |4-12 | 243 |367.2 7%.3 | 6-12

P8 600 20§ 90 |332] 381 12. |2-12 188 2.26 2.9¢ 2-12 331 16.8 | 6.5 | 4-12 { 191 2.08 2.30 | 1-12 [ 277|101 25.5 | 1-12
120 | 240 | 628 | 82.2) 24.% }2-12 488 23.8 12.3 | 3-12 629 we.1| 16.4 | 7-12 | wss 15.5 9.6 |5-12 721 |7ws.s [167.5 | 3-12

Ere) 500 350 | 75 | 182 2.6 2.22|2-12 182 3.6 3.5 |2-12 180 1.5 1.6 | 1-12 | 181 1.7 2.27 | 2-12 § 226 24.1 9. 2-12
100 (200 [ 575 | 72.3 2.2 |3-12 5.8 170.7 k.9 |3-12 574 L6 | 17.7 | 5-11 | se8 81.8 | 27.5 |3-10 | 601 |380.5 92.9 | 5-12

1710 | 1000 700 | 150 | 364 .9 6.6 [1-12 345 [R3 10.6 |1-12 362 3.3 0 5. J1-i2 | 3 3.6 7.3 J1-12 [ w5y 61.8 295 | 1-17
200 § 400 Jios6 | 6.4 w3.4 |3-12 | 1029 97.% 64.6 |4-12 11059 26.7 | 32.1 | 5-12 [1029 32.3 | 39.1 [2-30 faoy  fusse  fage.3 | a-32

P11 | 500 350 | 75 |38 7.2] 5.2 |8-13 175 2.5 2.9 [7-13 399 3.7 3.2 | 7-13 | 1 1.6 2.1 733 | 228 23.9 3 7-13
100 | 200 {951 | 39.] 10.6 |2-12 589 38.9 23.2 | 2-12 667 13.1 ] 10.2 | 2-12 | 552 w.8 | 12.9 12-33 fea lieo sut | 1-12

P12 | 1000 700 | 150 | 883 | 28.5] 21.4 [1-12 355 5.8 11.7 {8-13 819 16.5] 12.9 | 1-12 [ 3s0 5.9 8.2 11-12 1 165 97.5 36,1 ) 8-13
200 (400 795 | 1s1.5| 75. f2-12 Jur fwra 88.8 |2-12 1364 53.9 | 0.6 | 3-12 {1126 55.7 | 50.8 |3-12 1262 [e36.5 [212.5 | 2-12

TABLE 3 - BQPs with finite upper-bounds and nondegenerate optimal solution
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SYSTEM BARDL BARDZ2 ASET1 ASET2
Problen pg VA | VB
NO T |RES NI NO| T | RES NI NO T RES NI v | T RES NI | NO T RES
700 - L1sl0.2 | 0.51f 5-13 ) 299 {0.12 2.4 {4-13 | 407 J0.17 (039 &-13 | 299 [o0.1 | 2.1 [4-13
LcP
200 | --- 878 (1.58{ 0.89| 9-13 | 799 [0.93 6.5 [9-13 871 |1.19 | 084 | 1-12 || 802 j0.71]| 5.6 {9-13
TP13 | 1000 0.49 | 0.08 | 1-13
700 150 43610.24  0.25| &-13 § 319 10.16| &.& |6-13 | 436 (0.2 [0.24) &-13§ 319 [0.14| 3.8 |&-13
BQP
200 | 400 1047 10.88 | 0.89| 7-13 | 929 [0.79| 12.9 |7-13 |/ 1039 |0.72 |0.85] 8-13 | 932 |0.57 [10. [7-13
3500 --- 2174 [1.06 | 8.2 | 8-13 11501 {0.59{ 57.1 |8-13 | 2160 |0.9%4 |8. 9-13 1501 | 0.61 [s9. [8-13
LCP
1000 --- 4456 |7.86 113.2 | 2-12 {6007 |4.79 | 156.6 |2-12 |assz |6.54 f12.9 | 2-12 4009 |3.92 [120. |2-12
TP14 | 5000 2.49 0.41{ 3-13
3500 750 2290 f1.24 | 3.62] 7-13 §1587 |0.77 | 106.3 [7-13 [ 2281 [1.08 |3.56] 8-13 | 1587 |0.68 l92.5 |7-13
BQP
1000 | 2000 5486 (8.7 [15.3 | 2-12 | 4660 |3.9 | 311.8 |2-12 [s5u71 |38 ps. 2-12 || 4659 |2.8 pu7. |2-12

TABLE 5 - LCP and BQP with finite upper-bounds and ridiagonal matrices
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APPENDIX

We present an example of a cycling in the Bard-type algorithm, version BARD1. Consider
the BQP (1), where ‘

q=(1,0,-3,0,HT, a=(0,0,0,0,07, b=(1,2,1,1,2)7T

and the lower triangular part of the symmetric matrix M is given by

0.3580042 1.688328
0.7129532 2.402933 3.801952

L0.5004849 1.042523 1.888326 1.103488 _l
-0.5141362 -1.738911 -2.541484 -1.195132 1.915638

0.4111478 —l

If @ represents the empty set, then the following sequence of basic solutions is obtained:

Iteration 0-F=8,T,=8,T, ={1,2,3,4,5)

1-F=8,T,=(1), T, =(2,3,4,5)
2-F={(3), T, =1}, Ty ={2,4,5)
3-F={3), T, ={1,5), T, = {2,4)
-F=8,T, = (1,3,5), T, = {2, 4)
F=1(2), T, =(135), T, = {4)
F=(2), T, ={1,3), T, = {4,5)
~F=8,T ={1,3), T, = {2,4,5)
F={1},T, = (3}, T, = (24,5}
F={13},T,=8,T, = {2,4,5)

10-F={3), Ty = {1}, Ty = {2,4,5}

which is the solution obtained in iteration 2. The version BARD2 solves this problem in five
iterations.
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CICLOS E TENDENCIA EM SERIES
ECONOMICAS: O PIB PORTUGUES
DE 1913 A 1986

Joao A.O. Soares
J.A. Assis Lopes
Secgio Auténoma de Economia e Gestio
Instituto Superior Técnico
Universidade Técnica de Lisboa

Resumo: E discutido neste artigo o problema da mensuragio dos ciclos econdmicos, e
nomeadamente dos ciclos de crescimento, enquanto dependente da caraclerizagio da tendéncia
de longo prazo como deterministica ou estocdstica - modelos 'TS' ('Trend-Stationary') ou 'DS’
(‘Diference-Stationary). Referem-se os instrumentos estatisticos associados a ambos - ajuste de
uma fungio deterministica do tempo e andlise espectral versus modelizagio ARIMA ou
Estrutural.

Os mesmos sio utilizados para exame do PIB portugués 1913-86, concluindo-se pela
caracterizagdo 'DS".

Abstract: This paper discusses the problem of measuring business cycles, namely the
growth cycles, as depending on the characterization of the trend as deterministic or stochastic -
‘TS’ (Trend-Stationary’) or 'DS' ('Difference-Stationary'). Statistical tools associated with
both are mentioned - deterministic function of time and spectral analysis versus ARIMA or
structural models. Tools are used to examinate the portuguese GDP 1913-86, the conclusion
being to prefer the ‘DS’ characterization.

1 - Ciclicidade e Tendéncia em Séries Econémicas

O problema da existéncia ¢ mensuragio dos ciclos econdmicos ou ciclos de negécios
(‘business cycles’), usando a radugdo literal da designagdo encontrada na literatura anglo-
saxénica, € um problema com mais de cem anos na Teoria Econémica, tendo dado origem a
vasta literatura tedrica e empirica.

Querendo encontrar uma definigio de ciclo econémico amplamente difundida e
suficientemente abrangente para merecer um amplo consenso, pode-se referenciar Arthur Burns
e Wesley Mitchell ("Measuring Business Cycles", National Bureau of Economic Research,
N.York, 1947). Estes, sinteticamente, caracterizam os ciclos como flutuagdes da actividade
econdmica, compostos por expansdes e recessdes que se sucedem ininterruptamente, de
durago entre 1 ¢ 10 a 12 anos, sem periodicidade definida,

Esta defini¢do, por sua vez, fica incompleta se ndo destringarmos entre o que se
convencionou designar por 'ciclos cldssicos' € os 'ciclos de crescimento'.

Os primeiros correspondem 2 delimitagio das fases de expansio e contrac¢do a verificar nas
séries brutas representativas da actividade econémica, Do ponto de vista estalistico, esse
trabalho ndo oferece particular dificuldade, havendo sé que, cuidadosamente, distinguir
pequenas flutuagdes conjunturais, de fases do ciclo propriamente ditas.
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Quanto aos 'ciclos de crescimento’, a sua referéncia aparece nos anos 60, quando a
economia dos principais pafses desenvolvidos conhece uma grande fase de desenvolvimento,
parecendo entdo afastadas as contracgdes da actividade econdémica, enquanto diminui¢do
absoluta do produto real e aumento do desemprego dos factores produtivos. Em contrapartida,
registam-se fases de atenuvagdo das taxas de crescimento, desaceleragdes da actividade, que nio
recessoes no sentido actual. Os ‘ciclos de crescimento’ pretendem entdo exprimir fases de
desvio, flutuagdes, face i tendéncia de longo prazo. Implicitamente daquelas componentes nas
séries econdmicas.

Ora, isolar, determinar, a componente ciclica manifesta nas séries relevantes da actividade
econémica, nomeadamente no Produto, implica a assungio de uma decis@o quanto a
modelizagio da tendéncia - assume esta um cardcter deterministico ou estocdstico.

A opgdo pela modelizagio detrministica da tendéncia traduz-se no ajustamento de uma
fungdo do tempo - tipicamente a exponencial ou um polindmio de grau baixo-, procedendo-se
de seguida a substracgio da mesma relativamente 2 série original. A ciclicidade dos residuos é
entdo objecto de andlise através do uso do periodograma ou, pondo a ténica no seu cardcter
estocdstico, através do ajustamento de um modelo ARMA, nomeadamente um AR(2) com
rafzes complexas.

Mas esta caracterizagdo das séries econdémicas, que € consagrada na literatura com a
designagdo de modelos 'Trend-Stationary' (TS), sofre vasta contestagdo. Pode-se citar, a
propésito, o artigo de Nelson e Kang (1981) que mostra como o facto de se retirar uma
tendéncia deterministica a um processo tipo passeio aleatério pode introduzir falsa periodicidade
nos correspondentes resfduos. Também noutro artigo do mesmo ano, Beveridge e Nelson
propdem mais explicitamente uma forma de decomposigio de séries econémicas baseada em
modelos ARIMA. Finalmente, Nelson e Plosser (1982) consagram a designagio de

'DIFFERENCE-STATIONARY" (DS) para processos em que as 1** (ou outras) diferengas da
série original ou do seu logaritmo, siio um processo estaciondrio modelizdvel por um modelo
ARMA.

Nesse mesmo artigo, os autores analisam diversas séries da economia nore-americana, com
destaque para a do PIB, e concluem favoravelmente pela sua caracterizagiio como enquadrando-
se nos modelos 'DS', i.e., pela tendéncia estocdstica.

Harvey (1984), por sua vez, embora criticando alguns aspectos do artigo acima referido,
chega a conclusées concordantes com este, socorrendo-se da modelizagio estrututral em espago
de estados.

No presente trabalho utilizar-se-do as diferentes ferramentas estatisticas referidas para
andlise do caso da economia portuguesa.

A série utilizada - PIB de 1913 a 1986, a pregos de 1977 - resulta da compatibilizagdo das
estimativas referentes ao perfodo 1913-47 (N.Valério, 1983), com os dados de 1948-57 do INE
(INE, 1959), de 1958-1978 do Banco de Portugal ( B.Portugal, Doc. Trabalho, n?15), e por
fim com aqueles publicados pelo INE de 1979 até 1986. Uma explicagio mais detaghada sobre
a mesma pode ser encontrada em Soares (1989).

2 - Anilise Estatistica do PIB Portugués 1913-86

2.1. - Anilise Grifica e dos Valores Brutos
Comece-se a andlise pelo grifico da série - Fig.1.
Ele revela essencialmente 3 fases:
- Até finais dos anos 20: Zona de declive quase nulo, com marcada flutuagdo conjuntural;
- até 1974: Zona de crescimento, primeiro mais lento e depois mais vivo (a partir
sobretudo do fim da 2* Guerra Mundial). Aqui os dnicos anos de decréscimo do
Produto real sdo: 1936, 1942, 1944 e 1945,
- de 1974 a 1986: novamente maior pronunciamento ciclico acompanhada de uma
tendéncia crescente. Dois valores acentuados: 1975 e 1983/84.

Nesta evolugio, que alids apresenta similitudes com a da economia internacional, € possivel
estabelecerem-se os picos e vales delimitadores das fases de expansiio e recessiio, sem levar em
conta os desvios & tendéncia - ciclos cldssicos. Podem-se, entdo, calcular os

Intervalo médio entre midximos: 7.44 anos (D.P.=9.11 anos)
e
Intervalo médio entre minimos: 7.33 anos (D.P. = 8.8 anos)

As medidas dos intervalos entre extremos, consonantes com as diferengas das fases jd
referidas € em que sobressai um perfodo de crescimento continuo de 1945 a 1974, ndo indicam
a existéncia de regularidade estatistica para todo o perfodo em andlise.
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PIB 1913 - 1986
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2.2, - Ajustamentos de uma Tendéndia Deterministica _ _
Procedendo de seguida ao ajustamento de uma tendéncia deterministica, ensaiou-se a

utilizagiio de exponencial e de polinémios de grau 2 a 4. Aquela fornece um valor de R (R?
ajustado) de 0.952, enquanto para este obtiveram-se valores de 0,985, 0.988 ¢ 0.991. Refira-
se, relativamente ao ajuste da exponencial, que o valor obtido do pardmetro da tendéncia foi de
3.7. Este pode ser interpretado, como € sabido, com a taxa anual de crescimento percentual de
tendéncia, ao longo de todo o periodo. )

A primeira conclusio que se pode extrair dos valores € que, embora se saiba que para séries
econdmicas suficientemente longas a tendéncia de longo prazo é largamente dominante, ¢ de
sublinhar que o ajustamento polinomial deixa por explicar somente cerca de 1% da variiincia
total - isto para a componente ciclica mais a irregular. Tal valor pode ser contraposto os 5% da
autoregressivos de 1% ordem. A andlise do periodograma confirmou o dominio referente a
baixas frequéncias.

