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NOS CENTROS DE TRATAMENTO DE CORREIO
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1208-148 Lisboa

Maria Teresa Almeida

Departamento de Matemdtica

Instituto Superior de Economia e Gestio (UTL)
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Abstract

In this paper three approaches are proposed to generate schedules for the letter sorting machines at CTT-
Correios de Portugal SA.

The first approach is based on a single machine scheduling model with no setup times. A constructing
algorithm and some heuristic procedures were developed to solve the model.

The second model includes setup times, making the total time dependent on the job processing sequence. It
is based on a typical vehicle routing problem with time windows and solved using a comercial package.

The third approach tackles the set of sorting machines as a whole, generating simultaneously the schedules
for all machines. It is based on an assignment problem for which comercial software is also available.

Computational results are presented for real data gathered at the Lisbon CTC.

Resumo

Neste trabalho apresentam-se trés modelizagGes para o problema da optimizagfo da alimentagio das maquinas
de divisdo de comreio, instaladas pelos CTT nos seus Centros de Tratamento de Correio.

O primeiro modelo tem por base um problema tipico de sequenciamento de tarefas numa méaquina e para ele
foi desenvolvido um algoritmo de tipo construtivo e alguns procedimentos heuristicos para gerar as sequéncias de
lotes de cartas encaminhados para cada mquina, ndo incluindo tempos de setup.

O segundo modelo permite incluir tempos de setup, 0 que torna os tempos totais de processamento
dependentes da ordem de diviszo dos lotes. Tem por base um problema de optimizagdo de rotas e foi resolvido
recorrendo a software comercial,

O terceiro modelo destina-se a permitir a gestifo integrada do conjunto das méquinas instaladas nos trés
Centros e baseia-se num problema de afectago, para o qual também existe soffware comercial.

Sio apresentados resultados computacionais para dados reais do Centro de Tratamento de Correio de Lisboa.

Keywords
Job scheduling, Vehicle routing with time-windows, assignment problem.
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1. Introducéao

O objectivo deste trabalho foi contribuir para a resolugdo de um problema operacional
surgido na empresa CTT - Correios de Portugal SA, especificamente no subsistema de
tratamento automdtico de correspondéncias, consequente de uma reformulagéo de processos e
reequipamento que decorreu em simultaneidade com a realizagdo deste estudo e que ainda se
desenvolve.

A existéncia de cerca de mil estagGes de correios dispersas por todo o pafs, de perto de 16
mil trabalhadores, de um pouco mais de mil milhdes de objectos movimentados por ano e de
proveitos e custos operacionais anuais na ordem dos 96 e dos 88 milhdes de contos,
respectivamente, ddo uma ideia da importdncia da empresa para a economia nacional
(indicadores de 1997) [3].

Do ponto de vista da actividade postal, Portugal estd dividido, num primeiro nivel, em
regides com limites geogréficos inspirados na delimitagdo dos concelhos do pafs, demarcando a
drea de actividade de um chamado Centro de Distribui¢éo Postal (CDP).

O local de instalagdo do CDP €, com poucas excepgoes, inicio e fim do trajecto interno dos
objectos confiados aos CTT. E da sede do CDP que partem os carteiros para efectuarem os
“giros”, isto €, os percursos didrios de entrega de correio porta-a-porta aos destinatdrios da
drea; e inversamente, na recolha, os objectos recebidos dentro dos limites de um CDP, sdo para
14 conduzidos como primeira etapa do processo “produtivo”.

Agregando conjuntos de CDP existe um segundo nivel da rede postal, menos visivel para o
utente, formado pelos Centros de Tratamento de Correio (CTC), onde € realizada a triagem, ou
divisdo, massiva dos objectos originados nos CDP da sua 4rea de influéncia, e que depois os
expede para os CDP de destino.

O processo postal, no que se reveste de importincia para este trabalho, pode ser
esquematizado nas fungdes: aceitacdo, triagem por destinos, transporte e distribuigao.

A aceitagio € a fase de recolha de objectos, efectuada na drea de influéncia de cada CDP
(origem), depositados em marcos € caixas, aos balcdes das estagdes, ou recebidos em casa do
cliente.

A triagem comega a fazer-se, manualmente, nos CDP origem com a disjungéo dos que tém
remetente e destinatdrio no préprib CDP, com os que tém destino noutro CDP e que sdo
enviados para tratamento no CTC a que o CDP origem est4 ligado.

Nos CTC executa-se, essencialmente, a divisdo de grandes volumes de trdfego; mas podem
ser também pontos de trdnsito para concentragdo e reenvio para outros CTC (onde se
desenrolard o processo de divisdo).

Os transportes t€ém como fungfo ligar os CDP aos CTC no envio de objectos a tratar, ou 0
caminho inverso quando estes estdo j4 triados. Suportam igualmente a movimentagio inter-CTC
e, nas cidades onde estfio implantados CTC, fazem liga¢bes directas, entre estagdes, marcos,
caixas e grandes clientes, e respectivos Centros de Tratamento de Correio.
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A distribuigo € o dltimo elo na cadeia. Inicia-se quando concluida a separagdo por destinos
¢ os objectos j4 estdo no respectivo CDP. Antes da safda para a distribuigfo propriamente dita, é
necessdrio que estejam colocados no “giro” que os vai entregar e numa sequéncia, em cada
artéria, de acordo com o percurso dos carteiros.

Até 1978 todo o processamento de divisdo dos objectos postais era inteiramente manual.
Nesse ano, foi introduzido um cddigo postal de 4 digitos, identificando as dreas postais ja
referidas como CDP (cerca de 400). Passou a figurar como elemento fundamental do enderego,
viabilizando a divisdo mecanizada e trazendo beneficios importantes & fun¢fo distribuigfo.

Paralelamente foram construidos 3 Centros de Tratamento de Correio - Lisboa, Coimbra e
Porto - onde foram instalados equipamentos para processamento das correspondéncias.

Os sistemas entdo disponiveis que foram adquiridos e que se mantém activos, ndo léem os
digitos do c6digo postal, exigindo uma prévia transcri¢do, a realizar “manualmente” (dado o
estado tecnolégico, a data da sua compra), por operadores com a fungéo de ler o c6digo postal
correspondente ao CDP do destinatdrio e digitd-lo num teclado. Como resultado, obtém-se um
cédigo de barras, colocado no canto inferior direito das correspondéncias, legivel pelas
mdquinas divisoras que possibilita a triagem por essa unidade postal.

Dado este nivel de separagdo ser ainda demasiado agregado (drea coberta por um CDP), o
tratamento tem que ser prosseguido com o correio apds transporte para o CDP destino, sujeito a
operages manuais de divisdo e sequenciamento até estar em condi¢Ges de entrega, pelos
carteiros, aos destinatarios.

E precisamente aqui, na forma como chegam os objectos aos CDP vindos dos CTC, que
reside uma nova oportunidade de incrementar, substancialmente, a produtividade da cadeia de
tratamento: eliminando estas tarefas manuais de separagdo que levam a classificagdo do correio
até subdivisdes do CDP nas suas “unidades constituintes” - os referidos “giros”. E possivel
com novos equipamentos levar a divisdo até ao nivel do “giro” para os CDP de maiores
dimensdes, equivalendo a passar dos presentes 400 para perto de 3000 c6digos de destino (que
incluem CDP e cerca de 45% de “giros” de todo o pafs).

Para poder viabilizar esta maior fragmentagio, o c6digo postal serd ampliado de 4 para 7
digitos, para poder identificar CDP+giro, e instalados leitores épticos (OCR - Optical Character
Reader), que cbnsigam ler directamente os novos cédigos postais, substituindo os operadores
na sua tradugfo para um c6digo de barras interpretdvel pelas divisoras. Os leitores épticos além
destas fungdes, realizam em simultdneo uma pré-triagem formando lotes de cartas (onde sdo
agrupados vdrios destinos), nas miltiplas saidas que possuem e de onde € feita a alimentagdo
das méquinas divisoras (na indexagio manual também é executada uma pré-divisdo, embora
com muito menos saidas).

A percentagem de cartas que € possivel distribuir nos CDP destino (apds tratamento num
CTC), no dia seguinte aquele em que sido depositadas na drea dos CDP origem (cartas
processadas num intervalo de tempo dito igual a D+1), deve muito a forma como os lotes,
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“produzidos” nas safdas dos leitores 6pticos, sdo escalonados nas divisoras. Como o nimero
de dias que medeia entre a aceitagdo dos objectos postais pelos CTT e a entrega ao destinatdrio €
um dos indicadores mais importantes para aferir a qualidade do servigo prestado, € do maior
interesse atingir o mdximo de cartas que € possivel processar em D+1. Esse, 0 modo como
deve ser feita a alimentagdo de cartas nas maquinas divisoras com o propésito de triar o maior
niimero em D+1, foi o objectivo central do estudo que se apresenta em seguida.

Na secgdo 2 é feita uma descri¢do resumida do problema em estudo. Na sec¢io 3 sdo
apresentados os modelos e algoritmos desenvolvidos para a resolugio do problema. Na secgio
4 s@o apresentadds os resultados computacionais obtidos para o CTC de Lisboa e na secgdo 5
sdo feitas as consideragdes finais.

2. Descri¢io do Problema
Para os propdsitos pretendidos, as operagdes dentro de um CTC que asseguram a triagem
por destinos finais das correspondéncias esquematizam-se no que se segue:

Recepg¢do dos objectos

A maior concentragdo de trifego, encaminhado para um CTC e originado em CDP da sua
drea de influéncia, ocorre entre as 17H:30M e as 20H:30M. No entanto, a chegada de objectos
com proveniéncia directa de estagdes, marcos, caixas e clientes de grande dimensdo (com vérias
tiragens ao longo do dia), e as ligagdes inter-CTC sustentam um fluxo quase continuo.

Preparac¢ao e separa¢ao por tipos

Parte do correio, nomeadamente o depositado nos marcos e caixas, tem volumetria e
espessura diversa, isto €, recebe-se uma mistura de objectos “finos”, “médios” e “grossos”.

Para isolar cada categoria, existem equipamentos mecéanicos, que se podem descrever como
cilindros rotativos com ranhuras actuando como “filtros”, que deixam, ou nfio, passar cada um
dos tipos enumerados.

Obtém-se daqui a classe “finos” (genericamente, correspondéncias ou ‘“cartas”),
individualizada das restantes. Uma pequena curiosidade que se acrescenta, é que € também
fungdo destas mdquinas deixar as “cartas faceadas” (& safda todas as cartas t€ém a mesma

orientagfio em relagfio ao enderego ¢ posigio do selo) e obliteradas (com o selo carimbado).

Separacgdo automatica de correspondéncias
- Indexago

Ultrapassadas as duas etapas anteriores atinge-se a chamada indexagdo.

Basicamente, esta operagdo € a tradugio de um cédigo de destino escrito no endere¢o num
cédigo de barras verticais a colocar no canto inferior direito das correspondéncias.

Com a entrada em funcionamento dos OCR (3 em Lisboa, 2 em Coimbra e 2 no Porto) € a
indexagio que sofre uma alteragdo qualitativa, embora a tarefa nfo se transforme em totalmente
automdtica. Objectos que sejam rejéitados pelos OCR sdo conduzidos para postos de indexagdo
manual (onde se pode colocar apenas o cédigo do CDP).
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Como resultado, obtém-se dois grupos de objectos, onde num se pode levar a sua
classificagdo automdtica até muito maior individualizagdo, ao passo que no outro hd maior
exigéncia de recursos humanos para conseguir a mesma diferenciagio (quando as cartas
chegarem ao CDP destino). _

Nas indexag¢des manual e automdtica existe, como se disse, simultaneamente uma pré-
divisdo que distribui os objectos por diversas saidas, formando classes de destinos, e cuja
utilidade se pormenorizard adiante.

- Divisdo

Feita a indexagfio, o correio estd apto a ser levado para os equipamentos de divisdo

mecanica (duas divisoras em Lisboa e uma em Coimbra e outra no Porto).
Como a chegada dos objectos postais aos CTC se dd em fluxo quase contfnuo ao longo do dia a
formagéo dos lotes de cartas nos leitores 6pticos vai sendo também feita ao longo do dia. Para
cada lote o0 momento de saida do leitor 6ptico determina o momento a partir do qual ele se
encontra disponivel para se iniciar a sua divisdo.

As mdquinas de divisdo sdo equipamentos computorizados que comparam os c6digos de

barras com os registos de um ficheiro carregado na sua memdéria RAM e deslocam as cartas
para os cacifos de saida correspondentes. Dispdem de 220 cacifos, o que significa que apenas
podem separar em simultdneo 220 destinos. Ora como se pretende individualizar cerca de 3000
e como, por razdes de gestdo, cada carta passa apenas uma vez pelas divisoras, torna-se clara a
necessidade da pré-divisdo para garantir que qualquer lote, formado em cada safda dos leitores
6pticos na fase de indexagdo, ndo inclua mais de 220 destinos distintos. Fazendo a alimentagéo
das divisoras lote a lote, a partir das safdas dos leitores épticos, consegue-se a separagio da
totalidade de destinos.
Mais dois detalhes operacionais merecem destaque para a compreensio do problema: de cada
vez que se muda a saida do leitor éptico que alimenta uma divisora é necessdrio “carregar” o
correspondente ficheiro na meméria desta e proceder ao esvaziamento da totalidade dos seus
cacifos antes de passar lotes da nova safda dos leitores 6pticos. O tempo necessdrio para realizar
estas duas operagdes pode ser interpretado como um tempo de setup das mdquinas de divisdo.

A separagiio de um destino fica concluida quando termina o processamento na mdquina de
divisdo do lote em que ele se integra.

Expedicao

Completada a divisdo, os objectos sdo encaminhados para o cais do CTC para serem
levados para os vdrios CDP de destino.

O estabelecimento de horas de comego dos “giros” de distribuigdo, obriga a horas limite de
partida dos veiculos de transporte.

Para cada destino é conhecida a priori a “hora de corte”, definida como o momento mais
tarde de conclusio da sua triagem na méquina de divisdo. Esta hora é fixada em fungdo dos
tempos de percurso entre o CTC e o CDP e do momento até ao qual € necessdrio ter as cartas
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disponiveis no CDP de destino para iniciar o planeamento da distribui¢do domicilidria em cada
dia.

Para que as cartas de um lote estejam todas em condigdes de ser transportadas para o seu
CDP de destino € necessdrio que a conclusdo da triagem do lote ndo seja posterior 3 hora de
corte do destino com menor hora de corte que pertenga a esse lote.

~ Decorrente do exposto sdo facilmente identificdveis dois problemas a nivel de cada CTC.

O primeiro, que ndo se ird abordar mas condicionante do segundo, prende-se com o
estabelecimento dos agrupamentos de destinos nas saidas dos OCR. O segundo com o
escalonamento destes agrupamentos de cartas que saem dos OCR, e da indexagdo manual, €
que terdo que passar pelas divisoras.

Escalonamento nas maquinas de divisido

Suponha-se resolvido o primeiro problema, isto €, estdo definidos os agrupamentos de
destinos em cada safda dos leitores dpticos. Consequentemente estdo definidas as horas de corte
e, a partir do diagrama de carga hordria de tréfego recebido, as “horas de entrada nas divisoras”
para cada lote indexado, cujos destinos que o constituem tém que ser separados.

E daqui sugestiva a necessidade de determinar um escalonamento para a passagem nas
divisoras dos diversos lotes, com dois factores determinantes na modelizagio do problema:

¢ O cumprimento das horas de corte;
¢ A chegada de correio a divisio.

Sendo, relembra-se, um processo quase continuo, a decisdo de “passar” um lote nas
méquinas de divisdo dentro de uma janela de tempo € condicionada pela disponibilidade dos
objectos.

Explicitados os aspectos que configuram o fundamental da forma de escalonamento,
poderd, complementarmente, enriquecer-se o modelo com a introdugdo de dois novos
pardmetros:

* Prioridades a atribuir a cada grupo (ou safda dos OCR);
» Tempo de preparagio das divisoras para mudanga de grupo.
Fazendo agora a conclusfo do anterior, pode formular-se este problema no seguinte modo:
* Organizar a alimentagfo das mdquinas de divisdo, isto € determinar a sequéncia € o
perfodo de passagem dos lotes de cartas provenientes da indexa¢do, de modo a
minimizar o nimero dos ndo processados dentro das horas de corte.

O objectivo € minimizar o nimero de lotes de cartas separados apés as correspondentes
horas de corte.

E importante esclarecer aqui que o genuino objectivo seria minimizar o nimero de cartas (e
ndo lotes) ndo tratadas até a sua hora de corte; mas tal implicaria a identificagdo prévia de cada
carta a saida dos OCR, para se conhecer a sua hora de corte. Para isso, tornar-se-ia

indispensavel individualizar as cartas antes do processo de triagem, o que seria absurdo.
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O que se deverd assegurar é que a variabilidade das horas de corte dos destinos que
integram cada lote seja tdo pequena quanto possfvel.

3. Métodos de Resolugao

Considerando que a divisdo de cada lote nfio pode ser interrompida (nopreemption) € que
os tempos de setup das mdquinas de divisdo (associados & mudanga de saida dos leitores
épticos) sdo desprezdveis, o problema pode ser modelizado como um problema tipico de
escalonamento da tarefas numa mdquina e resolvido de forma construtiva.

Pelo contrédrio, se os tempos de setup forem considerados ndo negligencidveis, o tempo
total necessdrio para dividir um conjunto de lotes é também fungfo da respectiva sequéncia de
entrada na méquina divisora (pois a alimentag@o pode ser feita, ou ndo, consecutivamente por
lotes da mesma saida dos OCR). Este tipo de problemas é mais dificil de resolver e, como é
salientado em [7], estd intimamente relacionado com os problemas de optimizagdo de rotas.

Se além do planeamento da divisdo do correio em cada CTC se pretender gerir o conjunto
de todas as mdquinas de forma integrada pode desenvolver-se um modelo para o conjunto dos
CTC baseado num problema de afectagfo.

Nas secgdes seguintes sdo apresentadas as abordagens desenvolvidas para as trés
alternativas.