- A segunda questio que faltava focar prende-se com a andlise directa dos residuos dos
ajustamentos, Embora ela niio distinga a componente ciclica da irregular, corresponde a
concepgio lata de flutuagdes do Produto, interessante na comparagdo com os resultados
encontrados para a série bruta. Af é de notar, sobretudo, as novas divisdes introduzidas
pelo corte efectuado pela linha de tendéncia & grande fase interm‘dia de crescimento -
1945 a 1974. O resultado € a diminuigio do intervalo médio entre maximos relativos que
passa para valores préximos de 4 anos, com D.P. de cerca de 1.7 anos, para a
generalidade dos ajustamentos.

2.3. - Tendéncia Estocastica - Modelos ARIMA

Neste ponto procedeu-se & logaritmizagdo e diferenciagdo de série, por forma a tornd-la
estaciondria quanto is suas média e varidncia. Na Fig.2 observa-se que se corrigiu no essencial
o problema da estacionaridade em torno da média, mas ¢ nitida a maior variancia na fase inicial.

As fungdes estimadas de autocorrelagdo amostral (V.Quadro 1), apresentam, por seu turno,
uma estrutura oscilante de valores positivos e negativos, nio significativos a 2 D.P., a qual
aponta para um processo aleatério, exceptuando-se ligeiramente as 1* e 32 autocorrelagSes. A
primeira assume um valor negativo ao contrdrio da 3% Este comportamento decorre do cardcter
muito oscilante da série diferenciada, onde se denota uma ciclicidade muito curta, com distincia
média entre picos de cerca de 3 anos.

Avangando na andlise, entendemos proceder ao seccionamento da série no ano de 1925,
correspondeno &s fases distintas que tinhamos detectado. A primeira secgiio fica com um
ndmero de pontos demasiado pequeno para prosseguir o estudo. A fase mais recente vem
revelar um padriio de rufdo branco. Tal se evidencia no correlograma, correlograma parcial e
ainda no periodograma integrado que se calculou.
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A LOG (PIB 1913 - 86)
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Este dltimo, embora j4 na série completa ficasse dentro das bandas de 95%, correspondentes
a0 teste de Kolmogorov - Smimov, € agora mais nitidamente uniforme.

Por sua vez refira-se que o x? do log(PIB) sobe, no periodo de 1925-1985, para (0.984,

A conclusio que se extrai daqui para a presenga de um modelo 'DS' no caso, um passeio
aleatdrio do log(PIB). Tal merece ser confrontado com os modelos estrututrais de Harvey.
exponencial. Mas neste caso, a mera andlise grifica parece demonstrar ser irrealista a assungio
de taxa de crescimento anual constante para todo o perfodo que lhe ¢ implicita.

Passemos agora 2 andlise dos residuos:

A visfio geral da série residual pode ser obtida, no que concerne exponencial, se referirmos
que a curva ajustada vai cortar a série original em meados dos anos 20 e 60. Marca entio 3
grandes fases, acima, abaixo, e novamente acima da tendéncia. Quanto aos ajustamentos

polinomiais, a aderéncia nas extremidades € superior (daf o maior Fz), verificando-se ainda a
elevagio do pico de 1941 e anos adjacentes.

Com este padrio ¢ 6bvio que os periodogramas dos residuos, enquanto estimadores do
espectro ledrico, sdo largamente dominados por ciclos correspodentes a 1 ciclo para a
exponencial e 2 ciclos para os ajustamentos polinomiais - perfodos de 74 € 37 anos. Para se dar
uma ideia mais precisa refira-se que, para a exponencial, esse pico corresponde a cerca de 74%
da varidncia total, sendo p.ex., de 42% para o polinémio de 3° grau. Na generalidde nido
depardmos com mais nenhum pico correspondendo a uma explicagdo de varidncia superior a
10%.

Mas qual € a principal ideia a extrair da andlise ?

Pensamos que € a existéncia de um pico no periodograma para baixas frequéncias,
correspondendo a valores para o perfodo entre 100 e 50% da dimensio da série. Tal parece
exemplificar o "caracteristico espectro das séries econémicas”, correspondente ao que Nelson e
Kang apontaram como resultado de inapropriada extracgdo de tendéncia, No artigo jd referido,
de 1981, eles mostram como uma passeio aleatério a que se retire uma tendéncia determinfstica,
apresenta uma fungéo de densidade espectral com um pico dominante correspondente a um
periodo de cerca de 80% da dimensio da amostra.

Interessante também ¢ comparar os valores das 1% seis autocorrelagdes dos residuos
referentes a regressio do logaritmo do PIB (i.e., residuos do ajuste da exponencial), de um
passeio aleatério (dimensdo = 100) e do PNB real norte-americano entre 1909 € 1970, As duas
dltimas séries foram extraidas de Nelson e Plosser (1982, pdg.150, tabela 4).

Por fim, quanto & andlise dos residuos resultantes da extracgio de uma tendéncia
deterministica, duas ordens de quest3es nos merecem reparo:

- A primeira refere-se & possibilidade de ajustar fungdes polinomiais ao logaritmo do PIB,
¢ ndo directamente a este. E a via prosseguida por Pinto Barbosa (1985) numa andlise
do PIB, entre 1953 e 1980, tendo por fonte 0 FMI.
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Quadro 1
Autocorrelacio Amostrais dos Residuos
Séne rl 12 3 rd 15 6
PIB portugués 0,88 0,81 0,73 0,61 0,52 0,49
passeio aleatério| 0,91 0,82 0,74 0,66 0,58 0,51
PNB EUA 0,87 0,66 0,46 0,26 0,19 0,07

O autor ensaia o ajustamento de uma recta e de um polinémio de 22 grau para o referido log

(PIB). Ambos os ajustamentos apresentam TTZ de 0.991, sendo escolhido o modelo menos
parcimonioso para ajustamento de um modelo ARIMA, apesar do reduzido nimero de
observagdes. E entdo identificado um AR(2), indicativo de ciclicidade estocdstica, com perfodo
de 4.16 anos.
No entanto, com os parimetros apresentados e a férmula para o periodo 'd' corrigida
(V.Box e Jenkins, Holden Day, ed. 1970, pdg. 60 ou Gottman, C.U.P., 1981, pdg. 233),
2n

arcos [19,1/(2(-8,)'7%))

O valor obtido foi de 17.34 anos.

De qualquer maneira, o que € interessante referir € que nio parece existir justificagfio tedrica
para o ajuste do logaritmo que niio da série original. Do ponto de vista pritico tentou-se

. . 2 . sy
comprovar essa ideia usando os nossos dados. Os R encontrados foram muito idénticos aos
dos ajustamento directo ¢ a estrutura dos correlogramas e correlogramas parciais mostrou-se
também semelhante, embora com valores mais atenuados apontando para processos

Quadro 2
A LOG(PIB 1913-86) A LOG(PIB 1925-86)
Desfa- | Autoc. DP Autocor. Dp Autoc. DP Autoc. DP
samento| Amost. Parciais Amostrais Parciais
Amostrais Amostrais

-.227011.11704 | -.22701 | .11704 || -.00014 | .12804 | -.00014 | .12804
- 111741.12292 1 -.17215 (.11704 | .02026 | .12804 02026 |.12804
31259 | .12431 .26688 |.11704 || .06462 | .12809 06465 |.12804
-.12653].13465 | -.01356 | .11704 §| -.14030 | .12862 | -.14126 | .12804
-.044961.13627 | -.02008 | .11704 || -.06349 | .13111 -.06687 | .12804
17441 1.13647 [ .08273 |.11704 || .22058 | .13161 .22945 | .12804
08920 | .13949 | .19919 (..11704 | .13875 | .13754 17096 | 12804
-.002391.14027 | .10308 |.11704 || .05619 | .13981 03066 | .12804
07786 | .14027 | .05963 [.11704 § .12133 | .14018 06665 | .12804
-.08999 1 .14086 [ -.13295 |.11704 {| -.06165 | .14189 [ -.02539 | .12804
00828 [ .14164 | -.02370 [ .11704 | -.12771 | .14233 | -.08168 | .12804
.00793 [ .14165| -.04653 | .11704 | -.05232 | .14420 | -.09126 | .12804
11643 | 14166 | 15941 | .11704 || .13794 | .14451 13347 [.12804
-.080331.14296 [ -.09302 | .11704 | -.13566 | .14665 | -.17073 | .12804
01501 [.14358 | -.02542 {.11704 || .04137 [ .14870 | -.06226 | .12804

N
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2.4, - Modelos Estruturais
Procedeu-se ao ajustamento de 3 modelos para o logaritmo do produto:
a) tendéncia estocdstica (nivel + crescimento + componente irregular);
b) tendéncia ciclica (tendéncia estocdstica com ciclo incorporado + comp.irregular);
¢) tendéncia + ciclo (tendéncia estocdstica + ciclo estocdstico + componente irregular),

Os modelos a) e b) fornecem ambos o valor de R? = 0,9937, Ré = (0,09 (i.e. 9 pontos
percentuais acima do passeio aleatdrio + taxa de impulso) e os correlogramas dos residuos
apontam para ruido branco. Por sua vez as variincias associadas & tendéncia, muito préximas
de zero, parecem reflectir a grande supremacia da persisténcia na evolugio da série, considerada
neste perfodo longo.

No que concemna ao modelo b) € de salientar também que o perfodo estimado de ciclicidade
€ de 6.57 anos, sendo muito elevado (1.80) o valor desvio-padrio do pardmetro da frequéncia.

Por sua vez quanto ao modelo ¢), e em face daquele valor estimado de periodicidade,
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comegou-se por impdr o valor de 6 e de 7 anos para o ciclo aditivo. Em ambos os casos os
valores de R? e R[2) foram idénticos aos dos modelos anteriores. No entanto, os correlogramas
dos residuos nido apresentaram agora o aspecto de ruido branco, j& que se destacou um valor

significativo a 95% de conflanga, correspondente ao desfasamento 3. Procedeu-se, entio, A
imposigdo de perfodo igual a 3, tendo-se ultrapassado aquele problema e elevado ligeiramente o
2 2 \ 1 H P

R* para 0,944 e o Rp para 0,1. No entanto, tal como anteriormente, a ciclicidade encontrada
explica valores muitissimo reduzido da variagio do Produto, em escala semelhante &
componente irregular.
O PERIODO 1925-86

14 referimos anteriormente a diferenga encontrada antes e depois dos meados dos anos 20,

De facto, e embora sublinhemos que os valores encontrados para as 1% décadas sio estimados,
¢ de realgar na 1* fase, p.ex., as seguintes taxas de enorme varia¢do do Produto:
1918 :-25%; 1921 :-20%; 1922 +26%.
Ignorando o 1° perfodo, tinha-se concluido o acentuar da caracterizagio da série como a de
um passeio aleatdrio + taxa de impuldo. A utilizagdo da modelizagio estrutural veio obviamente

confirmar esta perspectiva, Assim obteve-se agora um R? = 0.9978 ¢ sobretudo um Rlz) =
0.0015, i.e., praticamente nulo.

3 - Conclusées

- O Produto real tem 3 fase distintas quanto 2 instabilidade do seu crescimento. As
mesmas, coincidem aproximadamente com a 1? Repiblica, Estado Novo e Pés - 25 de
Abril, ndo devem levar a sobrevalorizar-se o papel explicativo das mutagdes do regime,
j& que hd a considerar importantes mudangas também ocorridas na economia
internacional.
Nio havendo razio para considerar que o padrdo da Gltima fase € o dnico relevante na
extrapolagdo dos anos vindouros, uma andlise a mais prazo (mais de 30 anos) revela que
as flutuagdes ciclicas sdo responsdveis pela explicagdo da varifncia do Produto num
montante inferior a cerca de 1%. Esta conclusdo é vélida para os diferentes modelos
ajustados, com excepgdo da exponencial para todo o periodo (1913-86), mas parecendo
este abusivg, pelo que atrés referimos.
Quer na tentativa, para os 'ciclos cldssicos', de isolar a flutuagio ciclica de inflexdes da
tendéncia ou da componente irregular, quer mais nitidamente na definigdo dos 'ciclos de
crescimento’, a questdo primordial da andlise estat{stica parece ser a de como modelizar
a tendéncia-deterministica ou estocdstica.
Ainda que a existirem razdes da Teoria Econémica que perfithem a 1* alternativa, a nds
parece-nos que a adopgdo, neste caso, de fung¢des polinomiais no tempo, se ganha em
aderéncia relativamente a fungdes lineares ou exponenciais, carece de interpretagio
econdmica que as imponham face a tendéncias estocdsticas.

Por seu lado; confirma-se que, embora perante valores elevados de aderéncia (Rz), se
podem estar a introduzir nos residuos, sem aparente significado, grandes fases acima e abaixo
da tendéncia, as quais vém deturpar a posterior utilizagio da andlise frequencista.

Confirma-se, nesse sentido, as andlises de autores como Nelson ¢ Kang (1981), que
sublinharam o aparecimento, neste caso, de um pico dominante nas baixas frequéncias.

- No quadro nio deterministico, a andlise efectuada com modelos ARIMA e estruturais

conclui pela frequéncia na caracterizagio do PIB como "Diference-Stationary" e
nomeadamente como passeio aleatério + impulso, que se acentua a partir de meados dos
anos 20.
Ainda assim € possivel notar-se uma ciclicidade residual, de reduzida amplitude, de
periodo médio igual a 3 anos - flutuagio estdvel que se toma também evidente na taxa de
crescimento do PIB. Por sua vez, na série bruta, os valores entre picos ('ciclos
cldssicos'), apresentam médias de 7-8 anos, mas com uma enorme variabilidade que lhe
retira significado.
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DESENVOLVIMENTO DE ALGORITMOS
APROXIMATIVOS POR ACERCAMENTO:
ESPECIFICACAO FORMAL

Laira Toscani*
Paulo A. S. Veloso**

Resumo: Acercamento é um método de desenvolvimento de algoritmos aproximativos para
uma classe de problemas de maximizagdo, que satisfaz um dado requerimento de exatiddo. A
especificagdo formal apresentada utiliza tipos abstratos de dados.

Abstract: Rounding is a method for the development of aproximative algorithms to a class
of maximization problems, that satisfies a given accuracy requirement. The method is formally
specified through abstract data types.

1 - Infroducao

O Acercamento é um método de desenvolvimento de algoritmos aproximativos (mdaa) para
um certo problema de optimizaggo que serd definido na secgio seguinte. Horowitz ([HOR 78])
chama este mdaa de "Rounding”. E um método interessante porque dado um requerimento de
exatiddo e regras de dominfincia, gera um algoritmo aproximativo polinomial no tamanho da
entrada e inversamente polinomial ao requerimento da exatidio. Isto €, o algoritmo resultante é
polinomial ¢ gera solugdes "satisfatoriamente" préximas da solugio Gptima.