3. 1 A alimentacao das divisoras como um problema de escalonamento de
tarefas

Os problemas de escalonamento de tarefas em mdquinas constituem uma vastissima classe
de problemas que tém sido objecto de intensa investigagdo cientifica nas iltimas décadas, sem
que tenha sido possivel desenvolver para a esmagadora maioria dos casos algoritmos que
garantam a obtengdo da solugdo 6ptima em tempo polinomial [2],[7]. Uma das poucas
excepgdes € o problema 1 11 ; U,

3. 1. 1 Problema 1 || % U; e algoritmo de Moore-Hodgson

Considere-se o problema da determinagdo do escalonamento de n tarefas, {Jy, Ja,..., Ju},
numa tinica mdquina que minimiza o nimero de tarefas concluidas com atraso, admitindo que
sdo verificadas as seguintes condigdes: todas as tarefas estdo disponiveis para iniciar o
processamento no mesmo instante (ready date), para cada tarefa J; (1 < j <n) sdo conhecidos a
priori o seu tempo de processamento, pj, e 0 seu prazo de conclusdo d; (due date) e ndo é
possivel interromper a execugdo das tarefas (nopreemption). Associando a cada tarefa
Jj (1 <j < n) uma varidvel bindria, Uj, que assume o valor 1 se a tarefa ¢ concluida com atraso
e 0 caso contrdrio, o problema pode ser representado por 1 Il Z; Uj, usando a notagio habitual
para os problemas de escalonamento. Para este caso a solu¢io pode ser gerada em tempo
polinomial de forma construtiva executando o seguinte algoritmo ([5]):
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Algoritmo de Moore-Hodgson
Passo 0

Ordenar todas as tarefas por ordem crescente dos respectivos prazos de conclusio
formando a sequéncia inicial S = (J;5, Jy2,- o> Jun)s du1 Sdyp < ... S dyp,

Passo 1
Se na sequéncia corrente nenhuma tarefa é conclufda com atraso ir para.o Passo 3. Caso
contrério identificar a primeira tarefa em atraso, J , e ir para o PASSO 2.

Passo 2
Seleccionar em (J 1, Jyg,. .., Jyi) a tarefa com maior tempo de processamento e exclui-la da

sequéncia corrente. Voltar ao Passo 1.

Passo 3

Juntar & sequéncia corrente, a seguir a sua ultima tarefa, todas as tarefas anteriormente
exclufdas (por ordem arbitrdria).

Interpretando o problema da alimentagdo das mdquinas de divisdo de correio como um
problema do tipo 1 Il %; U; foi desenvolvido um algoritmo de tipo construtivo, SeqLotes, para

gerar as sequéncias de lotes a introduzir em cada maquina.

3.1.2 Algoritmo SeqLotes

Considere-se que as tarefas sdo a triagem dos lotes de cartas provenientes da indexagdo
pelas divisoras e que ndo se admite a interrupgio do seu processamento (nopreemption). Para
cada lote o prazo ¢ tomado igual a hora de corte do destino de menor hora de corte nele incluido
(pelos motivos j4 explicitados) e o tempo de processamento € calculado em fung@o do niimero
de cartas que o constituem e da velocidade das mdquinas (as de Lisboa e Porto dividem 1000
cartas em 2 minutos e a de Coimbra em 3 minutos). Embora o nimero de cartas por destino
varie de dia para dia a empresa dispde de diagramas de carga hordria por destino que podem ser
tomados como valores médios. Para concluir a modelizagdo como um problema do tipo
111 % Uj basta agora ultrapassar duas pequenas dificuldades: o facto de o momento a partir do
qual os lotes ficam disponiveis para divisdo ndo ser comum a todos (j4 que a indexagdo vai
sendo feita ao longo do dia) e o facto de num dos CTC, o de Lisboa, existirem duas mdquinas
de divisfo idénticas a funcionar em paralelo. Para ultrapassar a primeira dificuldade basta
considerar o perfodo didrio de funcionamento da maquina, digamos [0, T], dividido em
intervalos Iy = [(k-1)xA, kxA] (k =1,...,L ¢ LxA =T) e que em cada intervalo estdo
disponfveis para divisdo todos os lotes formados até ao seu inicio e ainda ndo divididos, sendo
a duragdo do intervalo, A, suficiente para assegurar fiabilidade aos valores de chegada de
trdfego estimados. Para ultrapassar a segunda dificuldade pode considerar-se o processamento
numa mdaquina artificial com velocidade dupla da real € com base no escalonamento obtido gerar
um escalonamento para as duas mdquinas reais como € descrito na sec¢do seguinte.
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Algoritmo SeqLotes
Passo 0

Fixar a dimensfo, Q, dos lotes de cartas a formar para cada saida dos leitores Opticos e os
intervalos Iy (k = 1,..., L) a considerar no perfodo didrio de funcionamento. Fazer k := 1.

Passo 1
Formar lotes de dimensdo Q com as cartas indexadas até ao inicio do intervalo Iy e ainda

ndo separadas.

Passo 2

Aplicar o algoritmo de Moore-Hodgson aos lotes formados no Passo 1 até esgotar a
duragfo de I ou os lotes disponiveis.

Passo 3
Se k <L fazer k := k + 1 e voltar ao Passo 1.
Caso contrario STOP.

Os intervalos de tempo I e a dimensio, Q, dos lotes sdo definidos de modo a que a
durago de Iy seja um multiplo do tempo gasto para processar Q cartas!.

Embora nfio seja estritamente necessério que todos os lotes tenham a mesma dimensio (o
nimero de cartas por lotes serd um aspecto a discutir posteriormente) € que todos os intervalos
tenham a mesma duragdo € vantajoso que assim seja.

Nestas condigdes, associadas com a de nopreemptiom, é ficil garantir que cada lote ¢
sempre integralmente dividido num vnico intervalo Iy, evitando-se a ocorréncia da divisdo de
um lote comegar em Iy e continuar em I ,;. Por outro lado, o facto de todos os lotes terem a
mesma dimenséo (e consequentemente o mesmo tempo de processamento) permite uma
implementagdo muito eficiente do algoritmo de Moore-Hodgson.

Do ponto de vista operacional é também conveniente que lotes provenientes da mesma saida
do leitor éptico sejam, se possivel, processados em sequéncia, para evitar as operagdes que
acompanham as mudangas da safda dos OCR na alimentagdo de cada divisora. Como lotes de
safdas distintas podem, eventualmente, ter a mesma hora de corte, na implementagdo do
algoritmo de Moore-Hodgson este aspecto foi também considerado, adaptando-se o
procedimento de ordenagio dos lotes para que, executando em cada intervalo I o algoritmo de
Moore-Hodgson, se promova a alimentagio consecutiva de lotes da mesma saida dos OCR.

No Passo 1, em cada intervalo I, forma-se (para cada safda dos OCR) o maior nimero de
lotes de dimenséio Q com as cartas j4 indexadas e ainda ndo triadas e retém-se as restantes para
incluir nos lotes a formar em intervalos seguintes (se k < L).

A descrigdo detalhada da implementagio é apresentada em [8].

1 Uma hora ¢ um valor "razodvel” para a duragio de I.
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Proposi¢gido P1
O escalonamento, S, gerado pelo algoritmo Seqlotes maximiza o nimero de lotes divididos
dentro da respectiva hora de corte para todo o perfodo de funcionamento da méquina.

Demonstracao

Por construgdo no escalonamento S a maquina de divisdo s6 estd inactiva se j4 tiverem sido
divididos todos os lotes disponiveis no intervalo de tempo em causa. Dado que a antecipagio de
um lote preenchendo tempos de inactividade nunca piora o escalonamento, existe sempre um
escalonamento 6ptimo, S*, com a caracter{stica apontada para S.

Sejam S e S$* esses escalonamentos e ny(S) € ny(S*) o nimero de lotes divididos dentro da
respectiva hora de corte em cada um deles. Pretende-se provar que ny(S) = nH(S*).

Se S =S o resultado € trivial,

Se S # S* existe pelo menos um lote que em S ocupa uma posigio diferente daquela que
ocupa em S, Seja J, o primeiro lote nessas condigdes. Sejam d, a sua hora de corte, C, 0 seu
momento de conclusdo em S, Cj o seu momento de conclusdo em S™* e Ji, 0 lote que ocupa a

posigio equivalente em S*, como a figura ilustra:

C,-1C, Cy
S ] ] [
‘ i L
0 (i-1)A, Ja % LA,
CHy-1 C*, C*,
%
] I : 1
0 (1A, To L LA,

Figura 1 - Posigdo dos lotes J, e Ji, nos escalonamentos S e S*
Seja S! o escalonamento que resulta de trocar J, com J, em S*. Dois casos se podem dar:
Caso 1: C, <d, ‘
No escalonamento S o lote J, estd a ser dividido dentro da hora de corte e precede o lote
Jp. Como S foi construido com o algoritmo SeqLotes, se dy, < d, entdo dy, < C,. Dado
que C, = Cy, tem-se nyg(S!) = ny(S*) e, portanto, nH(Sl) = ny(8*), por S* ser, por
hipétese, 6ptimo. Se dy, = d, a troca de J, com J, ndo gera nenhum novo atraso e tem-se
de novo nH(Sl) = nH(S*), tal como anteriormente.
Caso 2: C, > d,
Como o lote J, é dividido com atraso e precede Jp,, em S, conclui-se que dy, < C,. Como
C, = Cp, a troca de J, com Ji, ndo gera nenhum novo atraso e portanto ny(S') = ny(S*).
Ento ny(S1) = ny(S*) e o escalonamento S! tem mais um lote, J4, cuja posigdo coincide
corn a que ocupa em S.
Se S = S! entdo ng(S) = nH(Sl) = ny(S™) e estd provado o resultado.
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Caso contrdrio pode repetir-se para S' e S o raciocinio feito para S* e para S. Executando o
raciocinio tantas vezes quantas as necessérias obtem-se uma sequéncia de escalonamentos S!,
$%, ..., SP, tal que n(S*) = ny(S") = ny(SH) = ... = ny(SP) e SP = . ¢

Caso se pretenda atribuir prioridades distintas a diferentes saidas dos leitores Opticos, o
algoritmo SeqLotes pode ser complementado com um procedimento que, sem aumentar o
nimero de lotes separados apGs a respectiva hora de corte, procede a troca de lotes no
escalonamento por forma a antecipar, sempre que possivel, o processamento dos lotes com
maior prioridade. O procedimento € apresentado com pormenor em [8]. Apés a execugdo deste
procedimento sdo ainda feitas, sempre que possivel, trocas que tornem consecutivos lotes de
uma mesma saida para evitar operagdes desnecessdrias de esvaziamento das mdquinas e de
mudanga de ficheiros na memoria.

3.1.3 O sistema com duas maquinas - caso do CTC de Lisboa

No CTC de Lisboa existem duas mdquinas idénticas a funcionar em paralelo. Para poder
aplicar o algoritmo SeqLotes a este caso considerou-se uma maquina ficticia com velocidade
dupla da real, gerou-se com ele um escalonamento, Sg, € com base neste escalonamento obteve-
se uma solugfio para as duas mdquinas reais, {S},Szf}, fraccionando cada lote ao meio e
atribuindo cada metade a uma das mdquinas, mantendo a ordem de processamento da méquina
ficticia.

Nas méquinas reais os tempos de processamento sio duplos dos considerados na méquina
ficticia e assim o tempo real de processamento de cada fracgfio (metade de um lote) € igual ao
tempo ficticio do correspondente lote. Como, por construgio, as maquinas s6 ficam inactivas
quando néo existirem lotes disponiveis para triagem, os momentos de conclusio das fracgoes

coincidem com o0 momento de conclusio do lote ficticio.
Sendo {JIkl,JIkz,..., JIkn} o conjunto de lotes disponiveis para divisdo num qualquer

intervalo, I, representando por Jllkm e J%km as frac¢Ges do lote JIkm atribuidas as maquinas 1 e

2, respectivamente, o procedimento pode ser ilustrado como segue (com n = 3):
M;: V ' s's

1 1 1
I L I3
k Kk Kk

M;: V L S,

2 2 2
11 1 2 1 3
k K k

Figura 2 - Escalonamento para duas mdquinas a velocidade V a partir de um escalonamento para
uma méquina a velocidade 2V
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Do ponto de vista teérico o fraccionamento dos lotes ao meio € uma alteragdo muito
significativa, uma vez que se abandona a condigio de nopreemption. Do ponto de vista pratico
nio levanta questdes relevantes e permite, como é mostrado seguidamente na proposigdo P2,
gerar um escalonamento onde o nimero de lotes processados com atraso ndo € superior a um
escalonamento éptimo R construfdo para um sistema com duas méquinas em paralelo.

Proposicido P2

Seja R um escalonamento éptimo para as duas mdquinas iguais em paralelo, M; e My,
gerado sob as condi¢des que se vém admitindo: nopreemption, tempo de funcionamento do
sistema fraccionado em intervalos Iy de duragfo miltipla do tempo de divisdo de lotes com Q
cartas, e onde um lote comegado a processar em Iy € concluido em Iy. Entdo no escalonamento
{S 1f,SZf} o nimero de lotes divididos dentro da hora de corte é pelo menos igual ao de R, isto é:
ny (R) < ny ({S£,87)).

Demonstragio
Considerem-se as tarefas executadas com R num perfodo Iy (1 sk <L), {Jy, 1.Jp; 2.0 J I

e ordenem-se por tempos de conclusio, Clkl SCpas = Cym (1<m<n).
Tome-se agora uma tarefa, J Tw escolhida arbitrariamente, executada, sem perda de
generalidade, em M, que em R é concluida sem atraso. Para o tempo de conclusfo de JIku emR

vem: Clku(R) 2 Ax(k-1) + Z p, sendo X o conjunto formado pelas tarefas processadas
JI ze X
k

em Iy na maquina M; até & conclusio de Jjpu © P O tempo de divisdo de um lote de dimensédo Q a
velocidade real.

Seja Y o conjunto de tarefas em R, processadas em M,, concluidas ndo posteriormente a

Vo Entéo: Cpy(R) 2 A X (k1) + > .
JIkZEY

Considere-se agora um escalonamento S' para a mdquina ficticia com as tarefas realizadas
no mesmo perfodo I e na sequéncia correspondente a CIkl < Clkz ... CIkm’ (1<m<n).

Como se mantém em S’ a ordem de finalizacio e a velocidade de execugio é dupla, vem para o
tempo de conclusdo da tarefa JIku emS'

W , p
Cru(S) =Ax e+ Y, %SAx(k-1)+Max{ JE&YP Jrgéx }
JIkZE(YUX) k k

e daqui
Clku(S ) < Clku(R).
Como JIku ndo estd atrasada em R, entdo também o ndo estd em S'. Entélo, conclui-se da
mesma forma, todas as tarefas realizadas sem atraso em R, qualquer que seja o periodo I,
também o sdo em S'. Por P1 sabe-se que, na maquina ficticia, se tem nyg (S < ny (S¢). Como

em Sp e em {S},5%) os momentos de concluso dos lotes e das respectivas fracgdes coincidem
vird: ngg (R) < ng (S') < nyg (Sp) = ngg ({SESF)). ¢
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3. 2 A alimentagdo das divisoras como um problema de optimizacio de rotas

Admita-se que quando a alimentagdo de uma divisora é mudada de lotes de uma saida j para
lotes de uma saida q (q#j), é necessdrio um tempo (sefup) ndo nulo para proceder a
substitui¢do, sendo este tempo igual a zero se q = j. Se o tempo de execugio de uma tarefa for a
soma do tempo de divisdo de um lote com o tempo de setup da divisora [5], entdo o tempo de
processamento € fungio da forma como os lotes sdo sequenciados nas divisoras.

Escalonamentos com tempos de processamento dependentes da sequéncia com que as
tarefas transitam nas mdquinas do sistema de processamento (Sequence-dependent processing
times), sdo afins aos problemas de optimizagdo de rotas de vefculos [7].

O problema bisico de optimizagdo de rotas com hordrios de servigo (time windows) pode
ser genericamente enunciado como sendo o da determinagdo do conjunto éptimo de rotas que
devem ser realizadas por uma frota de veiculos, sediada num armazém central, para servir um
conjunto de clientes dentro dos seus hordrios de servico. Sdo considerados previamente
conhecidos os hordrios e tempos de servigo dos clientes, as suas localizagdes e encomendas a
entregar, a posi¢cdo do armazém e a capacidade dos vefculos. A fun¢io de desempenho a
optimizar pode incluir vérios critérios (custos fixos relativos aos veiculos, custos varidveis
relativos as distdncias percorridas, penalizagdes relativas a clientes ndo servidos, etc.). Esta
versdo bédsica do problema, bem como um niimero quase infinddvel de variantes, tem sido
objecto de muito trabalho de investiga¢do nos tdltimos anos [4], [6].

Neste estudo, a modelizagdo do problema da alimentagdo das mdquinas de divisdo de
correspondéncia como um problema de optimizagédo de rotas foi feita tendo em ateng@o que se
pretendia resolver o modelo recorrendo ao software comercial Optrak [9], que na empresa € jd
usado para outros fins.

Importa aqui destacar que a variante do modelo de distribui¢io assumido para o Optrak
possibilita atribuir time windows distintas para cada cliente e também time windows
diferenciadas para cada encomenda de um mesmo cliente. Consequentemente, sdo permitidas
miiltiplas visitas a um mesmo cliente. O Optrak suporta, igualmente, a definigdo de um tempo
de descarga (tempo de servigo) para cada encomenda. Um critério de optimizagdo possivel,
aplicdvel neste contexto, € a geragdo de rotas de modo a satisfazer o mdximo de pedidos em
tempo.

Assim, para cada CTC, considerou-se uma rede de caminhos completa, cujos nodos
representam um armazém central e os clientes. Um cliente corresponde a uma saida dos leitores
Opticos e os lotes que se vdo formando em cada saida correspondem as encomendas pedidas
pelos clientes e que sdo guardadas no armazém central.

Divida-se, tal como para o algoritmo SeqLotes, o perfodo de funcionamento em intervalos
1. A partir dos diagramas de carga, jd referidos atrds, conhece-se o nimero médio de cartas
que chega ao CTC para cada destino em cada intervalo Iy. Suponha-se, como anteriormente,
que as cartas recebidas em I apenas estdo disponiveis a partir do inicio de Iy,;. Daqui,
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determina-se o niimero de cartas prontas para dividir no inicio de cada intervalo, para cada saida
dos OCR. Formem-se lotes de dimensdo Q, para cada safda dos OCR com as cartas indexadas
no inicio de cada intervalo, considerando as que sdo insuficientes para formar um lote em I
como se tivessem chegado em I, ;. Entdo, para cada dia de trabalho sabe-se (em média)
quantas “encomendas” existem, no “armazém central” para “entregar em cada cliente” e a serem
entregues num hordrio de servigo definido pelo diferenga de tempo que decorre entre o inicio do
intervalo a partir do qual os lotes estdo disponiveis e a sua hora de corte.

Cada mdquina de divisdo é representada por um veiculo.