A especificagdo formal do método consiste de um programa abstrato e um conjunto de
axiomas. O programa abstrato mostra a estratégia do método. Os axiomas definem o inter-
relacionamento das fungées ¢ dos predicados e permitem a verificagio da corregdo do programa
abstrato. A abstragdo ¢ desenvolvida em dois niveis.

Para aplicar esta estratégia a uma instincia do problema € suficiente escrever um médulo de
implementagio definindo as fungdes abstratas em termos do problema. Corm isto, ter-se-4 um
algoritmo aproximativo, que € uma instdncia do programa abstrato, que satisfaz o requerimento

L D e
de exatidio — , em que n € o tamanho da instincia.

*Doutora em Informatica (PUC/RJ, 88); 4rea de interesse: desenvolvimento e complexidade de algoritmos; Prof®
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2 - Definicao do Problema

n n
Problema: calcular max Z pixj (fungdo objectivo) restrito a Z 2jxj £ bj, aj; 20 e
X =1 i=1
1<€j€nx;=0 oul,p;20e 1Si<n,
Definigées:
Seja 1=(P, A, B), onde A=(aij) € uma matriz nxn, B=(by, by,..., by), P=(py, pa...., py) €
ajjy b, pj20,1<i,j<n. Sejas=(s), 573...., 5j), onde sj=0oul, 1<j<isn
- I'é uma instincia do problema.
- né otamanhode I,
- s € uma solugio parcial possivel de 1. Se i=n, entdo s é uma solugiio possivel e se além

1
disso 2 2y 5§ S by 1 Sk <1, entdo s € uma solugao parcial vidvel de 1.
=1
i
-FO(,s,i) = Z Pj sj- Se s € a solugdo Optima de | restrito a i varidveis, FP*(1, i) =
=
i n
= Z pjsj e FP*(I,n) = F*(n) = Z Pjsj» €m que s ¢ a soluglo Sptima para 1,
=1 =1

- stk com 1 <k < n € o conjunto das solucties vidveis de I restrito as k primeiras varidveis

3 - Definicio do Método de Acercamento

O método consiste em transformar a instincia original I em uma instincia I', cuja solugio
estd préxima da solugdo 6ptima da instincia original, transformar I' em uma insténcia I, que
acelera o processo de construgdo de S(0), S(), . S™), sem alterar a solugio Gptima. Em S ¢
calculada a solugdo 6ptima de 1" (e de I') e transportada para 1.

Caracteristicas do Método

Seja I uma instincia dada de tamanho n, I' e 1" as instincias calculadas pelo método, & o
requerimento de exatidio, s a solugdo de I" encontrada através do método e s* a solugio éptima
de 1. Entdo:

- a solugio encontrada estd satisfatériamente préxima da solugiio dptima, isto €, | (F*(I) -
F*IM) /FD 1 <E;

- a solugdo encontrada s € a solugfo éptima das instancias I'e I";

- 0s métodos de transformagio de I em I' e de I' em I" tem complexidade linear no
comprimento de [.

- a cardinalidade do conjunto de solugdes parciais S ¢ da ordem k(n/t), com
k=1,2,..., n. O que vai garantir uma complexidade total do método polinomial em

n/E.

4 - Especificagdo Formal do Método
A especificagiio formal € constitufda do programa abstrato e do conjunto de axiomas.
Definicdo dos Dominios:
PO - dominio de instincias do problema. Se I € PQentio 1= (P, A, B), onde A = (aii) é
uma matriz nxn, B = (b}, by,..., by) e P = (py, p2,-.., Pp)- ’
®, - dominjo das entradas adicionais x e Lb; x é o requerimento de exatiddo; Lb
estimativa inferior para o valor é6ptimo da fungiio objectivo.
RD - dominio das regras de dominincia de solugdes vidveis.
SP - dominio das solugdes parciais: conjunto de conjuntos de i - uplas (0 <i<n),
solugdes possiveis do problema restrito as i primeiras varidveis.
SL - dominio das solugdes: conjunto das n-uplas, solugdes possiveis para o problema,
R - contradominio da fungdo tamanho, que define o tamanho da instincia do problema.
V - dominio dos valores possiveis da fungfo objectivo. :
Fungdes Auxiliares:
- tamanho : PO -+ R, calcula o tamanho da instincia do problema considerado.
- transformal: PO x ®,2 » PO, trasnforma uma instancia I, considerando Lb e &, em
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uma nova instancia I' cuja solugao estd préxima da solugdo da instincia original I,

- transforma2: PO x ®,2 » PO, trasnforma a instdncia I' em uma nova instincia I" com
mesma solugao.

- inicializa: X0 » SP, inicializa o conjunto de solugdes vidveis para o caso de zero
varidveis (X0 = (€}, € string vazio).

- calculas: PO x SP x RD x R = SP, calcula o conjunto de solugdes parciais vidveis,
obtido considerando o conjunto de solugdes parciais dadas, incluindo uma varidvel a

mais no problema considerado e fazendo as eliminagdes permitidas pelas regras de
domindncia.

- calculaSO: PO x SP = SL, escolhe entre os valores oferecidos no conjunto de solugdes
vidveis a melhor solugdo para o problema,

- calculaR: PO x L =» V, calcula a fungdo objectivo para a solugio considerada (calculaR
(1,S) =FO (I,s, tamanho (I}).

- F*: PO = V 1.q. F* (I): =FO (1,5, tamanho (1)), onde s=solugido éptima de 1.
- cardinalidade: SP -+ R, t.q. cardinalidade (S) : = cardinalidade do conjunto S.
Predicados Auxiliares:

- Bemtransf: PO2 x ®, » [T, F}, Bemtransf (I, I', £) : = | (F¥I) - F*(1')) /F*(I) | <&,

- MesmaSol: PO? » (T, F}, MesmaSo! (I, I') : = (°*s) [SolOtima (1, s) & SolOtima
I, s)].

- SolOtima: PO x SL = {T, F}, SolOtima (1, s): = s € a solugdo éptima de I.

- SolAprox: PO x SL x ® — (T, F}, SolAprox (1, s, £): =1 (F* (I) - FO(I, s, tamanho
(MY F*H1 <8,

- Limitelnf: PO x ®, x {T, F},Limitelnf (I, Lb): = F* (I) < Lb.

- ContemSol: PO x SP x ® = (T, F}, contemSol (1, S, k): = S contém uma solugdo
6ptima de 1, restrita a k varidvelis,

- BemDef: PO x RD = (T, F}, BemDef (I, RD): = (**s), s9) { [s}, sn€ SL A Domina
(sq, 83, RD) A SolOtima (I, s9 )} => SolOtima (1, 5y)}.

- CardBoa: SP x ®2x ®, = (T, F}, CardBoa (S, k, n, §): = (3C;,Cy € R)
(cardinalidade (S) £ Cy + C; k.(n/E)).

- Domina: SL2x RD » {T, F}, Domina (sy, sp, Rd): = sp domina s; pela regra de
dominéncia Rd.

Axiomas: ACAX

ACL: (%1) (&) (*Lb) (Limitelnf (I,Lb) = Bemtransf (I, transformal (L,,Lb))}

AC2: (%) () (*Lb) MesmaSol (I, ransorma2 (I, £,Lb))

AC3: (1) ContemSol (I inicializa (),0)

AC4: (3D (¥S) (k) (¥ Rd) {BemDef (I,Rd) = [ContemSol (I,S k) = ContemSol
(I,calculaS (LS, Rd, k), k+1)]}

ACS: (1) (#5) (¥&) {ContemSol (1, S, tamanho (I)) = SolOtima (I, calculaSO
(1,8))
ACE: (1) (1) (31" (ME) (¥s) {[Bentransf (I,IE) A MesmaSol (I', I") A
SolOtima (1", 5)] = SolAprox (1,5,£))} ‘
ACT: (]) (&) CardBao (inicializa (), 0, tamanho (1), £)
ACS: (%]) (%*S) (*Rd) (¥k) {BemDef (I,Rd) = [CardBoa (S,k, tamanho (I), &) =
CardBoa (calcula$ (I, S, Rd), k+1, tamanho (1), &)1}
Programa; ACERCAMENTO
entrada: 1, &, Lb, Rd

1. I « transformal (L, Lb);
2. 1" « transforma2 (I'§, Lb);
3. S «inicializa ();
4. n «tamanho (1)
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5. parak=0atén-1 faca

6. S « calculaS (I",S,Rd, k );

7. fim-para

8. s« calculaSO (I",9);

9. v «calculaR (1,s);

saida: s, v

Entradas:

-1 e PO : instincia de entrada.

- £ e ®.: requerimento de exatidio.

- Rd € RD: regras de dominincia,
Saidas:

- 8 € SL: solugdo alcangada.

- v & V: valor da fungiio objectivo para a solugdo alcangada.

A prova da corregio do programa ACERCAMENTO pode ser extensa e cansativa, mas nio
¢ dificil e pode ser encontrada no Apéndice E1 de [TOS 88).

5 - Uma Implementaciio

Uma implementagdo de um tipo abstrato € uma defini¢do do tipo em um nivel de abstracio
mais baixo, Uma implementagio do tipo definido na secgdo anterior pode ser uma definigio
algoritmica das fungdes transformal, ransforma?2, e calculas,

Defini¢cao de transformal
Programa: transformal
entrada: (P= (py,...,py), A, B, £, Lb
1. n « tamanho (P)
2. parai=1atnfaca

p;.n Lb.§

3, ,(_LI‘ k')

i Lb. & n

4. fim-para

5. Q¢qpa .9y
saida; (Q, A, B)

Defini¢io de transforma2
Programa; transformal

entrada: (p = (py,..., py), A, B), &, Lb
1. n « tamanho (p)
2. parai=1 atén faca
3 g —PEN
Lb. &
4. fim-para
5. Qe (a9 ... qp)
safda: (Q, A, B)
Definicao de calculas
SS = SUSP =conjunto de todas i - uplas | <i <n, solugdes parciais
€

Funcdes e Predicados Auxiliares

- completa: SS x R « §S, completa ((x1, X3, ..., X), k) considera a k-ésima varidve] do
problema resultando em uma solugdo possivel com mais um elemento, (x1,xg, ....xy,1).

- Solvidvel §S x SP x PO x X « (T, F}, Solvidvel (s, S, I, k) verifica se a solugdo
parcial s € vidvel para k varidveis.

- restringe: SP X RD x PO - SP, resringe (S, Rd, I) restringe o conjunto de solugdes
parciais S de I, de maneira que o novo conjunto de solugdes parciais niio contenha duas
solugdes sy, s5, com s; dominando s, (dominando de acordo com as regras de
domindincia Rd).

- Domina: SS2 x RD = (T, F}, Domina (sy, s5, Rd) verifica se s; domina s, de acordo
com as regras de domindncia Rd.
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n
- Evidvel: PO x SL » [T, F), Evidvel (1, 5) = Z aj;8j £ bj, onde n = tamanho (I), I =
i=1

(P, A, B), A = (aj), B = (by, by,..., bp) e s = (51, Sp).

Programa: calculas
{¢ (1S, Rd, k): = BemDef (I, Rd) A ContemSol! (], S, K)}

entrada: I, S, Rd, k

1. §8'«¢

2. paraseS faca

3. s' « completa (s,k)

4, se Solvidvel (s', S, I, k+1) entio §' « U {s')
S. fim- para

{invariante: ContemSol (1,S', k+1) A BemDef (I, Rd)}
6. 'S « restringe (S', Rd, I)
saida: §
{w (1, S, R4, k) = ContemSol (I, S, k+1)}
Axiomas: CalSAX .
ACS1. (%) (#5) (% S) (*¢k) ([ContemSol (I, s, k) A §' = U {completa (s,k)} A
Solvidvel (completa (s, I), S, I)] = ContemSol (I, S', k+1)}
ACS2, (1) (¥ S) (*# k) (¥rd) ([Bemdef (I, Rd) A ContemSol (I, S, k)] =
[ContemSol (1, restringe (S, Rd, 1), k) A (%5, 55 € restringe (S, Rd, 1))
(~ Domina: (s}, sy, Rd))]}
ACS3. (1) (%8) (¢S (**k) {ContemSol (I, S, k)] [(*s & S) Solvidvel (completa
(s, k), S, I, k+1) = completa (s, k) € §') = ContemSol (I, ', k+1))
Note que calcula$, diferente de ransformal e transforma2, contém fungdes abstratas cujas
seminticas precisam ser definidas e sdo definidas pelos axiomas CalSAX. Um novo médulo de

implementagdo pode definir as fungdes abstratas de calculaS (completa e restringe).
A corregio da implementagio € facilmente provada ([TOS 88], secgiio 6.2.2).

6 - Exemplo

Este exemplo foi retirado de [HOR 78] e € a solugiio de uma instincia do problema da
mochila.

O problema da mochila é uma variante do problema de maximizagio estudado e pode ser
definido assim: ¢ alcular

n n
max 2 pix; restrito a Z wixiSM,x;=00ul,12i<n.
X = i=1

1 1
Chame r = Z pjxj et= Z wx, (r, 1) sdio as atribui¢des possiveis. A regra de
j=1 =1

dominincia €: (ry, t;) domina (15, ty) sss ty Sty ery 21y |

A instdncia é I = (P, W, M), onde P = (p, P2, P3, P4 - Ps) = W = (wy, wa, W3, Wy, we) =
= (1, 2,10, 100, 1000), M = 1112. Para esta instancia r = t.

Em V() serio representados os valores da fingdo objectivo para as solugdes parciais
vidveis, ao invés das préprias solugdes parciais vidveis.

Vi) = (0},

v = o, 1),

v =0, 1,2, 3),

v =(0,1, 2, 3,10, 11, 12, 13),

v®) = (0,1, 2,3, 10, 11, 12, 13, 100, 101, 102, 103, 110, 111, 112, 113).

v(3) = (0, 1, 2, 3, 10, 11, 12, 13, 100, 101, 102, 103, 110, 111, 112, 113, 1000,
1001, 1002, 1003, 1010, 1011, 1012, 1013, 1100, 1101, 1102, 1103, 1110,
1111, 1112)
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A solugiio éptima ¢ (0,1,1,1,1) com valor éptimo 1112, Usando o método de Acercamento,
com & = (1/10), Lb = max {p;} = 1000, tem-se 1" = (Q, W, M), Q = (0, 0, 0, 5, 50),
n . )
q;= I_ If)ll) é J=L2L6J
V(0= v(D=v(2)=vB3)={(0,0))
(Obs.: (0,1) nfo estd em v(3) porque é dominado por (0,0)).
v®) = {(0, 0), (5, 100)], V(S) = ((0, 0), 5, 100), (50, 1000), (55, 1100)}.
A solugiio 6ptima em 1" € s= (0, 0, 0, 1, 1), com valor FO(1", s, 5) = 55. s transporlada
para [ resulta FO (I, s, 5) = 1100. F* (I) - FO (1, s, 5)) / F* (I) = (1112 - 1100) / 1112 =
=12/1112 < 0.011 <&,

7 - Conclusao

Muitas vezes os dados de um problema sio aproximados, assim uma solugdo aproximada
“suficientemente” da solugdo exata é tdo significativa quanto a préproa solugdo exacta.
Baseados nesse facto foram desenvolvidos métodos de solugfo de problemas que encontram
solucdes aproximadas, isto €, algoritmos aproximativos. A condigiio "suficientemente
préxima", para muitas aplicagdes € uma exigéncia de qualidade minima para aceitagiio de uma
solugdo aproximada. Esta exigéncia € posta neste texto como requerimento de exactidio.

Métodos de desenvolvimento de algoritmos como Divisdo e Conquista e Programagio
Dindmica jd foram exaustivamente estudados [VEL 80}, [TOS 85], [TOS 86], [TOS §8)].
Métodos para desenvolvimento de algoritmos aproximativos sdo mais complexos, jé que os
algoritmos gerados tem que satisfazer um certo requerimento de exactidio e de complexidade,
pois um algoritmo aproximativo para ser uitil tem que dar uma solugio satisfatériamente
préxima da solugio exacta em tempo significativamente menor que o algoritmo exacto.

A especificagio formal do método de Acercamento pretende ser uma contribuigio no sentido
de aumentar o conhecimento sobre o método, melhorando a conpreensio do mesmo e
facilitando a sua utilizagio. Além disso, a especificagdo formal necessdria para um estudo
tedrico do método, como por exemplo a andlise comparativa entre mdaa's.
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Abstract: One of the areas in which fuzzy sets have been applied most extensively is in the
modelling of managerial decision making. This paper is intented to present the state of the art
concerning the application of fuzzy sets to linear programming. Two classes of approaches are
considered: the flexible fuzzy linear programming ones and the robust fuzzy linear
programming approaches. It's bibliographic support ends in May 1986.

General Introduction: Probability theory is often used to deal with the imprecision in
the formulation and solution of systemns and decision problems. However, it is becoming
increasingly clear, that in the case of many real world problems involving large scale sysiems,
the major source of imprecision should more properly be labeled as "fuzziness” rather than
"randomness". By fuzziness, we mean the type of imprecision which is associated with the lack
of sharp transition from membership to nonmembership, as in "tall men", "small numbers",
etc.

Since it's inception 20 years ago the theory of fuzzy sets has advanced in a variety of ways
and in many disciplines. Theoretical developments and applications of this theory can be found
in many domains. Publications are already very specialized and widely scattered over many
areas.

In general, whenever linear programming models are used for dealing with real world
problems several sources of imprecision are neglected. It is impossible describing exactly the
physical real world problems using traditional mathematical models, because of unexpected
relevant events, data value variations, linearization of truly nonlinear phenomema, subjective
human judgements, etc. On the other hand, the limited precision of computational calculation
techniques and the analysis and evaluation of the solutions (since the mode! fits the reality only
partially) are also sources of imprecision, During the last few years the researchers have tried to
include, as much as possible, these aspects in linear programming models. Three types of
approaches must be referred: interval linear programmming, stochastic linear programming and
fuzzy linear programming. In stochastic linear programming it is implicitly supposed that the
imprecision is due to random phenomena, and it uses the probability theory axiomatic system,
It must be emphasized that the roots of the subjective imprecision are completely different. A
dichotomic modelling language is not adequate when the nondeterministic factors are related to
subjective hurnan judgements. Roughly speaking, the language is the interface among the
human thinking, the object system and the model itself, This means that when one intends the
incorporation of this kind of imprecision in a decision model a semantic language is
adequate. The fuzzy decision models enable the consideration of fuzzy variables like "reasonable
profits”, "promising merchandizing”, "insufficient production”, etc, intrinsically related to the
natural language features,
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In this paper we deal with a special class of fuzzy decision models, the fuzzy linear
programuming approaches,

We have tried to describe the subject as detailed as necessary so that it may comprehended
by those who have not been exposed to this theory. Examples are used for illustrating the
concepts more clearly. Numerous references are included for the interested reader.

In part 1, basic definitions of fuzzy sets and algebraic operations are presented which will
support further considerations. Some extensions are then presented by introducing additional
concepts and alternative operators. The extension principle is stated and fuzzy arithmetic is
introduced. The coverage of fuzzy concepts in part 1 is restricted to those which are directly -
used in the remaining paris of the text,

In part 2, the conceptual framework for optimization is reviewed and then particularized for
fuzzy linear programming, The concept of fuzzy decision, as defined by Bellman and Zadeh {1]
and the 'fuzification’ of a linear program are presented: Flexible and Robust programming are
also introduced.

Part 3 is dedicated to Flexible Programming. It assumes that the constraints and/or the
objective are not precisely formulated and states that the vagueness results from formulations of
the type “aproximatly equal”, "as close as", "much bigger”, etc, while keeping non-fuzzy the
parameters of the model.

Finally Part 4 describes Robust Programming by studying linear programs where
coefficients are fuzzy numbers, Two points of view are considered based on the comparison
between fuzzy numters and on the usual ‘'inclusion' between fuzzy sets, respectively.

1. - Introduction to the Fuzzy Sets Theory
1.1. - Basic Definitions
Let X be a collection of objects generically designated by x.
In the classic theory of sets, the belonging relationship of one element related to a subset A

of X is frequently defined by the corresponding characteristic function (Jax)=1iffxe A
and Ip(x) = 0iff x € A),
The fuzzy set's notion, inovated by Zadeh [35], abandones the binary character of this
relation, enabling that an object is only partially a_member of a set.
Def 1.1+ A fuzzy set A, of X, is a set of ordered pairs, A= ((x, BA(X)), x € X}, with
HAi: X - [01].

(i) WA is the membership function of the fuzzy set A and Wi(x) expresses the

membership’s level (or compatibility's level) of x with respect to A;

(ii) all classic subset of X will be denominated as rigid, the membership and characteristic

function, coinciding, in this case;
(iii) the empty set is defined by jg (x) =0, ¥ € X and we obviously obtain y1y (x) =
1,Vxe X;

(iv) several alternative notations for the fuzzy set representation can be found in the
literature [9,23,36,41].

(v) we designate by 2 (X) the set of fuzzy subsets in X.
LetA, B e P (x).
Def 1.2 - The support of A, 8 (A), is the rigid subset of X : (xe X : LA(x) > 0).
Def 1,3 - We designate the height of A as the lower upper bound of Pz (x), i.e.,
alt (A)= su;)( HARK)
N xe

Def 1.4 - The set A is pormalized if there exists xe X such that HA(X) =1
Ex L1 - Let X = {50, 60, 70, 80, 90, 100, 110, 120, 130, 140} be the medium speed set

(krn/h) for the cars that ravel long distances. Let us consider the fuzzy set A of the

N “comfortable medium speeds for Jong distances",
A can then be defined (for a deiermined individual) by:

A = { (50, 0.2), (60, 0.5), (70, 0.8), (80, 0.9), (30, 1.0, (100, 0.7), (110, 0.6), (120,
0.3)). ¢
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Def 1.5 - We say that A = Biff pa(x) = pg(x), V x € X
Def 1.6 - We say that : A € Biff pa(x) Spg(x), ¥V x € X;
ACH f pax) <pgx), Vxe X
(inclusion in a wide sense and a narrow sense, respectively).
Def L7 - Let c.e R. The rigid set Ag = {xe X : pz(x) 2 a} is designated as o Jevel cut

or a Jevel set of A,

Gy 1f the inequality in the wide sense is substituted for one strict inequality, the set takes
the designation of a strong o level cut of A;
(ii) We have the following properties of the @ level cut:
© Ag=X,Va<0 and Ag=6,YVo>I;

= The sucession of level cuts of the set A is non-increasing rising (in the sense
of inclusion);

(iii) The membership function of a fuzzy set can be expressed in terms of the characteristic
functions of it's a level cuts [9,36]:
RAKX) = sug min ( &, lAa x)), vV xe X.
ae(0,1]
1.2. - Operations on fuzzy sets

Next we present the generalization of the classic union, intersection and complementarity
operations proposed by Zadeh [35).

In what follows, we will suppose A and B are fuzzy sets in X (fig. 1.1).

Fig. 1.1 - Fuzzy sets A and B in R x

Def 1.8 - The intersection's membership function, C = A N B, is defined by:
He(x) = min (LaX), Kg(x), ¥ x e X (fig.1.2).

Ping

/\\

Fig. 1.2 - Membership function of A N B

X
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Def 1.9 - The reunion's membership function, D = A U B, is pointedly defined by:
Kp(x) = min (A(x), Lg(x)), V x € X (fig.1.3).

Y

Fig. 1.3 - Membership function of A U B

Def 1,10 - We designate the complement of A as A€, This is the fuzzy set in X, whose
membership function is given by:
RA(X) = 1- pa(x), V x € X (fig.1.4).

Ve,

Fig. 1.4 - Membership function of A®

QObs 1.3:
(i) Note that, when A and B are not fuzzy (g = 1, and Ly = lg), the expressions
presented allow the obtention of the usual operations of the classic theory of sets;
(ii) The defined operations verify all properties of the classic theory of sets [9], with the
exception of the half excluded's law, once in general, AN Ac#2 8 and AN ACxX;
(iii) The justification of the choice of the max (min) operators for characterizing the

reunion (intersection) operation in P (X) was made, in axiomatic form, by Bellman
and Giertz [1]. Their argument is based on a logical point of view, interpreting the
intersection as "logical and", the reunion as "lpgical or" and the fuzzy set A as the
"statement” the element x belongs to the set A". The same authors showed that is
more difficult to justify the def. 1.10 in order to translate the complementar notion of a
fuzzy set.

1.3 - Complementary topics

Without the intention of being exhaustive, we will indicate, on one hand, some extensions
of the introduced concepts and on the other hand, we will make reference to other concepts.that
seem important to us in order to develop a study on this theory.
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1.3.1. - Extensions
With respect to the definition, we can admit that the atmibution values of the considered
objects are fuzzy sets in [0.1] (fuzzy set type 2 notion [9,41]), or also that the value of the

membership function, for x € X, is a random variable (probalilistic set notion [9,41]).
Finally, a new extension can be obtained by considering that the arrival set of the membership
function of a fuzzy set is more general than the interval {0,1] ( L-fuzzy set's notion [9]).

The first two arise in an attempt to include uncertainty in the primiave definiton mainly due
to the lack of precision of the attribution values in real situations {9).For this reason, other
relations of inclusion and equality between fuzzy sets were also introduced.

Nevertheless, it is on the domain of the reunion and intersection operations established in P
(X) that the more diverse suggestions can be found [9]. Such suggestions differ not only by
the shape and degree by which the respective justifications are elaborated (intuitive
argumentation, empirical or axiomatic justification), but also by the character of generality and
adaptation (parametric families of operators, classes satisfying certains properties).

The mathematic representation of the jntersection operation, may be:

(i) the algebraic product, A.B (A g =HAlg) [36};
(ii) the limited difference , AGB (1zep = max (0, uz + pg))[41];

(ili) the Hamacher's intersection gperator , that define A € B in the following manner:
KA K
AU = B Ly 20,
y+ (1-y) (WA + Wy - HA - Kp)
In the same way, it was suggested for the fuzzy sets reunion:
(i) the probabilistic sum, A + B (Rz.g = A + By - BA - Kg);
(i) the limited sum, A® B (g g =min (I, uz + 1)  [41];
(iii) the Hamacher's reunion pperator, by which:
(-y)px Uy +y (Ba + Ry)
HANgG = o - B ,y20
Y+ HA Hp
Hamacher has presented an axiomatic justification, refered by several authors [40,41].
Such diversity of operators for defining the referred operations seems reasonable in
comparison with the unity found in the classical theory of sets, since many of those operators
(for example the min operator and the algebric product) lead to the same results if the attributed
values are restricted to the values 0 and 1, the same not happening for a wider range of
variation.
1.3.2 - Additional notions
One of the basic questions of this theory is to know in what way it is possible to extend,
the classic mathematic structures,
The answer can be found in the principle of the extension, proposed by Zadeh [36], that
supplies a global and systematic method of generalization of the non-fuzzy notions, leading,

namely, to a concept of fuzzy function [41].
1.3.2.1. The principle of extension
Def, LIL - Let Ay,.., Ap be fuzzy sets in X,,..., X, respectively. The cartesian product
of Ay,..., Ay, Ajx ... X A, is a fuzzy set in the product universe X;x ...
" xX,,, whose membership function is defined by :

“‘A)X ..o XAp x) = i=rln.i? n “Ai(xi)

forall x = (xy,..,%xp) in Xyx... xX,.
Def, 1.12 - Let A; be a fuzzy setin X, (i=1,..., n) and f an application of X = X;x...
xXy, on the universe Y. Then, starting from the fuzzy set A;x... xA, we say

that f jnduces to a fuzzy set B= {(y), Hg (y),ye Y} in Y whose
membership function is defined by:

sup o (X1.1, xp) if £(y) # 8
PEO) =4 (xyun xpde 1Y) Ajx... A,
0 otherwise

where £ (y ) = {(Xyyeens Xp) 1Y = £ (0 X))
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Obs, 1.4
We find in [9] some alterations to the principle, namely:

* the substitution of sup by the probablistic sum, combining the probablistic and fuzzy
approximation and assuming the dependence of Hg(y) on the number of (xy,..., X,)
such that y= f(x,..., X,).

* the substitution of the min operator by the progugct operator, assuming implicitly some

interactivity or compensation between A,,..., A,
Another important application of this principle is in the domain of the real fuzzy
algebra.

1.3.2.2. Introduction to fuzzy real algebra
We will consider in this section a very special class of fuzzy sets which generalise the
classic notion of real number.

The concept of fuzzy real number is due to Dubois and Prade [6,7,9). In relation to this
entity, the authors defined the basic operations (addition, subtraction,...) and analysed the
algebrical structure of the fuzzy real numbers set when provided with such operations.