Quando um vefculo est4 num cliente q para entregar encomendas, isto significa que uma
divisora estd ocupada a dividir lotes de cartas da safda q dos OCR. O tempo necessério 3
divisiio de um lote de Q cartas € entendido neste modelo como o tempo de descarga para cada
encomenda (tempo de servigo).

Quando se substitui a alimentagdo de uma divisora de uma safda q por uma saida j, o
“vefculo” é obrigado a efectuar um percurso entre q € j.

A manipulagdo das velocidades e das distdncias entre clientes € enire estes e 0 armazém, na
rede de caminhos, permite assegurar que o tempo de deslocagdo entre dois clientes, q € j,
traduza um tempo de setup associado a uma mudanga na alimentagdo numa divisora e que ndo
haja passagens pelo armazém central entre visitas a clientes.

Como cada veiculo pode deslocar-se mais que uma vez a qualquer cliente, uma divisora ndo
separard necessariamente todos os lotes de uma saida dos OCR consecutivamente.

O armazém central € inicio e fim do conjunto de rotas, ou seja da laboragao.

Como se fixa o nimero de vefculos, pode ser impossivel satisfazer todas as encomendas
dentro das janelas temporais exigidas pelos clientes. E entdo objectivo gerar rotas de modo a
satisfazer o maximo de pedidos em tempo.

3.3 A alimentacdo das divisoras como um problema de afectacio

Nas abordagens anteriormente apresentadas considerou-se sempre que a triagem das cartas
¢ feita no CTC correspondente ao CDP de origem, de acordo com a prdtica corrente nos CTT.
Em alternativa podé considerar-se o conjunto de todas as mdquinas de divisdo instaladas nos
trés CTC como um sistema integrado e admitir que a triagem de cada lote pode ser feita quer no
CTC correspondente & origem quer no CTC correspondente ao destino. Para estudar essa
alternativa foi desenvolvida uma modelizagdo baseada no problema de afectagdo que se
apresenta de seguida de forma sucinta.

O problema de afectagdo € habitualmente enunciado como sendo o problema da atribui¢do
ao custo minimo de # tarefas a n pessoas de tal forma que cada pessoa realize uma e uma s6
tarefa e que cada tarefa seja realizada por uma e uma s6 pessoa. Nos casos em que o niimero de
pessoas disponiveis nfo coincida com o nimero de tarefas a realizar podem considerar-se
pessoas ou tarefas ficticias (associadas a custos nulos) para equilibrar o problema. Nos casos
em que se queira impedir a atribui¢do de determinadas tarefas a determinadas pessoas pode



J. M. Nunes et al. / Optimizacdo da divisdo do correio 17

sempre fixar-se os custos correspondentes em valores suficientemente elevados (habitualmente
representados por ©°) para inviabilizar essas atribuigGes. O problema de afectagdo € um
problema tipico de programagdo linear para o qual existem algoritmos de resolugdo
particularmente eficientes [1].

Como cada tarefa tem de ser realizada por uma e uma sé pessoa vamos considerar cada um
dos intervalos de tempo de funcionamento de cada uma das mdquinas de divisdo subdivididos
em subintervalos de comprimento unitdrio (isto €, igual ao tempo necessdrio para dividir um
lote com a dimensdo adoptada na mdquina em causa). Esses subintervalos representam as
tarefas sendo as pessoas representadas por todos os lotes de cartas com origem no conjunto de
todos os CDP (note-se que alternativamente as tarefas poderiam ser representadas pelos lotes e
as pessoas pelos subintervalos).

Para a defini¢do dos custos de afectag@o tem de ter-se em consideragdo um conjunto de
aspectos que se enunciam de seguida.

Cada lote sé pode ser dividido no CTC da 4rea de origem ou no CTC da 4drea de destino
pois ndo faz sentido proceder ao seu transporte para outra drea. Assim, o custo de afectagéio de
um lote aos subintervalos das mdquinas de um CTC que nfo o da sua origem ou o do seu
destino sdo sempre fixados em o°.

A afectagdo de um lote a um subintervalo posterior a hora a partir da qual estd disponivel e
anterior & sua hora de corte tem custo nulo pois representa a situagfo desejada. Note-se que para
um mesmo lote estas horas sdo distintas no CTC da drea do CDP de origem e no CTC da drea
do CDP de destino (a menos, evidentemente, que os CDP de origem ¢ destino estejam
associados ao mesmo CTC).

O custo de afectagdo de um lote a um subintervalo anterior & hora a partir da qual estd
disponivel tem custo e em todos os CTC. O custo de afectagdo de um lote a um subintervalo
posterior a hora de corte respectiva reflecte a prioridade atribufda ao lote sendo fixado num
valor positivo tanto mais alto quanto maior for essa prioridade.

Esta abordagem tem sobre as anteriores a vantagem de permitir que a decisdo de dividir
cada lote no CTC de origem ou no CTC de destino seja tomada em conjunto com a geragéo dos
escalonamentos respectivos permitindo uma gestdo mais integrada do conjunto das madquinas de
divisdo. Tem no entanto o grande inconveniente de ser muito pouco eficiente do ponto de vista
computacional. Como facilmente se constata a percentagem de custos de afectagido
representados por e € extremamente elevada, Assim as implementag¢des usuais dos algoritmos
de resolugdo do problema de afectagdo, baseadas em matrizes quadradas de custos, dificilmente
comportam a dimensdo dos problemas que serd preciso resolver para analisar cendrios reais
para o conjunto de todas as maquinas instaladas nos CTC de Lisboa, Porto ¢ Coimbra.

4. Resultados Computacionais
A aplicagdo dos métodos descritos anteriormente foi realizada sobre o CTC de Lisboa, com
maior volume de trdfego e informagdo mais actualizada (1995).
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O quadro 1 mostra o diagrama de cargas relativo as cartas recebidas. O quadro 2 contém
horas de corte e prioridades (uma safda com o valor u € mais prioritéria que outra com o valor
v < u), por saida dos OCR. Os agrupamentos de destinos em cada saida, as horas de corte e
prioridades s@o arbitradas, dado que a data de realizagdo do trabalho ainda se estava na fase de
instalar os OCR. Os valores de trifego, atendendo aos agrupamentos, sdo factuais.

Itervaloly—> 17 2 3 4§ 6 7T & 9 10 1 12
Howa —» =i 1270 13 14 15 16 . 17 180 19 20 0 2 22 23
Saidas OCR

1 9357 6908 6294 7041 21748 5440 16733 10557 12665 11485 6028 1044
2 3084 2291 2143 2374 7040 1779 5545 3520 4147 3808 2012 340
3 8663 6453 5836 6298 19700 5133 15011 9552 11281 10530 5442 973
4 4083 3022 2841 3044 9451 2431 7173 4599 5383 5078 2728 446
6 . 3843 2881 2618 2947 8994 2340 6963 4370 5011 4759 2429 460
6 " 5080 3789 3472 3848 11872 2947 9180 5769 6671 6298 3202 583
7 6694 5028 4554 4916 15063 3858 11684 7383 8714 8258 4220 780
8 2174 1629 1497 1638 5000 1291 3831 2523 2962 2669 1416 262
9 5328 4076 3574 4002 12358 3100 9538 6119 7076 6845 3368 596

10 1866 1326 1338 1420 4355 1104 3317 2018 2440 2275 1141 186

11 12751 9476 8895 9546 29396 7401 22968 14134 16887 15697 8077 1469

12 2344 1725 1630 1765 5458 1274 4161 2525 30386 2843 1530 283

S48 10586 8162 7408 7872 24665 6462 18846 12064 14128 13409 6773 1255

14 : 30366 22631 20661 22375 69814 17671 53216 33885 39897 37605 18975 3338

15 3370 2559 2271 2582 7761 1967 5791 3862 4427 4242 2095 354
Quadro 1

Diagrama de cargas por saida dos leitores 6pticos

Intervalo >~ 13 4 015 16 17 ¢ 18 19 20 21 22 23 24
" Hora =3 241 2003 4 86 7008 9 10 1
Saidas OCR : : o s

1 1512 3163 2201 993 2456 2659 2298 1198 771 1609 2463 15904
2 S38 1022 726 331 720 864 783 422 256 559 759 5141
3. 1340 2855 2037 920 2009 2385 2116 1135 749 1543 2188 14624
4 684 1324 930 437 966 1147 979 555 351 665 1051 7102
5. 633 1259 863 396 990 1150 @17 532 317 673 1015 6581
8 756 1727 1158 553 1300 1465 1253 667 414 889 1311 8676
7. 1104 2228 1592 665 1610 1887 1611 899 573 1231 1691 11328
8 363 754 527 237 523 583 555 315 187 381 557 3725
9 817 1800 1303 581 1368 1576 1334 €62 431 1004 1380 9141
10 - 265 634 474 218 445 540 486 241 154 320 520 3173
" E 2035 4363 3138 1338 3079 3735 3172 1589 1038 2264 3392 21899
12 © 387 798 561 238 543 646 578 203 178 404 611 4081
SA3 _ 1715 3626 2558 1103 2664 3027 2540 1440 882 1883 2731 18269
A4, Cen 4846 10178 7301 3127 7458 4750 7421 3998 2522 5461 7940 51751
15 533 1187 812 357 844 954 853 442 288 574 835 5903

Quadro 1 (cont)
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Hora Pripridade

deé corte

"' Saidas OCR . '

: R 3H:00M
4H:24
6H:00M

20H:24
1H:36MM

24H:00!
1H:00M
3H:48M
4H:48
10 . OH:24
11 ' 23H: 240
N P ' 2H:24M
13 2H:00!
14 _ 4H:00M
15 4H:48

Quadro 2
Horas de corte e prioridades

-—

O WO DB W N A
-
P R - N N-1E

4.1 Solugdes geradas com o algoritmo SeqLotes

O quadro 3 sumaria os resultados obtidos com o primeiro método proposto para lotes que
sdo submuiltiplos, em tempo equivalente de processamento, de um periodo de uma hora e na
condigdo de prioridades iguais.