DefJ.13 - A fuzzy real number, fi, is a fuzzy subset of the straight real line, whose
membership function p; verifies:

(i) Ky : R = [0,1] is a continuous application;
(i) 3l ne R:pyny=1;
(i) Vx,ye RV Le [0,1]; pug (Ax+ (1-A)y ) 2 min ((x), 1e(y)) (fig. 1.5).

e

Ny [ x "

Fig. 1.5 - Membership function of a fuzzy real number

(i) nis the modal value of ff;

(i) the fuzzy set i = {(x), Hy (x), x € R} represents a real numbers set approximately
equal to n" and the i form allows the expression of an individual judgement on the
reliance level precision attributed to the real x, i.e., Wy(x) gives the degree according to
which"the value of fi is x".

(iii) the last condition in def.1.13 is equivalent to saying that i is a convex fuzzy set [35].

(iv) we shall designate by j:( (R) the set of fuzzy real numbers,
Def. 1.14 - We say that the fuzzy real number, fi, is positive (negative) if it's
membership function is such that Wy (x) = 0, for all negative or null values x
(positive or null).

Then we say that i € N(R*) (ii ¢ N(R") and we write i > 0 (i < 0).

An important field of application of the principle of the extension is in the domain of the
algebraic operations with fuzzy real numbers [6,7,9].

In general, the binary operation #: R x R » R admits a generalization in N (R), designated
by ® and established at the cost of the referred principle in the following manner: given @, 7,
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€ ﬂ( R), the fuzzy set i ® i = {(z, i@ (2), z € R} is defined by
(1) pp @ @ = sup min (Rg(x), By(y)), ze R
{(xy) r2=x*y)

In a similar way, if  is a unary operation in R, w: R =+ R, we may consider

(1.2) u (z) = sup La(x), ze R
. vm {x:z=W(x)) o

by application of the expressed principle.

The previous relations permit to define the usual algebraic operations in ﬂ(R) by an

adequate particularization of the functions * and .
In this manner, if m and n are real fuzzy numbers, having modal values m and n
respectively, we get:

1. The symmetric of i, designated by © f, is obtained by making y(x) = -x in (1.2).

Therefore, we conclude that © f is a element ofﬂ(R), since p@q (x) = Py (-x), Vx
e R.

2. Considering, for a non null x, y(x) =—xl— in (1.2), we can characterize the inverse of
if, "L, In this case, py - 1(x) = My (-m)zlm). Vx %0,

Nevertheless, it can be noticed that ii"! € N (R) only if & > 0 or i < 0; otherwise, i stops
being convex and j;! does not decrease when I x | o,
3. The multiplication of a scalar by the real fuzzy number & is defined by V x e R,

VAe R /{0), ppg () = pg e%—), taking W(x) = Ax in (1.2). Consequenty ARl €

N(R), VAeR and A = 0.

4. The defining equality for the addition of f and fi is obtained from (1.1)by considering
the addition of the reals as particulatization of *, Dubois and Prade [6,7,9] proved

that ffi g i is also an element ofﬂ(R). associated with the modal value m + n. They
also established the commutative and associative properties of this operation, having
verified that the corresponding neutral element is the real number zero and verified the
inexistence of the symmetrical element in the sense of group structure.

One of the consequences of this fact is the difficulty in solving fuzzy equations, usual
elimination of terms being "prohibited",

5. The notion of a symmetrical fuzzy number allows to write MOf =1 ¢ (OF) , the
membership function of MO being obtained from (1.1) and the intervening equality
understood in the sense of def, 1.5.

Therefore, we conclude that MOF is still a fuzzy real mumber, this defining the
subtraction in N (R).

6. If, in (1.1) the binary operation * designates the usual product, we get the concept of
product of real fuzzy numbers. However, some supplementary conditions are
necessary in this case for guaranteeing the stability of the operation. Then:

() if i >0 and i > 0, then fi @ T is a positive fuzzy number of modal value mn
[6,7,9);
(i) if i > 0 and i < 0, the equality M = © (Me(OF)) permits to conclude that

e NR)

(i) if M > O and i <0, as M@ = (Of)e (), we conclude that g feN®R™).
The product of fuzzy numbers saiisfies the commutative and associative properiies,
admitting as neutral element the real 1. Also in this case we recognise the inexistence
of the inverse in the sense of group's stability.
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7. The division in ﬂ(R’L) is established from the product operation of fuzzy numbers
and from the inverse of a fuzzy real number. As a matter of fact:

(i) if i > 0 and i > 0, the equality i O fi = MEF"' considered in the sense of the
definition 1.5, shows that it O # is still a fuzzy real number. Note that it's first

member can be obtained once more from (1.1), when the binary operation # is
reduced to the quotient of real numbers.

(ii) In the remainig cases (M > 0 and 1 <0, M <0 and § > 0, M < 0 and { < 0), we
may conclude an analogous result, based on the identity o = e(ﬁ'l).
Dubois and Prade [79] present a general algorithm for the execution of the

generalised operations in ﬂ(R), Having in mind to improve the computational
efficiency of these operations in problems of real dimension, the authors [6,7,9)

have also suggested a specific representation of the elements T';J(R), that revealed
to be indispensable for the algebraic calculation,

Def 115 - A real fuzzy number, i, of modal value n, is named of LR type if for all real x
n-x .
L(==) ifx <n

Py (x) = ,o,B>0

R(CEDY ifx >n
B

L and R being even non decreasing real functions of real variable, in [0, +<= [ such that
L(0) = R (0) = 1, left and right reference functions of i, respectively.
Then we write fi = (n, o, B); g.
Obs 1.6:
(i) o and P are designated left and right limit of f, respectively, and the higher these

values the more fuzzy i we get ;
(ii) by convention, every real rigid number w admits the representation w=(w, 0, 0)_ g,
L and R being arbitrary.
Based on the previous definition, Dubois and Prade [6,7,9] derived rather efficient
calculation formulae for the manipulation of the considered fundamental operadons.

Theorem L1 - Letn = (n, &, B) r. Then:
(i) © n=(f, B, d)rp;

(i) iffi>0 wegetn! = (%, %, ;—xf)pL, in the proximity of ?11';
. (7\[1, Ao, }'B)LR ifA20
(iﬁ)7\ﬂ={
(7Ln, -Aﬂ, '7‘0’)RL ifA <0

Note that the defining formula of the inverse of a negative fuzzy number is similar to the
previous one because © (fi°!) = (O i!) both being approximate relations.

Theorem 1.2 - Let ffi = (m, o, P)r g, A =(n, ¥, &) g and k = (k, ©, 2)g .
Then:

(i)r’ﬁ@ﬁ=(m+n,a +7,B+8)LR;

(if) MEK = (m -k, o0 +§, B+ O)pp;

(i) MeA & (mn, m ¥ +noa, md+nP) rif M>0,7>0
Kof & (kn,n© -k 8 n{-k¥)g if K<0,f>0
el & (mn,-nP-ms, -no-m¥) ifMm<0,i<0

e +k 0 + - o
(w)mOﬁﬂ('rkE. 0 CkQ a, = ) kB)Lp,ontheproxxmnyofr—;-,lfm> 0

and K > 0.

(i) The presented addition and subtraction formulae are accurate, In partcular, if f and
K are of LL or RR type, the calculation of the subtraction is largely simplifyied.
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(ii) As for the calculation of M@, the accurate formulae that we have refered are the
more corrected the lower the left and right limits are with respect to the modal
values m and n. When such limits can not be disregarded, other approximate
formulae may be used. [9].

(iii) If division in N(R) is defined from the notion of inverse of a fuzzy number and
from the product operation, the corresponding calculation formula is also an
approximation. The same argument justifies that the division fi by K, when < 0 or
K <0, is translated by expressions similar to the ones considered in the previous
theorem obtained from the corresponding formulae for the multiplication.

It can be verifyed, that LR representation of fuzzy numbers constitutes a powerful
instrument for executing the fundamental algebric operations , since the manipulation of the
intervening parameters is suficient to obtain the final membership function and the established
expressions do not depend on the particular analytic form of the L and R functions.

The present concept of real fuzzy number addmits several important generalizations:
(1) The notion of a fuzzy interval is also due to Dubois and Prade [6,7,9). According

to this concept, it is assumed that there exists an interval of modal values, [n, n}, in
which the membership function takes constantly the value 1, in contrast with what
happens in definition 1.13, where we assume the uniqueness of n's modal value
(fig. 1.6).

| |
| |
| l
o
! i
! I
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|
]
I |
n h

Ny ny x

Fig. 1.6 - Membership function of a fuzzy interval

The algebraic operations considered in the previous section are easily generalized to the new
entity, that also addmits a LR representation , including the concepts of fuzzy real number and
rigid real interval.

(ii) On the other hand, in more recent works [5,25] the hypothesis of continuity in
definition 1.13 are relaxed. In efect, that definition seems in same way incomplete

as it does not permit to consider the rigid real set numbers as a subset ofﬂ(R).
(iii) Finally, it comes the type 2 fuzzy number notion [6,7,9] as a particularization of the
concept of type 2 fuzzy set, previously referred.

2 - Introduction to Decision Theory in a Fuzzy Environment

In a conventional environment, we usually consider a set of constraints, delimiting the
"rigid' set of the admissible decisions and one (or more) functions that order the diverse
alternatives according to some criteria, always supposing that the intervenient data is given and
perfectly known and that those functions are themselves formalized.

Nevertheless, it is well known that in real situations these assumptions must be relaxed.
The approach, based on the fuzzy sets theory gives in this domain an indispensable
contribution.

2.1 - The decision concept in a difuse environment

In 1970, Bellman and Zadeh suggested a decision model in a difuse environment,
possessing, in it's nature, the same structure as the classic model and that was the starting point
for a great part of the research in this matter.
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X being a universe of possible alternatives (it's elements are objects about which
restrictions and objectives of ceriain optimization problem are formulated), The authors [2]
considered a decision model in which the objectives and the restrictions are fuzzy. (A fuzzy

abjective, G, and a fuzzy restriction, C, are fuzzy sets in X defined by membership functions
Hg : X =+ [0,1 and P s X - [0,1] respectively). Once we intend to satisfy certain objectives
as well as the constraints, we define decision on a fuzzy environment as a selection of the
alternatives that simultaneously satisfy constraints and objectives. Therefore, they correspond
the "logic and" to the intersection of the sets, in this way turning the relationship between the
restrictions and the objectives a symmetrical one.

Def 2.1 - Let Gj ( = L..., n) be n fuzzy objectives and C; (i = 1,..., m) m fuzzy

constraints, A fuzzy decision is a fuzzy set in X, defined by:

D:(a)cim(fwl)Gj),

with the membership functi]c;n

m n
Hpy(x) = ( i/\] Hey () ) A ( /\1 Hey(x) ), Vxe X,
= j=

where a Ab = min(a,b).

Ex 2.1 - The board of directors of an enterprise must decide about the dividend that must
be offered to the stockholders on the next meeting. Some members discussed that
the dividend must be substantially higher than 10% in order to make attractive
profits. We take this requirement as the objective.

The membership function of the fuzzy set "dividend substantially higher than 10"
can be analytically defined by:
0 if x <10

”G(X)={ 1[1+(x-10)2] if x 2 10 (fig-2.1)

10 x
Fig. 2.1 - Membership function of the fuzzy objective

Nevertheless, other members of the board insisted that, by stability reasons, "the dividend
must be on the pruximity of 11%". This condition can be considered as a fuzzy restriction,
whose membership function can be translated, for example by:

1
-— fig.2.2
Hp(x) 1+(’(_11)4.x>0 (fig.2.2)

3
>

k2] X
Fig. 2.2 - Membership function of a fuzzy restriction
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The membership function of the fuzzy decision is therefore defined by
Hp(x) = min(peg(x), He(x)), x>0 (fig. 2.3)

10 1 nis x
Fig. 2.3 - Membership function of the fuzzy decision

Generally, we opt for a rigid decision. It seems adequate to consider as an optimal rigid
decision the solution with the greater membership level relatively to the fuzzy decision, i.e.,

x*e X as well that 15(x*) 2 ug(x), Vxe X,

The definition 2.1 is based on three fundamental conditions: the aggregation of objectives
and constraints, possessing equal importance corresponds to the "logical and"; the “logical and"
is ranslated by the set intersection and this is defined by the min operator, These positions are
not universally accepted.

In the first place,(this has been previously refered), we can consider other operators
(Hamacher, algebraic product, etc.) to model the fuzzy sets intersection. On the other hand, it is
still questionable if the intersection constitutes a type of adequate aggregation or if we should
adopt more general confluence forms,

Ex 2.2 - A professor must decide how to quote the solution of a linear program proposed

to his students. To answer the question, the student can apply the graphic method
or the simplex method. Two fuzzy sets were defined: “acceptable graphic

solution” (G) and "acceptable algebraic solution" () and the student's level is
characterized by the attribution degree obtained relatively to each of the sets.
Being jgy = 0.9 and py = 0.7,

If the global value of the question would correspond to the attributed degree in relation to
the fuzzy set “acceptable solutions to linear programming" it wouldn't be strange that, for the
student in question, this level should be determined by

HLp(X) = max (g (x), Pg(x)) =09,
i. e., defining the decision at the cost of the max operator,

We observe then that the mathematic representation of the decision concept must be flexible,
suffering modifications depending on the context in which it is inserted. In this sense, we can
point out the following suggestions:

(i) Bellman and Zadeh proposed the atribution of weights to the membership
functions of the objectives and constraints in a decision process, according to it's
relative importance. Appearing, in this way, the concept of convex decision [2].

(ii) Yager , in an cffort of adapting the models of "and" and "or" to the real context in
which they are used for, make the min and max operators flexible, presenting new
operators to define the reunion and intersection of fuzzy sets [34].

(iit) Zimmermann [40,41) distinguishes then clearly: when we interpret the decision
notion as fuzzy set intersection, defined by the min or product operators, we do not
admit any compensation between the attribution levels of the sets involved, since
any of these operators leads to attributed degrees less than or equal to the minor
degree reached by the intersected set (ex 2.1); on the conwary, if the decision is
translated by the sets reunion, through the max operators, we are lead to a total
compensation of low attributed values by the maximum attribution degree (ex
2.2).Nevertheless, when we consider business decisions, we observe that
generally there are compensations, either between the attributed degree of the
objectives or in the levels according to which the constraints limit the extent of the
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decisions, but those compensations are not total. The author proposed to test
empirically a new type of aggregation, denominated "and compensatory", allowing
some compensation degree, i.¢. standing between "and” not compensatory and the
"or totally compensatory. This lead to the y operator.