Como no CTC de Lisboa existem duas mdquinas idénticas a funcionar em paralelo foi
gerado primeiro um escalonamento para uma mdquina ficticia com velocidade de
60000cartas/hora e depois, com base nele, gerado o escalonamento para duas maquinas com
velocidade de 30000cartas/hora como descrito na secgdo 3.1.3.

O ensaio de lotes de vérias dimensdes, justifica-se pela tentativa de equilibrar argumentos
operacionais, com a procura de tratar o0 maximo de cartas em D+1. Se o niimero escolhido de
cartas por lote for “grande”, a divisora processa, seguramente, cartas de uma saida do leitor
optico, durante um intervalo de tempo largo, sem necessitar de trocas de programas ou
esvaziamento; por outro lado existem perfodos de tempo, como se pode ver no quadro 1, em
que o fluxo de chegadas € reduzido, e corre-se o risco de nenhuma saida do leitor éptico ter
cartas para alimentar as divisoras durante todo o perfodo de uma hora2. Se os lotes forem
“pequenos”, as divisoras estdo sempre ocupadas, mas 2 custa de mudangas frequentes de safda
dos leitores dpticos o que corresponde a alteragdes de programas e esvaziamentos a um ritmo

inconveniente.

2 A nio op¢do por lotes de dimensfdo varidvel foi justificada anteriormente.
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Cartas 1000 - §000 ~ 10000 16000 " 20000 30000
/Lote v - :
cartas. - % .cartas - % cartas - %- cartas % ~cartas: %
Saldas OC : L o . : -
1 120000 78.8]] 120000 7828 120000  78.8] 120000 78.8] 120000 78.8
2 24000 478 15000 299 0 o] 15000 399 0 0
3 72000 518 75000 540 100000 720 90000 57.6] 90000 G438
4 42000 63.2|| 40000 60.1 40000 601 30000 60.1)] 30000 451
5 4g000 785| 50000 80.1 50000  80.1| 45000 64.1)| 30000 48.1
8 62000 756 60000 732 60000 732 60000 732 60000 732
7 82000 765 80000 746 80000 74, 75000 74.7 60000 56.0
8 28000 80.8| 25000 72.1 20000 577 15000 57.7 o o
9 24000 275 30000 344 30000 344 30000 22.0|l 30000 344
10" 23000 76| 20000 662 20000 662} 15000 66.3 0o 0
1" 156000 75.4| 1550000 75.0 150000 72 150000 67.8] 150000 726
12 30000 80.0| 30000 800 30000 80 30000 53.3 0o 0
13 136000 78.7| 135000 78.1 130000 752 135000 69.4|l 120000 9.4
14 230006 474 245000 50.2 240000  49.2] 240000 49.2| 300000 615
18 0 0 0 0 0 0 ) 0 0o 0
Total 1080000  60.6] 1080000  €0.6] 1070000 . 60.0 1050000 57.2]] 980000 555
Quadro 3

de corte e a percentagem corresponde a relagfo entre cartas chegadas e divididas sem atraso.

Cartas divididas sem atraso por dimensdo dos lotes.
Uma mdquina, tempos de preparagdo nulos e prioridades iguais

A coluna cartas representa a quantidade de cada saida do leitor éptico dividida até A sua hora

Em anexo apresentam-se os escalonamentos obtidos para lotes de 1000 e 10000 cartas.
Neles pode observar-se a redugio da percentagem de lotes tratados quando a dimensdo cresce
para 10000 (por insuficiéncia de cartas nalguns perfodos para constituir lotes desta dimensio),
mas a custa de frequentes e indesejdveis alteragdes nas safdas dos leitores 6pticos que

alimentam as divisoras, o que ilustra a importincia da escolha do niimero de cartas por lote.

O quadro 4 apresenta os resultados obtidos aplicando aos escalonamentos do quadro 3 o
procedimento de trocas desenvolvido para antecipar, se possivel, a divisdo dos lotes com maior

prioridade.
. Cartas/ . 1000 800D 10000 15000, 20000 30000
Clote SRR Bhh Bindds ‘
C catas - % . cartas % .. cartas . %: ..cartag. . % ' cartas.. % . cartas . %
Saldas OCR S e e T T ) :
T 120000 7a.8]] 120000 78.8] 120000 78.8] 120000 78.8] 120000 78.8] 120000 788
2 42000 83.7] 40000 797 40000 79.7]l 30000 598l 20000 399 30000 599
o8 115000 82,70 115000 @2.7] 110000 79.1| 105000 75.5| 120000 86.3] 90000 64.8
4 44000 66.2] 40000 60.1 40000 60.1f| 30000 451 40000 60.1)f 30000 45.1
B 49000 785| 50000 80.1 50000 80| 45000 724l 40000 64| 30000 48.1
8 0o 0 0 . 0 10000 12.6 0 0 0 0 0 0
ceg 82000 7658l 75000 700 80000 746| 75000 700 8ooo0 748 60000 S6.0
i 28000 8048| 25000 72.1 20000 577 1so00 433 20000 577 0 0
9 73000 836[ 70000 802 80000 91.7] 60000 688 60000 68.8| 60000 688
10° 23000 76.1f 20000 €6.2 20000 66.2) 15000 49.7) 20000 66.3 o 0
11, 156000 75.4| 155000 75.0f 150000 72.6] 150000 72.6] 140000 6&7.8| 150000 72.6
120 32000 853 30000 80,0 20000 533 30000 800 20000 533 0 0
13 135000 78.1| 135000 78.1 130000 75.2{ 135000 784| 120000 69.4) 120000 694
4 179000 36.6[ 205000 419 200000 409] 240000 49.2) 220000 450 300000 615
15 0 0 0 0 0 0 0 0 0 g 0 0
_Tota) 1080000 60.6]] 1080000 0.6 1070000 60.0] 1050000 688l 1020000 67.2 980000 556

Quadro 4

Cartas divididas sem atraso por dimensdo dos lotes
Uma mdquina, tempos de preparagdo nulos e prioridades diferenciadas
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Pode ver-se, comparando os quadros 3 e 4, que mantendo o nimero total de lotes
divididos, lotes menos prioritdrios (exemplo: 6 e 14), sdo preteridos, sempre que possivel, em
relagfo aos de maior prioridade (exemplo: 2, 3 € 9).

Tomando lotes de menor dimensdo, D = 1000 ou D = 5000, as safdas 2, 3 € 9 tém um
grande aumento de lotes processados quando sdio consideradas prioridades diferenciadas,
relativamente 2 situagfo de prioridades iguais. No entanto, com o crescimento do tamanho dos
lotes, safdas mais prioritdrias mas com menos cartas podem ser “prejudicadas” por outras de
menos prioridade mas com nimero superior de cartas.

4.2 Solugoes geradas com base num problema de optimizacdo de rotas

Nos quadros 5 e 6 apresentam-se os resultados obtidos com o software comercial Optrak
fixando a distdncia entre clientes em 1 km e a velocidade entre clientes em 6 km/h e 12 km/h
para tempos de preparagdo de 10 e 5 minutos, respectivamente, com as prioridades para os lotes
apresentadas no quadro 2.

A opgio por lotes com 15000 e 20000 cartas foi determinada pelos resultados obtidos no
estudo prévio reportado em [8]. Nesse estudo comegou por considerar-se velocidades
extremamente elevadas entre os clientes para anular praticamente os tempos de setup e obter
resultados compardveis com os gerados pelo algoritmo SeqLotes (que se provou serem 6ptimos
nestas condigdes). Nessa comparagio observou-se que para lotes de dimensio inferior a 15000
cartas os resultados se afastavam mais dos obtidos com o algoritmo SeqLotes (embora em
menos de 10%).

120000 120000

30000 598 40000
105000 755 100000 720 90000 648
30000 45.1 40000 604 30000 45.1
450000 721 40000 6441 30000 481
0 0 0 0 0 0
75000 70.0 80000 748 60000 56.0
15000 433 20000 577 0 0
60000 688 60000 68.8 60000 68.8
15000 497 20000 66.2 0 0
150000 726 140000 &67.8 150000 726
30000 80.0 20000 633 0 Q
135000 781 120000 694 120000 694

220000

Quadro 5
Cartas divididas sem atraso por dimenséo dos lotes
Uma mdquina, com tempos de preparagio e prioridades diferenciadas
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Intervalos em minutoes / Sajdas OCR

HORA

12 0 -60 0-60

13 0-60 0-15 15-60
S14 — 514

14 0-30 30-60 @ - 60
— 11 S14

15 0-10 10-15 15-55 55-60 0-55 55 -60
S — hyl — S14 —

16 0-40 40 - 45 4560 0-60
S6 — 85 513

T17 0-25 25-30 30-60 0-60
S5 — 57 S13

18 0-10 10-15 15-55 55-60 0-5 5-60
S7 — 36 — — s

19 0-40 40 -45 45 - 60 0-60
S12 — 54 Sit

20 0-25 25-30 30-60 0-60
54 — S8 S11

21 0-10 10-15 15-55 55-60 0-60
S8 — S7 — SI

22 0-40 40 - 45 45 - 60 0-5 5-10 10-50 50-55 55-60
56 — S5 S1 — S10 — St

23 0-25 25-30 30-60 0-60
: S5 — 510 S

24 0-10 10-15 15-60 0-60
i S10 — 513 51

1 0-35 35-40 40 - 60 0-60
S13 — Si4 S1

2 0-20 20-25 25-60 0-55 §5-60
S14 — hitl 51 —

3 0-60 0-60
S9 s2

4 0-25 25-30 30-60 0-20 20-25 25 - 60
89 — 83 52 — 53

5 0-50 50 -60 0-45 45 - 60
53 — 83 —

Quadro 6

Duas mdquinas, 5 minutos de tempo de preparagdo e prioridades diferenciadas
Escalonamento para lotes de 20000 cartas
4.3 Solugdes geradas com base num problema de afectacio’

Os resultados que se apresentam apenas servem para ilustragdo do método no caso do CTC
de Lisboa jd que, como se disse, niio existem dados actualizados para os dois outros CTC. A
aplicago computacional utilizada foi o TRANSFCL, desenvolvido pela Faculdade de Ciéncias
da Universidade de Lisboa3.

Apenas se trabalha com lotes de 15000, 20000 e 30000 cartas dado o software disponivel
ndo permitir lotes de dimensdo inferior.

Os valores sdo idénticos para uma ou duas mdquinas, dado que o ganho pela duplicagio do
nimero de intervalos usando duas mdquinas € anulado pelo tempo de duracio de cada intervalo
(que passa para o dobro, dado o tempo de processamento de cada tarefa ser multiplicado por 2).

O quadro 7 apresenta os resultados obtidos com os coeficientes de custo fixados de acordo
com as prioridades do quadro 2.

Embora o procedimento de trocas que foi aplicado ao escalonamento gerado pelo algoritmo
SeqLotes, para ter em consideragdo as referidas prioridades, nfo garanta a obtengdo de um
escalonamento ptimo para essas prioridades, é interessante observar a semelhanga entre os
quadros 4 ¢ 7.

3 Biblioteca de programas de Investigagio Operacional, Departamento de Estalistica e Investigagio Operacional,
Faculdade de Ciéncias da Universidade de Lisboa,
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8
598l 40000 30000; :
106000; 755[ 100000 720l  90000: 648
300007 454 40000° 60.1Yf 30000 45.4°
L7124 40000° 64.1[  30000. 481

0 0 0 0
80000 74.6f  60000. 56.0*
20000 57.7 | o'
60000, 6881 60000, 688
20000 66.2 B TR
140000 ' 67.8Y 150000 726
20000 '53.3) o0

126000
220000

120000 69.4°
300000 615
U

Cartas divididas sem atraso por dimensio dos lotes
Tempos de preparagdo nulos e prioridades diferenciadas

5. Conclusées

Para que o avango tecnolégico registado nos equipamentos de indexagio e divisdo de
correspondéncia se traduza num aumento real da produtividade da actividade postal, é
necessdrio resolver um conjunto de novos problemas, entre os quais o da alimentagfo das
divisoras com a correspondéncia proveniente dos equipamentos de indexag#o.

Neste estudo foram propostas trés abordagens para este problema baseadas em modelos
tipicos de investigagdo operacional. Usando para a primeira abordagem um algoritmo
desenvolvido no dmbito deste trabalho e recorrendo a software comercial para as outras duas, €
possivel gerar muito rapidamente solugdes de boa qualidade para viarias alternativas estudadas.

Com o primeiro método, considerando tempos de serup nulos, além dum limite para o
mdximo de cartas que € possivel dividir em D+1, a forma como o escalonamento é gerado
permite uma regra para alimentagdo das divisoras (que € a actualmente usada): os lotes devem
ser escolhidos por hora de corte crescente.

Nio negligenciando tempos de serup, a segunda abordagem possibilita concluir que se nio
deve esperar separar com os actuais equipamentos? muito mais que 55% das cartas em D+1 e
estabelece, se o niimero de lotes e destinos ndo tiver grandes flutuagdes didrias, igualmente uma
disciplina de alimentagio para a triagem.

O estudo computacional realizado, embora ainda limitado ao CTC de Lisboa, permitiu
também obter indicagdes sobre o impacte da dimensio dos lotes formados na indexagdo e das
prioridades atribuidas aos diversos destinos. Espera-se assim que quando estiverem disponiveis
dados actualizados para todos os CTC os métodos desenvolvidos neste trabalho possam
constituir uma ferramenta iitil quer para apoiar a actividade corrente dos CTC quer para detectar
oportunidades de melhorar a qualidade do servigo prestado.

4 A substituir a curto prazo. Acrescente-se que apenas para o correio azul existe a obrigatoriedade de 95% ser
entregue em D+1 e existem linhas de tratamento manual.
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ANEXO
Intervalos em minutos / Saidas OCR
HORA
12 0-4 4-16 16 -21 21-22 22-28 28-31 31-41 41 -43 43 -52 52-54 54 - 60
S4 S1t S6 510 S7 S5 $13 512 St 58 514
13 0-3 3-13 13 -16 16-18 18-23 23-26 26 -34 34-36 36 -43 43 -44 44 - 60
54 Sit S6 S10 87 S5 S13 512 S1 S8 Si4
14 0-2 2-11 11-18 15-16 16-21 21-24 24-32 32-33 33-39 39-41 41 - 60
84 St S6 S10 87 S5 813 S12 S1 S8 S14
15 0-3 3-12 12 -16 16 -17 17-22 22-25 25-33 33-35 35-42 42 -43 43 - 690
S4 511 56 S10 87 85 S13 812 S1 S8 S14
16 0-10 10 -40 40 -52 52 -57 57 -60
54 S11 86 Sio 57
17 6-2 2-9 9-12 12-13 13-29 29-40 40 - 60
54 S11 N3 S10 57 S3 $13
18 0-8 8-31 31-40 40 -43 43 -54 54-60
84 S11 S6 510 S7 S5
19 0-4 4-18 18-23 23 -25 25-33 33-38 38-60
54 S11 b S10 7 S5 813
20 0-6 6-23 23-30 30 -33 33-41 41 - 46 46 - 60
S4 Sit 86 810 S7 S5 813
21 0-16 16-22 22 -24 24-33 33-38 38 -60
St1 36 S10 87 83 513
22 0-8 §-12 12-13 13-17 17-20 20-38 38-59 59 - 60
h13| 36 510 57 S5 S13 S12 St
23 0-1 1-2 2-3 3-60
S1i 57 513 St
24 0-1 1-2 2-3 3-5 5-34 34-55 85 - 60
510 87 85 513 S1 b S14
1 0-1 1-4 4-5 5-8 8-9 9-60
S5 S13 $12 Si S8 514
2 0-1 1-4 4-60
S12 S1 S14
3 0-60
S14
4 0-24 24-48 48 - 60
S2 59 83
5 0-60
S3
Quadro Al
2 b -~ . 3 . .
Uma méquina, sem tempos de preparagio e prioridades iguais
Escalonamento para lotes de 1000 cartas
Intervalos em minutos / Safdas OCR
HORA
12 0-10 10-20  20-50
S11 S13 Sid
13 0-10 10-20 20-30 30-50 $0 - 60
511 87 S1 S14 83
14 0-10 10-20 20-30 30-40 40-60
Sii S6 513 S1 Si4
15 0-10 10-20 20-30 30-40 40 -50 50 -60
54 S11 S7 813 S5 Si4
16 0-10 10 -40 40 - 50 50 - 60
84 S11 36 810
17 0-10 10-30 30-60
S6 $7 S13
18 0-10 10 - 40 40 - 50 50 - 60
5S4 St1 56 57
19 0-10 10-40 40 - 60
si1 S13 512
20 0-10 10-30 30 - 40 40-50 50 - 60
S4 $it 56 87 513
21 0-10 10-20 20-30 30 -50 50 - 60
s 510 byl S13 S
22 0-10 10-20 20-30 30-40 40 - 60
S11 56 57 513 §1
23 6 - 60
St
24 0-30 30-50 50 - 60
S5 S8 38
i 0-60
S14
2 0-10 10-20 20-30 30 - 60
812 St 85 S14
3 0.-60
S14
4 0-30 30-60
89 S3
5 0-60
53

. Quadro A2
Uma mdquina, sem tempos de preparagdo e prioridades iguais
Escalonamento para lotes de 10000 cartas
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AUTOMATIC REFORMULATION FOR GENERAL
MIXED 0-1 LINEAR PROGRAMS

Tim H. Hultberg

Department of Mathematical Modelling
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DK-2800 Lyngby, Denmark

Absfract

The efficiency of solving mixed 0-1 linear programs by linear programming based branch-and-bound
algorithms depends heavily on the formulation of the problem. In seeking a better formulation, antomatic
reformulation employs a range of different techniques for obtaining an equivalent formulation of a given pure or
mixed integer programming problem, such that the new formulation has a tighter LP-relaxation than the original
formulation. This paper surveys the use of automatic reformulation techniques for general mixed 0-1 linear

programs.