(iv) Other authors [18], pointed out the numerical difficulties risen by the y operator
and present a new aggregation rule named min-limited sum operator,

(v) Finally, in light of a more general situation, on which Gj ( = 1,..., n) are fuzzy

objectives for the alternatives set Y and the fuzzy constraints G; (i = 1,..., m) are
fuzzy sets in X (X # Y) more general operators can be adopted, leading to new
decision models [9, 23).

We turn up with a great variety of operators for making the aggregations of fuzzy sets, fact
that can make difficult the choice of certain operator in a particular situation. Zimmermann {41]
establishes and discusses 8 useful classifications criteria on the selection of an adequate
connective operator.

In a general way, the "confluence of objectives and constraints" (that leads to a decision I3)
can be formulated by:

uD(X) =@ ( HGX(X)N"! HGH(X), p’C](x)""" qu(x»v Vxe X,
where @ designates a functon of an adequate aggregation.

2.2 - Fuzzying a linear program
The L.P. models can be considered as a particular type of decision model, admiting the
following formulation:
2.1) max ck s.a. Ax<b, xe X,

where ¢ € R", be RM™and A € R™*P have the usual meaning and X is a subset of R?
defined by linear constraints and eventually conditions of type 2 0.

According to the classification made by Negoita [22], we point out two great approaches

whose nature can be distinguished by the way they introduce the difusion in the model:

1. The flexible programming ("soft on Dubois 's and Prade 's terminology [9]) admits the
inflexibility of the coefficients in the model (b, ¢ and A components), making weak the
mathematic relations that take part in them. In this way:

(1) What respect to o.f,, the weakening of the rigid criterion of optimization is obtained
by the relaxation of the "maximum value" concept. The decision maker gets “a highly
sufficient value" in the constraints set of the problem, reaching certain level of
satisfaction established by him.

Using ".." as a difusion symbol, we write mix c'x.

(i) The fuzzying of the problem constraints (2.1) is obtained by a flexible relation "<". In
a fuzzy environment, the decision maker accepts a few constraint violations, but
attributes them different degrees of importance, according to the occured constraints.

In this manner, the rigid condition a]!x < b; is substituted by the fuzzy conditon "ai‘x <
b;", whose meaning may be, for example, "ai‘x essentially less than or equal to b;,
allowing the set {xe R " a}x < b;) to admit not only the vectors that satisfy the rigid

condition a1-Lx < b;, but also vectors for which al-Lx > b; ,since that the corresponding
violation does not exceed a value established by it, called maximum degree of
tolerance. However, not remaining indifferent to the vectors that are on the 15t and
2nd cases, it expresses its preference through a real function that wanslates of the
degree to which a certain vector xe R" satisfies the constraint a}x < b;. In this manner,

this fuzzy constraint is mathematically represented by the fuzzy set C;, and it can be
said that {xeR" : alx < bj)= {(xg; (1), xe R").

2 - The robust programming also allow to model problems whose structures are not exactly
known, but takes into account inaccuracy of the data, immediately on the building stage
of the model. The coefficients of the model are considered fuzzy parameters, which
originate the following formulation:

max ¢k s.a. Ax<b, xe X.

Itis however, necessary to redefine the mathematical language used to express the subjacent
model (namely the meaning of the relationship &, =, 2).
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i A more general characterization abandoned the punctual character of the searched
xe X solution, attributing to it a fuzzy character. The solution to the corresponding
fuzzy L.P. is, in this case, a fuzzy set in R", the symbol of the difusion being placed

under the variable of the problem, x € P (R™);

(ii) on the two approaches we should decide upon the function types used every time we
want to represent, in the context of the fuzzy sets theory, quantities or relations that are
not known with precision.

(iii) We adopted the same notation to represent the "minimization" relaxed operation, as

well as the other constraints types, writing respectively mTn ¢!x, aix 2 by, ajx = b;.
Therefore we have noticed that on opposition to the classic L.P., the fuzzy L.P. does not

constitute a uniquely defined model, allowing a reasonable number of semantic variations
formally dependent on the hypothesis and characteristics of the real situation being modeled.

3 - Flexible Fuzzy L.P.

It is the approach more close to the model proposed by Bellman and Zadeh once that, in
general, it makes the objective function and/or the constraints be represented by fuzzy sets,
whose aggregation leads to the fuzzy decision concept.

We distinguish two approachs from now on: the mode! totally fuzzy (on which the objective
and the constraints are fuzzy) and the model partially fuzzy (for which one intends to optimize
one o.f, classic in a domain defined by a set of fuzzy constraints).

3.1 - The totally fuzzy model
L.P. being fuzzy:

(3.1) max cx sa axzpb; i=1,.,k

akgby  i=k+l., ky
ax= by i=kytl,..., ks
xe X,

where X is the rigid subset of R" already mentioned.

We represent, as it has been already said, the ith fuzzy constraint by a fuzzy set in R", G; (i
= 1,..., k3). Generally this set is normalized, being the corresponding membership function
eyt R" = {0,1] defined, for all x, by Hey (x) = h(Pi» b;) (a}x), in what h(Pi» by R = [0,1] is

a continuous application whose éxpression depends on the type of constraint in question, The
parameter p; which is associated with it is a positive real number translating of the maximal

level of the corresponding tolerance. For example, for one constraint of the type a}x < by, Bey

could take the value "1" if the constraint was totally satisfied (a% < b;); "0" in the case of being

strongly violated (a} > b; + p;) and decreasing monotonically in the interval Jb;,b; + p;].
Analogously, we can represent the o.f. by the fuzzy set G = {(x, Hg(x), xe R"}, calibrated

by an aspiration level z (g€ R) established by the decision maker, by writing according to the
considerations made on the preceeding section:

(3.2) mix cx isequivalent to determine x such as c'x > Z,.
Designating by D the fuzzy set defined due to an aggregation function ®, we've got:
b= {(Xr HD(X))» X€ Rn]v with Ky = ® (.uGy p'(i':v“n P-E ).
3

Def 3.1 - We say that xge R" is a punciual solution of (3.1) if xge X and p(xg) 2 Mes(X),
V xe X.

Therefore, to find the punctual sotution of (3.1), we will solve the following optimization
problem:

3.3 ,
(3.3) max s (x)

whose complexity depends fundamentally on the adopted ® operator and on the type of
membership functions considerated in the representation of the intervenient fuzzy sets.
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The most frequent approach accepts the congruence of the "logical and" with the
intefsection of the sets and represents it by the min operator; in this version, the problem (3.3)
leads to the particular form:

G4 max g A (A M)

€
The solution of (3.4) can be achxevcd by diverse approaches, in which we can point out the
ones of H.J. Zimmermann and Tanaka, Okuda and Asai .

3.1.1. - The symmetrical mode!

Zimmermann [33, 38, 39, 41] based on the transformation opcrated in (3.2), considers the
o.f. as a fuzzy constraint, estabhshmg a symmetrical model, in which the objectives and
constraints can become mdlstmguxshab]c Accordmg 10 this perspective, we propose to solve
the following system of fuzzy constraints;

(3.5)  determine x suchas alx 2b; i=0,..,k
ax g b i=ky+ 1.,k
alx = b; i=ky+ 1., ky
xe X,

where ag = ¢ and by =z,
On these conditions, the problem (3.4) reduces to:
ks
(3.6) ma))(( /\ uj(x) being o = N and ;= p, 1

One of the fundamemal transformations of (3.6) is obtained from
k3
Theorem 3.1 - x* is the optimal solution of (3.6) iff (x*, A*), with A* = _/\0 pi(x*) is the
j=

optimal solution to the program:

3.7 max A
s.a. ksuj(x) i=0,.,ky
xeX, Ae[0, 11

The structure of the previous problem (linearity, convexity,... ) depends essencially on the
type of the adopted membership functions, The more usual models [17, 33, 38, 39, 41)
consider linear membership functions,

Let:
1 if  ahx2b;

(3.8) ui(x)=hl(pi,bi)(a%x)= l+(@ajx-bj)/p; if bj-pjSafx<b; (fig.3.1)
0 if  alx<bj-p;

al »

Fig. 3.1 - Linear membership function of the restriction ai'x >b
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1 if ailXSbi
(3.9) pi(x)=h2(pi,bi)(a§x) = q 1-@ix-bj)/p; if bi<alxsbi+p; (fig.3.2)
0 if ai‘x>bi+pi
and
h
]
t
]
]
]
]
1
|
1
|
i
Bi bi*p; A%

Fig. 3.2 - Linear membership function of the restriction ai"x» <b;

0 if ailx<bi-pi
1+(ab-by)p;  if  by- pi<alx<b;
(3.10) w00 =h’y 5 b y(abe) = PR PRIV hgas)
PR -Gax-b)/p;  if  bi<alx<bi+p;

0 if  axobyp;

b~ p; b, bi+pj alx
Fig. 3.3 - Linear membership function of the restriction a.‘-lx =b;

be the membership functions associated respectively with the constraints a,-‘x 2b(i=0,..,k)
ax g bj (i =kj+1,...,ky) and alx 5 b; (i = ky+1,..., ky).

Making some elementar transformations and applying the theorem 3.1, we can conclude
that the following linear program is equivalent to (3.6):

(3.11) max A
s.a. Ap;i - al(x) < p; - b; i=0,..,k
Api+al(x)Spj+by  i=ky+ 1., ky
Api-al(X)<pij-by  i=ky+ 1,.., ks
ADi+al(x) Spi+by  i=ky+ 1, Ky
xeX, Ael0, 1].
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The optimum value of A constitutes a sagisfaction measure of the fuzzy system (3.6), once
that if
kg
(x*, A%} is the optimal solution to (3.11), therefore A* = /\ B = max A Hi(x),

indicates the attributed level of the maximizing decision x* relanve to the gwen system

Ex 3.1 - Let us consider the system of fuzzy linear constraints
(3.12) 2%;-%p 23
- 7X2 < 0
X;+ %=1
xe X,

where X = {(x, x))e R%: %, 20, x, 2 0}.
Let us take py = py = 1, p3 = 0.5, p3 = 1 as the maximum levels of tolerance for the 15t

2nd, 31d constraints, associating them the membership functions 1y, pi, and p, defined by
(3.8), (3.9) and (3.10) respectively.

As it was already said, the solution of a system of this type is obtained by solving the linear
program (3.11). Therefore the solution of (3.12) is obtained from

(3.13) max A
s.a, A-2%)+ %y £-2
A+2x+7% S 1
A 2% - 2%9 S-1
A+ X+ %9 €2
Xy, %2 20, Ae[0, 1]

The searched solution is x*= (4/3, 7/24), being A= /\ Hi(x *y = 3/8 it's attribution level

relative to the fuzzy set defined by the constraints of the systcm in cause.

1- From (3.11) we can distinguish by two others formulations: Liena [17] follows the
same approach taking X = {xe R" : Dx < d, x 2 0} as a rigid system of constraints
and OhEigeartaigh [24] prefers rather to consider an unsatisfaction measure, y = 1 -

A, adopting a formulation equivalent to (3.11).
2 - Arguing that, once the optimal solution of (3.11) is determined it is not possible to

know directly the particular violation level of the ith constraint for the solution x*,
some authors [13] present a modified version from the presented model.

Let us associate an additional variable t; = max(0, b; - a‘x) Jespectively t;=max(0, a ‘ - by,
with each constraint of the type a > b;, respectively a x < b;, indicating the correspondmg
violation level. In relation to a constrain of type aix = bj, we consider simultaneously two
variables t} = max(0, ajx - bj) and t; = max(0, b; - a}x) that rranslate, in alternative, the

violation level to the right and to the left of b;, respectively.
Let us define the sets:

K kz
Sp-p= n {xeR“ alx 2 b - pi}, Spup = k 1 {xeRP . alx S b; + p;)
i= 1+
and
ks
Sbtp'_‘ a {XER"-bi'Bisailei‘*Pi)
i=k2+l
If we take into the expression of uj(x), to i=0,..., ks, we can write.(3.6):
3 k3
(3.14) max A p(x)= max Hi(x)
xeX i=0 x€ XNSp-pNSh+pNSbip 1—0
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We note that
Vxe Sp.p,  Mi(x) = 1- [max(0, bj - ajx)/p;] fori=0,..., k;,
VX€ Spyps  Mi(x) = 1 - [max(0, b; - alx)/p;] fori=ky+1,..., ky,

VX& Spapr  Ki(x) = [1 - (max(0, b; - alx)/pp] A (1 - (max(0, b; - alx)/p;))
fori=ky+l,..., ks

Introducing the defined variables t;, t*i' and t;, we get from (3.14):

ky ks k3
max [A@-ypl Al A a-sm]Al A a-dp)
i=0 i=kg+1 i=kp+1
s.a. a}x+tj2bi i=0,..,k
a%x-thbi i=k1+l,..., kg
ax-by=tf-t i=kytl.., k
0<<p, i=0,..k
0Sgsp, i =Kyt Ky
0st < i=kytl,..., ks
tf.45=0 i=kotl,..., ks
X€ Xﬁsb,pﬁSM Sb*
Finally, by application of Lheorem f 1. we get to the problem:
(3.15) max A
s.a. Ap; +t;<p; i=0,..,ky
Ap;+ 1 <p; i=kotl,..., ky
Ap; +tt <, i=kytl,..., Ky
alx + 42 b; i=o,...,k,
alx -t S b i= kgtl,..., ky
ax-by=tt-t = kptl Ky
0<y s i=0,. .,k2
0st<p; i=kytl,..., ky
0ty <P, i=ky+l,..., ky
(3.16) f.4=0 i=kytl,..., Ky

xeX, Aelo0, 1].
where the condition xe XSy, p Sy Spyp was omitted as it became redundant.

Let (x*, A*, 1, 1t, t") be an optimal solution to (3.15) that can or can't satisfying (3.16).
Then we know that:

ky k3 ky
=[Aa-g] AL A a-dplAl A a-gp),
i=0 i=kp+l , i=kp+1
where t; 2 max (0, b; - al?x"‘) for i=0,...,k, t2max(0, ai‘x* =by) for i=kj+l,..., koo ff
2 max (0, b; - alx*) for i =ky+1,..., ks and t} 2 max (0, alx* - by) for i=ky+l,..., ks,

We define 1; = max (0, b; - alx*), for i=0,.., k;, §j = max (0, alx* - b)) for i=
Ko+1,..., ks and
ky ks
Relaa-tml AL A a-dm] AL /\ -],

I [
On these conditions, the solution (x*, &, T,1%, 1) venﬁes 9» 2 A* and is admissible for

(3.15), therefore sansfymgt t =0 for i=ky+1,..., ky. This vector is then an optimal
solution of (3.15) which satlsﬁcs (3.16) implicity.
In this way, once the solution to problem (3.15) has been determinated with g, t';’ and

defined as explained, we know immediately the violation level that for each constraint of the
fuzzy systemn data.
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The obtained presents greater dimension (3.11), in spite of the constraints ;<p;(i=0,..., ky)
and tf S By, § Sp; G =ky+1,..., kq) becoming redundant.

3 - Based on this aproximation, some authors studied the structure of the linear programs

achieved, namely conditions of existence and optimality {17], as well as the sensitivity

of the solution of the fuzzy system to small little variations on the maximum levels of
tolerance [13, 17].

4 - On the atiempt of getting a better approximation of the mathematical models to the real
situation of uncertainty, some authors have introduced non-linear membership

functions, whose interest increases in cases where it keeps the linearity of the resulting
problems.

(i)  In the domain of multicriteria optimization and based on the previous empiric
results Leberling [16] presents an hyperbolical function defined, for all xe R", by:

i e(ﬂzx'ki)ai e -(aEX-k;)ai N 1

2 (ax-kioi; ; @x-kioy 2"

100 = by, (&%) =

where o is é real parameter and k; a constant such that h(k;) = 0.5.
This type of non linear functions can be used to define a membership function of a fuzzy set
representative of an inequality constraint, taking a; >0 and k; =b; - pi/2 (3; <0 and k; = b; +

pi/2) we associate them with a constraint of type ag > (a} 2 by,

In this manner, if only constraints of inequality type are present in the model, we still can
get a linear program, by application of theorem 3.1, by making the change of the variable xp,;

= tanh"! (24 - 1).
(ii) For represanting a fuzzy constraint 1o the equality type, a} =b;, Llena [17]
proposed two types of non linear functions.
o phee) = kil ax b
and
2 t 2! n
o i) = [1 + ki(a; - b))“] , xe RY,
k; being a real positive constraint. Still in this case and through an adequate
changing of variable, we come up with a linear model,
(iii) An intermediate extension was accomplished by Nakamura {20] that associated a

stepwise linear function with each fuzzy constraint. The author shows how the
solution of the fuzzy system is obtained by solving a sequence of linear programs.

3.1.2, - The assymmetrical model
Tanake, Okuda and Asai [30) propose a more general model, that emphasises the o.f. and
whose formulaton is similar to (3.4). They propose to solve the problem:
3
(3.17) su?( Hys(x) = sug He(X) A ppdx), in which gp(x) = A pe(x).
X€ xeX =] 1

Using the notion of the ¢ level cut's of a fuzzy set they establish the following fundamental
result.

Theor 3.2 - if X N Cy = &, forall a e {0, 1], we get:
ky

su ) A pp(x)= sup (@ A su x)), with Co. = ~ Clo,
xeﬁuﬂ( ) MC( ) ae[&l]( Xe X[‘{)Cq uc( )) i=1

This property reduces the analysis of (3.17) to the study of a new problem:

(3.18 su o A su (x)).

) ue[&l] ( xeXl‘?Ca e )

F being [0, 1] — [0, 1] defined by F(a) = srtlg Pex(x). If we admit the continuity of

XNCq

F[23}, the Brouwer's Theorem of the fixed point allows to conclude the existence of ae [0, 1]
the only value such that F(o) = o, where in this case:

su (X)=d = su X),

xe&“D XGXFPC‘(T P{;( )
once,

sug) (o0 A F(o)) =@ = F(@).
ae [0,1]
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The achieved results do neither depend on the type of constraints and o.f. considered (it can
be suitable for more general optimization problems) nor from the type of membership functions
adopted. Nevertheless, they reduce the given problem to the determination of , that is not
achieved immediately, On the other hand, they are based on the fundamental hypothesis of the
continuity of the function F, that rarely is confirmed in practice.

To answer to the first question, Negoita and Ralescu [23) and Tanaka et al [30] present
formulations equivalent to (3.17), that are structurally more simple. For solving the second
question, we point out one suficient condition of continuity for F, established by Tanaka et al
[30], and based on the notion of a convex fuzzy set [35].

These authors {30] have developed a complet study of the problem (3.18). For that
purpose, they formulated a vast set of hypothesis, that revealed in practice to be very
restrictive.

Flachs e Pollatschek [12] presented conditions of existence of the solution to the problem in
question, leading to an analysis free of the assumptions of Tanaka et al, namely with respect to
the continuity of F.

The described approach is illustrated with the following example, involving a linear
program and where the membership functions are taken as linear, fact that allows to simplify
substancially the discussed questions.

Ex 3.2 - Let the fuzzy linear program be:

(3.19) max Z=2x; + X,
s.8. X; + Xy 54
Xy s 3
X; +2%xy =6
Xy, Xg 2 0.

Let zg = 14 be the aspirations level associated with the o.f. and pg = 1, P1=4,p;=6, p3
=4 and py = 1 be the maximal tolerance levels associated with the 10 o.f. and constraints,
respectively,

Adopting linear membership functions, we represent the o.f, by the set &, with K given
by (3.8) and the constraints by the sets C,, C, and T, with e and Be, given by (3.9) and
k

3
given by (3.10). Let X = {(x), xe R? 1 x,, x, 2 0) and pp(x) = ;f\] Hg, (), for all the xe R2,
1=

According with what we said before, and being XNCy = 0, Vae [0, 1], we must
determinate the fixed point of F.

Now, by definition of the o level cut, we get, for o > O:

2
Co = {xeR?; a} < bipi(1-0)} N {xeR?; ba-p3(1-0) < aéx < by+ps(l-0)}
i=1
and therefore F can be obtained solving the L.P. parametric problem:

(3.20) max Z = 2x; + X,
s.a. X+ X, £ 8-4a
X1 < 9'6(1

Xy +2x, <10- 40
X; +2%xy 2 5+0

Xy, X9 20, ae (0, 1]
whose optimal solution is given by:

(8-40.,0) asli/2 16-8¢ asl/2
(3.21) x*(a) = (9-60,2a-1) 1/2<0£2/3, with z*(at) 17-10a 1/2<0<2/3
(11-9¢,-3+50) 2/3<a<l 19-130 2/3<0<1

Nothing that:
() FO)=pgxxO) =1,
(i) If x*(o) is the optimal finitr solution of (3.20) and z*(a) the corresponding
optimal value of the o.f,, 5o, for all & > 0, and because of h(zg, pg) is an increasing
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function, we have uG(x*(a)) = h(zg, po) (z*(@)) 2 P(x* (1)), for all admissible
solution x{a) of (3.20).

We conclude, for ae [0, 1], that F(ar) = h(zg, pg) (z*(o)). F is continuos in [0, 1] because
h is continuos in R and z* is continuos in {0, 1]. It's analitic expression is easily calculated
from (3.21):

1 if 0s0.25

5/3-8/3a. if 0.25<0<0.5
F(o) = pgx*(@)) =
2-10/3a if 0.5<0<0.6

0 if oa>0.6

Consequently @ = 5\11 is the value that solves the given problem, As solution vector, we
take x*(a') = (68/11, 0).

()  If the original problem is of the minimization type, the same happens with the
associated parameric linear program, h being in this case a decreasing function. A
similar reasoning lead to similar results.

(i)  If the associated linear program is unbounded for some value of a, this will
occur in the whole interval [0, 1], since, with the formulated hypothesis, it is

admissible in the interval. In these conditions, for all ae {0, 1], there is xe XNCqy
such that ¢lx 2 zq, i.e., there is xe XN Cy such that pgx) = 1. So F(a) = 1,
Vae [0, 1] and the problem is solved trivially since @ = 1.

3.2, - The partially fuzzy model
Let us consider a model in which the o.f. is rigid, in the sense that is efectivelly maximized
or minimized, but where the constraints are totally or partially fuzzy:
(3.22) sup f(x)
XntC
where X< R, f; R® — R and C is a fuzzy set in R, defined by pe R™ — [0, 1},

The symmetry referred in the previous sections ceases 1o make sense, since the fuzzy
constraints define the decision space and the o.f. induces to an order of the alternatives (as the
same as in the classic L.P.). In this manner, it isn't directly aplicable the reasoning developed
for obtaining the previous formulations,

To approach this type of problems, we can distinguished two aproximations, according to
the classification given by Zimmermann [41),

3.2.1, - Linear Program with fuzzy solution

Some authors [31] suggested the calculation of the o level cuts on the solution space of the
given problem, determinating, for each cut, the corresponding optimal value of the o.f.. They
have defined a fuzzy set "optimal values of the o.f.”, attributing to each obtained value an
attribution degree equal to the associated level cut in the solution space.

We indicate by Xo(Xq = XNCy) the a level cut of the solution space of (3.22).

Def 3.2 - The fuzzy_solution of (3.22) is a fuzzy set in R", % = {(x, X(x)), xe R"},
whose membership function is defined by:

SUp a if xeNS()
(3.23) 2(x) =9 X€S(a) a>0
0 otherwise,

with S(o) = [x& Xq f(x) = sup f(x)}, Voe]o, 1.
Xe Xq
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n

max Z (x,, ...,x")=z CX;
1

Zauxj—b i=1,...,m

xl, wxp20
Admitting that the cocficients g G=1,.,n),b;@(=1,.,m) and & i=1,..,mj=

1,..., n) are N (R) elements, several questions may be raised, regarding the meaning of the
existing relations and expressions in the resulting formulation, namely the specification of

n
Zau Xje and Z CjXje
=1 : :
when x; () = 1,..., n) are rigid or fuzzy variables, the establishment of comparison criteria

between fuzzy numbers; and in particular the generalization of the relations "<", "2" and "="
and the subsequent adaptation of the objective function.

4.1, Fuzzying a real linear function

Let y;= a1lx 2 IR be a linear function in the variables x,...,x,

Suppose that the a;; are fuzzy parameters, mathematically represented by real fuzzy

numbers of the same L. i{ type , i.e,
. 1) = (31]’ a3 an)LR
with
i éij 20 for j=1,..,ni=1,..m

and let us search for §;, the fuzzy version of the considered linear function.

Let Xqp0e0 Xp be non negative scalars. Then, from the definition of scalar product (theorem
1.1) and addition of real fuzzy numbers of LR type (theorem 1.2), we may write:

Vi=ix @ ... Oax,
= (aﬂxl’ a4 Xp aﬂxl)LR ®..0 (am n &in¥pe am n)LR

—(Z a;.X ,.Z LjjX Z dj ,)LR
j=1 =1

where @ denotcs, as usuallly, the extended addition operation.
That is to say, in vectorial form:
§i=ax = (alx, ajx, &), being
. 8 = @, Bigre. B) = (3 2}, &), where aj = (), ..., 3jp)
is the average values vector and
8= (@i s ) A& = Gy, i )
are the left and right limit vectors respectively.
Note the importance of the formulated hypothesis, since that the addition operation is only

well defined if the parts are of the same type (LR,RL, LL or RR) this obliging to consider the
variables xj,...,X, as non-negative,

4.2, Fuzzying a linear constraints system

From the considerations presented in the previous section, we conclude that the first
member of 4 linear fuzzy constraint is still a fuzzy real number. Conscquently, the problem in
presence is the definition of (in)equality relation between fuzzy numbers.

Dubois and Prade [8,9] conceive the symbol "=" in two ways:

(i) as astrict equality between ﬁl‘x and B; (cquality between membership function ), that
can be made weaker through the inclusion & a1x C b
In this case the difusion of bj is interpreted as the max1mal tolerance for difusion of aj'x ,
reason why this type of constraints is denominated as tolerance constraints;
(i1) as an approximate equality between ﬁ}x and Bj, by introducing one or more
comparisation indices between fuzzy numbers,
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Therefore, the fuzzy solution X of (3.27) is defined by:

. -
(3.29) 2:(x)={ o if x=x*(a)
0 otherwise

With regard to 7, = {(r, 1y (1)), re R} (def. 3.3), we get

0 if r<7 orr>16
Py =9 1.7-1/10 if  7<r512

2-1/8 if 12<rg16
Following this approach, Verdegay [32) proposes an example where he considers non-

linear membership functions “Cj'

3.2.2. - Linear Program with punctual solution
Other authors have suggested the determination of a rigid "maximizing decision",
associating the o.f., conveniently ransformed, with fuzzy constraints of the given problem.
The fundamental question is the circunstance of the domain of the o.f. variation not being
normalized, fact that raises dificulties when it is aggregated with the constraints,
(i)  Tanaka et al {30) and also Negoita and Ralescu [23] started from (3.22) and

supposing f(x) 2 0, ¥xe R", normalised the o.f. using an adequate scale factor.

Efectively, with M = sup f(x), where 8(C) is the support of C and S(C) designates
Xns©)
it's topological lock.
If M > 0, a fuzzy objective may be conceived, if we define pg(x) = f(x)/M, verifying

He(x)e [0, 1], Vxe XNS(T).

The initial assymmetry is eliminated and in this way the problem can now be solved by the
usual methods.

Note that the applied normalisation does not change the eventual linear character of the
ordering subjacent to f.

()  Zimmermann [41), arguing that the used scale factor does not have, in most
cases, a real justification, diffuses the o.f. of (3.22) by associating it with a fuzzy
objective whose membershipe function is linear and defined by:

0 if f(x)s g pf
1

f(x) - S};lp f
= 1 :
S(R) Ry
1 if f 2 f
e gy

where R = X N C is the admisible region for problem (3.22), S(R) = X N $(C) and R, =XN
C, (C, is the 1 level cut of the fuzzy set C) and we suppose sRup f and Ss?l?) f finite
1
quantities.
In this manner, the o.f. being represented by the fuzzy set G = { (x, pg(x)), xe R"}, with

Hg(x)e [0,1], we may recover a totally fuzzy model, where the tecnics developed in 3.1 are
stll applicable.
In particular, for the linear model (3.25), and keeping the hypothesis of the previous
section, we get:
k k
S =(A (xeR":ax>b.-p)N( A {xeR":alx <b;+p: ) N
=1 0 jokyay A I
k
ne A (xeR“:bj-pj<a?x<b-+p- }) and
ok EETR
J=K241
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k k
R,=XN(A (xeR™:afx 2 b)) N (A (xeR™:ab < b)) N
j=1 j=k
) ‘ J=X141
ne A [xeR":a}-‘x=bj]).
i7ka4
In this manner, the membership function of the fuzzy objective can be determinated by

solving the linearprograms:

max Z(x)
s.a a}xzbj i=l.,k
ajx < by =k + 1,k
ax = b; j=ky+ 1, ky
xe X
and
max  Z(x)

s.a a}x 2 bj- P J=Lo,k

axSb+p j=ky + 1,k
ax < bj- p; 3=k2+ L. ky
Ax2bi-p; j=ky L,k
xe X
which lead to sup Z(x) =z, and sup Z(x)= respectively,
R, 1 SO?) %

3.3 - Final comments

Al this step we have outlined the approaches which we consider more relevant in flexible
fuzzy L.P. There are, nevertheless, other important complementary topics that can be used as a
background to further studies:

1 - We only considered linear membership functions for the representation of the
intervenient fuzzy sets, although we have referred other types existing in the
literature, Our option lies essentially upon two criteria - the simplicity of manipulation
and the frequency with which are applied in the specialised scientific studies.

2 - We have limited our work 10 the models based on the min operator. Nevertheless, we
had the opportunity to describe concisely a reasonable range of the available
operators. Relatively to it's mathematical applications, we put in relief the
Zimmermann 1exis[39] (where the product operator is utlized) and Luhandjula (18]

(that considers the compensatory operators 7 and limited min-sum) in the domain of
L.P. with multiple objectives.

3 - The models that integrate several objective functions can be studied in the context of
some of the described approaches. Namely in relation to the totally fuzzy model, we
may find in [11,14,15,16,17,39] an adequate analysis,

As for integer L.P. another interesting extension is fully described in [42].

4 - In what concerns the duality of fuzzy L.P. , we point out the work by Rddder and
Zimmermann [26] and subsequently the one of Hamacher et al [13], whose point of
view is based on the economic interpretation of the dual variables.

Kabbara [15) and Llena [17) have conceived a formal study of the duality problem.

Finally, Verdegay [32] starts from a new concept of the fuzzy objective to the construction
of a dual fuzzy linear program,

On every mentioned approach, it is common the fact that in fuzzy L.P., the pairs of the
primal-dual programs admit different formulations (dependent on the adopted mode)),
oppositely the existing uniqueness in classic L.P,

5 - As an examnple of realistic application, we point out the problem formulated and
solved by Wiedey e Zimmermann [33).

4 - Robust Fuzzy L.P, .

In this approach, the difusion of the model is achieved through the constructive coefficients
of the o.f. of the problem, and/or through the constraints of the problem, taken as fuzzy
parameters athematically defined by real fuzzy numbers.

Consider the linear program:
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Def 3,3 - We designate by “optimal values of a o.f.", Ty, the fuzzy setin R, Top, = {(r,
pr(), reR }, defined by:
sup X (x) if fl(r)=8
(3.24) wp) =4 Xe o
0 otherwise,
where (1) = {(xe R" : f(x) = r}.

With regard to the linear models, the determination of (X, To ) can be made by a parametric
linear program [4.31], such as in section 3.1.2. Efectively, let lhe problem be:
(3.25) max Z(x) = c'x,
Xnt
k3
where X as the usual meaning C = h C‘-, C- being the linear constraint of the type a}x zb (=
j=1

, ky), respectively alx S by G =ky+l,.. . ky) and aLx = by =kotl,.. .+ k) characterized
by the linear membershlp funcnon (3.8), (3 9) and (3 10) rcspectlvc]y We adopt the min
ka

operator to define g, ie., we consider Pg(x) = /\ p.cj(x).
j=1

On these conditions, we can write g = x1Cq on a particular way, the determination of
S(o.) being made through the solution of a parametric linear program:
(3.26) max Z(x) =clx
s.a. a}xzbj-(l-on)})j j=1l..,k
a}x'sijr(l-a)Pj j=kytl, kg
alx by + (1 - 0P j=kytl,e. Ky
ajx 2 bj - (1 - 0P j=kytl, kg
xe X, ge [0, 11.
Let us note that, if'f(,p is a fuzzy set, it is up to the decision makes to choose a pair (r,
H7(D)) that he consider as optimum, if his aim is to achieved a rigid value.

Ex 3,3 - Let the partially fuzzy linear program, combining only equality type constraints
be.

(3.27) max  Z(x) = 2x; + X
s.a. X+ % <4
Xy <3
x| +2x9 <6

X1, X2> 0

relative to which x = {(xy, xp)e R? 1 x, x5 2 0). Taking p; = p3 = 4 and p; = 6 as the
maximal levels of tolerance associated wnh the intervenient fuzzy constraints, we come up with
the following particular version of (3.26).

(3.28) max 2xX;+ Xg
s.a. X3+ X9 £8-4da
Xy <9-60

Xy + 2%y €10 - 40
X1, X9 2 0, ael0, 1j
(8-4a,0) if a<l/2

which optimal soluton is given by x*(o)) = {
(9-60.,20-1) if a>1/2

Consequently:

S(a) = {xe Xq : Z(x) = 16 - Ba} = {(8 - 40, 0)}, foros1/2
and

S(0) = {xeXq : Z(x) =17 - 100} = {(9- 60, 60 - 1)}, for > 1/2
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4.2.1.Tolerance constraints

Let's consider the constraint dx € b, with 4 = (a, a, a) g and b = (b, b, B)LR, x being a
non negative variable. Then dx = (ax, ax, ax)) g, as previously said. On 1he$e conditions the
constraint @x € b is equivalent [8] to the system:

ax = b
asbh
ax < bx o
More generally, the system of fuzzy linear constraints:
ax € b i=1,.,m
x 20,

having the coefficients of LR type, is equivalent to the ordinary system of linear equalities and
inequalities:
dx =b;
&}xsbi i=1,..,m
é.lLX < Bl °
Ex 4,] - Let the tolerance constraints system be:
(4.1) 3x,@4x,C 3
Ix @Oy T
Xy Xy 2 0,
where 3 = (3, 0.2, 0.2)gR» 4 = (4, 0.1, 0.)gp, 3=03,1, DRRo 7 =(2,0.3, 0.3)gg: 5=
(5, 0.1, 0.1)gR and T=(1,05, 0.5)gR are real symmetrical fuzzy numbers whose reference
function is defined by R(x) = max (0, 1 -x2).
Then we know that © 5 = (-5, 0.1, 0.1)gp according to the manner used for establishing
the symmetric of a fuzzy mumber of type L.R. (theorem 1.1).
On these conditions, we can write (4.1) in the form:
(42) iax€B,
ix b,
Xy 2 0,
with &) = (a), 2, 8)) and &, = (2, 8,, 3,), 2] = 3,4), 2, = &, = (0.2, 0.1) and ay= (2, -5),
a, =4, = (0.3, 0.1). '
According to what has been exposed, the given system is equivalent to:
(4.3) 3x,+4x,=13
2x) - 5%y =1

(4.4) 0.2x, +0.1x, <1
0.3x, +0.1x, £0.5
Xy Xy 20,
reduced only to four consiraints since the intervening coefficients are symmetric ( a; = ; and
b; = b; fori=1,2).

Analysing the previous conditions, we confirm that the system of the medium values (4.3)
addmits a single solution (x':, x;) = (3,1) that does not satisfy the second constraint of the
system (4.4). In this way, we conclude that the considered fuzzy system does not have a
solution,

The approach just described , was inovated by Dubois and Prade [8,9],and generalizes
Negoita 's [21) initial proposal, the precussive of the introduction of fuzzy coefficients in linear
programs. Negoita transformed fuzzy constraints of the type ax € b in an inlimity of
inclusion constraints between the respective o level cuts (axgSbgy, o € [0,1]), and it can be

stated that his proposal constitutes, by it's turn, an extension of the mode! considered by
Soyster [28].
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4.2.2. Approximate equality constraints

This approach is based on a more general problem of comparison between fuzzy real
numbers,

In this domain,two types of questions are normally presented: to determinate the
lower(higher) fuzzy value of a fuzzy real numbers family and to give a significance to the

e

staternent "f is less (greater)than fi".
For answering the first question, Dubois and Prade [9] proposed the use of the "min"

("miéx") operation defined from the extension principle. In this way given i, f € ﬂ(R), the
fuzzy minimum between f and 7, designated by min (f, ) is a fuzzy set in R, whose
membership function is characterized by:
; (z) = u
Pmin(m, ) (2) {w.ve Rg.z}imin(x, )
If the supremun in the second member is taken in the set {(x, y) : z = max (x, y)}, we
obtain the expression for the membership function of max ( \O(m,”), \O(n,™) ), fuzzy
maximum between i and fi (fig.4.1).

min(k g (x), Kegly))

In [6,9] fundamental results regarding these operations were presented, namely with
respect to the properties of the associated approximation formulae for fuzzy numbers of LR

type and the commesponding extension for n(n > 2) 'N(R) elements.

As for the second question, we find in [3,10] a description of “the major" part of the
existing answers, this problem being the focus of studies by several authors. Dubois and
Prade [8,9], generalizing the inequality relation between rigid real numbers, defined a
representative index for the "true value” of the statement " is greater than or equal to fi",
through the extension principle. :

V(m <) = su min (1 g (L), Kg(v)
_ [(u.,V)E_Rg:uz,V] " "
The following equality is easi’ verified:
alt (@ N fi) = min ( V(@ < @), V(M < i) ).

It permits to conclude that, when msn (for example), we get V(i 2 i) = alt (;” N 1) since

in this case V(fi 2 ) = 1 (fig. 4.2).

YA

I
IN
t1 N\
e
]
by !
m d n
Fig. 4.2 - V(0 2 1) = i (d) = pyg(d)
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Nevertheless, the indices V(ff 2 ) and V(f 2 i) are simultaneously necessary to make the
comparison between ffi and fi. Efectively, if for example, V(M 2 ) = 1, it is not possible to
state that there is a clear separation between i and f, and it may occur a superposition (even if
partial) between i and . In this way we are led to:

Def 4.1 -Let M, A e N(R) and © € {0,1]. We say that  is greater than or equal to n at
lgvel@,andwewritex’ﬁge fi, if V{H2m)<0O when m2n,

Def 4.2- Given i, i € ﬂ(R), we say that m is approximately equal to n _at level (£, ©)

and we write M fi, if neither M > fAnorfi > © @
t 2

Suppose now that f = (m, @, B) g and ff = (n, ¥, S)ry

Then V (f 2 i) = L( m+’; )ifmZnandV(r’ﬂZ'n'):R(—[;'—m—)ifmSn, and we
Q.

+ ¥

can write:

{ﬁ»cﬁ iff m-n2a+38 ({=L()

i>0m iff n-m2pP+ ¥ (0 = R(1)),
according to the proper of the reference functions L and R.
We can solve a linear fuzzy (in)equation without any difficulty based on the above

(in)equality relation between fuzzy real numbers. Suppose that @ and b are fuzzy real numbers
of opposite types, i = (a, a, a)pand b = (b, b, B)RL respectively and consider the fuzzy
equation &x £ B, with x 2 0. From definition 4.2 and particularizing once again © =R(1), { =
L(1), we get the following equivalent form for the given equation:

{ax—b<ax+5 if ax-b20

b-ax<b+ax if ax-bg0
The resolution of the approximated system of equalities:
@.5) ﬁ}xéoﬁi i=1..,m

is now irnmediate, if we assume that the intervening coefficients of the first member are of LR
type and that the independent terms are of RL type. Efectively, in these conditions the system
(4.5) takes the form;

ylgbl i=1,...,vm
where ¥, = (ajlx, a}x, é}x)LR for i = 1,..., m. Consequently, by analogy with the
unidimensional case , the given system is equivalent to the inequality rigid system:
alx - by < alx + by ; if afx - b; 2 0
(4.6)

bi-alx <b;+dlx; if alx- b; <0, i=1,..., m, x 20
In this way, admitting a rigid o.f., we conclude that from the corresponding fuzzy version,
we were led once again to a classic optimization problem, associated with an open polygonal
domain,

Let's consider the fuzzy linear system presented in the previous example, keeping the
definition of the coefficients and taking constraints of the approximate equality type (to the
adopted levels), that is to say:

4.7) 3x, ®x,2 3
2Zx, ® (6 Sxp el

Xy, %920
We can write:
(8  ax-b20 = (2, - a;)x <b;+ b,

3% +4x%,- 1320 = 2.8x; +39x, < 14
(b) ax-b) <0 = (a1+é])x>b]-b]
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3xy + 4%, - 130 = 3.2x,+4.1x, > 12

(€) amx-by20 = (a,-2,x <b, + b,
2x1-5x2-120 = 1.7x1-5.1x2<1.5
(d) a;x-b,<0 =>(a2+é.2)x>b2-b2

2%y - 5%y - 150 = 23x, -4.9x, > 0.5.
The system of strict inequalities is representated in the figure 4.3.

N\ _

xo01”
¥
A1

{c

—=3x,+ 4x,=13
ib]

Fig. 4.3 - Solution set of the fuzzy system (4.7)

The developed model is also applicable to systems of fuzzy constraints of the equality type,
since the inequality relation presented constitutes a particular case of the introduced equality
concept.

It allows also the solution of linear fuzzy programs involving fuzzy objectives, when these
take the form of linear constraints through definition of the adequated aspiration levels.

4.3, Extensions

The described approach admits an immediate generalization, if we consider a systemn of
linear constraints where not only the coefficients but also the variables of the problem are fuzzy
[8,9). On this perspective, the presented analysis remains coherent, and makes intervenient the
product operation between fuzzy numbers. In particular, with regard to the LR representation
the application conditions of the calculation rules stateted on theorem 1,2 must be respected
when establishing the fuzzy version of the first member of a linear constraint.

On the other hand, we observe that the difusion processes of a linear constraint we have
referred are not the unique possibilities, The existing proposals are focused not only on the
definition of the constraints 15t member but also on the adoption of other comparison criterion
for fuzzy numbers. In this manner, and with respect to the difusion of a linear function, Tanaka
and Asal [29] defined the fuzzy set.

n
i= z{ 8%
F
by application of the extension principle and not using fuzzy real algebra. The same authors

proposed the relation "fi is positive at the level h" (h = [0,11) that is applied to linear
programming,

Ramik and Rimdnek [25) proposed a inequality concept between elements ofﬂ(R) based

on the o level cut of a fuzzy set. In the same text, the authors make the considered relation
compatible with the maxirnum and minimum fuzzy notions, indicated in section 4.2,

Dubois [5] established an unified formulation of several approaches for fuzzy L.P. namely
the Zimmermann (in flexible programming), Negoita (in robust programming) and Tanaka
and Asai [29] (in robust programming) versions which were referred in this work. In that
paper, Dubois represents the models coefficients by real fuzzy intervals and uses a set of 4
comparison indices, defined by the author and M. Prade in [10], that are integrated in the
theory of possibilities domain, inroduced by Zadeh {37] and based on the fuzzy sets theory.
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