Keywords
Mixed 0-1 linear programming, automatic reformulation, branch-and-cut,

1. Introduction

Many practical problems including several well known combinatorial optimization problems
can be formulated as mixed 0-1 linear programs. However some mixed 0-1 linear programming
formulations can be impossible to solve in reasonable time by using standard linear
programming based branch-and-bound algorithms. On the other hand it is known that the
convex hull of the set of feasible solutions to a mixed 0-1 linear program is a polyhedron.
Therefore a mixed 0-1 linear program could in principle be solved by an LP-algorithm if this
polyhedral description was known. Unfortunately it is, in general, NP-hard to find this
polyhedral description. The goal of automatic reformulation is to find, in a short time, an
equivalent formulation with an LP-relaxation which approximates the convex hull of the set of
feasible solutions as well as possible.

The automatic reformulation approach as described in [10] consists of two phases:
preprocessing and cut generation. The basic ideas of preprocessing are described in [11] where
another related technique called probing is also described. The second phase of automatic
reformulation looks for valid inequalities which are violated by some feasible point of the LP-
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relaxation. Adding such inequalities, also called cuts, to the formulation tightens the
corresponding LP-relaxation.

Combinatorial optimization problems formulated as mixed 0-1 linear programs do often
possess a special structure which can be used to characterize families of strong valid
inequalitites. The identification of such families together with so-called separation algorithms to
find cuts among its menbers have recently led to substantial improvements of exact algorithms
for several combinatorial optimization problems [1]. Combinatorial cuts are problem specific by
their nature and will not be considered here. Instead we will review the efforts to extend the
success of reformulation to general mixed 0-1 linear programmin g

The rest of the paper is organized as follows. In section two the mixed 0-1 linear
programming problem is defined and some basic notation and concepts are introduced.
Furthermore the standard LP-based branch-and-bound approach for solving this type of
problem is explained to show the reader the importance of the formulation of the problem when
using this kind of algorithm to solve it. Preprocessing is the subject of section three. Section
four discusses lifting of cuts and 3 different types of cuts which do not assume underlying
structure of the problem: Gomoty cuts, disjunctive cuts and knapsack cuts.

Throughout the paper we will use the following notation, If SCR™ and p(x) is a
proposition defined on R™ then Sp(x) denotes {xe€ S : p(x)}.

2. Background and Preliminaries
A mixed 0-1 linear program, M, is an optimization problem of the form
M : maximize{cx : xe §)
where c is a row vector in R" and S is a subset of {0,1 JP x R™P specified by a system of linear
inequalities, i.e.
S = {xe {0,1}P x RIP: Ax <b)
where AeR™ M and b is a column vector in R™. The variables X1yeees Xp aT€ called the binary
variables and the variables Xp+1»+++» X are called the continuous variables.
We use J to denote the index set of variables {1,..., n}, D = (1,..., p} the index set of the
binary variables and C = {p+1,..., n} the index set of the continuous variables.
Generally the same set of feasible solutions, S, can be obtained by many different systems
of inequalities,

Example 1
LetA=[ % 3  Jandb=[ 3] andlet A=10 1 07and$= 0], Since
{xe {O,l}3 : Ax £b) = (xe {0,1)3 : Ax < 6)
Ax<band Ax < B provides two different formulations of the same set.
Clearly the two problems M; = maximize{cx : xe {0,1)P x er-p , AX £ b) and
M, = maximize{cx : xe {0,1}P x er-p, Ax < b} are equivalent if {xe {0,1}P x R'l'p: Ax £b)
= {xe {0,1}P x er-p : Ax < B). In this case we say that My is a reformulation of M.
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Given a particular formulation of M, we obtain a linear program, LPR, by relaxing the

integrality requirement of the variables xj,..., Xp»
LPR : maximize{cx : xe P}

where
P = {xe[0,1]° x R}P : Ax <b)

We will refer to LPR as the LP-relaxation of M (having in mind that LPR depends upon the

formulation of M).

The optimal objective function values of the two programs will be denoted zy; and zj pg.

zy; = max{cx : xe S}, z; pg = max{cx : xe P}

We note that SCP, since S = PN({0,1}P x R}P). It follows directly that zy; < z pg. The
difference zpj - zy pR is called the integrality gap. If an optimal solution, x*, to LPR,
happens to be in S, x™ is also an optimal solution to M and the integrality gap is zero.

Two different equivalent formulations of a mixed 0-1 linear program will generally have
different LP-relaxations, since {xe {0,1}P x RYP: Ax <b) = {xe (0,1}P x er—p : Ax < B)
does not imply that P;={xe [0,1]P x R'l'p: Ax < b} is equal to Py={xe [0,1)P x R'l'p: Ax < By.
If P,CPy we say that the second formulation of the problem has a tighter LP-relaxation than the

first.

Example 2
(Example 1 continued) The two equivalent formulations have different LP-relaxations, in
particular
(xe(0,1*:10 1 0)xsponc e[ A 5 L ]xs[ 3]
So the LP-relaxation of the second formulation is the tightest of the two.

Definition 1
ox < B is a valid inequality (for S) if ax < B for all xe S

Definition 2 ‘
A cut is a valid inequality aix < 3 such that there exists a & P with of > B
We will generally be interested in cuts which eliminate x* (i.e. such that ax* > B) where x*
is an optimal solution to LPR.
We observe that if ox < B is a cut then

[ <<l ]

is a reformulation of M and that the new formulation has a tighter LP-relaxation.

Since we are maximizing a linear function, an optimal solution to M is also optimal to
maximize{cx : xe convh(S)}. The convex hull of feasible solutions to M, convh(S), is
contained in P for any formulation of M. Standard results from polyhedral theory [8,12] imply
that convh(S) is a polyhedron which means that it can be described by a system of linear
inequalities. In other words, there exist an A and a & such that
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P = {xe[0,11P x R}?: A <5} =convh(S)
This formulation of the feasible region, S, is the best possible since the optimization of any
linear objective function over S can be done by solving a linear program with the set of feasible
solutions defined by P,

2.1 LP based branch-and-bound
When solving a mixed 0-1 program by a linear programming based branch-and-bound
algorithm, the formulation of the problem being solved is crucial for the efficiency. In this
section we shall see why this is the case.
Linear programming based branch-and-bound algorithms for solving M are based on two
basic facts.
For any FCS
1. max{cx : xe F} = max{max{cx : xeFxJ:O}, max{cx : xeFxJ:l}}
This can be used recursively to divide the search for an optimal solution to M into
several smaller subproblems.
2. If max{cx : xe F} < cx for some xe § then F does not contain an optimal solution to
M.
This can be used to eliminate F from further search. If we can find an upper bound
UB on max{cx : x€ F} such that UB < cx for some xe S, it is not necessary to obtain
the exact value of max{cx : xe F} to be able to eliminate F from the search for an
optimal solution. The objective function value of the LP-relaxation of max{cx : xe F})
provides such an upper bound.
Figure 1 sketches a branch-and-bound algorithm for solving mixed 0-1 programs based on
these principles.
ActNodes = {P}
while ActNodes # @ do
pick an element R of ActNodes
ActNodes = ActNodes\{R }
(z*,x*) = (max{cx : xe R}, argmax{cx : xeR})
if z* > z then
if x* S then
(z,x) = (z*,x*)
else
pickal<j<psuchthat0<xj <1

ActNodes = ActNodesU {ij=0,ij=1 }

end if
end if
end while

Figure 1 - Linear programming based branch-and-bound algorithm for solving M
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When the algorithm terminates, x contains the optimal solution of M.

At any point of the execution of the algorithm, the elements of ActNodes are called the
active nodes. P is called the root node. When examining a node, two things can happen: 1) the
node is fathomed (eliminated from further search) 2) the node is substituted by two child nodes
dividing the set of feasible solutions of the node by fixing a binary variable to each of its two
possible values. A node is fathomed whenever a) the solution of ifs LP-relaxation belongs to S
b) the LP-relaxation is infeasible or c) the upper bound given by the objective function value of
its LP-relaxation is smaller than the objective function value of the best feasible solution found
so far.

The tree of nodes generated by the algorithm rooted by the root node is called the search
tree. By the level of a node we will understand the depth in the search tree or equivalently the
number of fixed binary variables. Since binary variables can only be fixed once, the level of
node in the search tree cannot exceed p. If no nodes of level smaller than p could be fathomed,
the search tree would be a complete binary tree of depth p implying the solution of 2P*L1 linear
programs; an impossible task for most problems of any realistic size.

In order to keep the search tree to a manageable size we must be able to fathomed nodes of
levels smaller than p (the smaller, the better). This can be achieved by having both good lower
and upper bounds. The lower bound is the objective function value of the best feasible solution
found so far. For this reason many algorithms include heuristics for finding good feasible
solutions. The quality of the upper bound of each node can be measured by the integrality gap
of the node. As we have seen, the integrality gap depends on the formulation of the problem.
While the integrality gap a descendant node can be bigger than in the root node, it is still true
that a formulation of the root node with a tight LP relaxation will also lead to tight LP
relaxations of the descendant nodes and thereby to good upper bounds.

The strategy for picking the next active node R of ActNodes to examine and the strategy for
choosing a binary variable x; for generating child nodes also affect the size of the search tree.
However, no matter what strategies are used, a tighter formulation of M will still decrease the
size of the search tree and thereby the execution time of the algorithm.

3. Preprocessing

By using only simples bounds on the variables and a single inequality of the formulation of
M at a time, preprocessing techniques can often find a much improved formulation of M
without requiring a big computational effort,

3.1 Successive strengthening of bounds

]; is called a lower and u; an upper bound on x; if I; < x; < u; for all xe S. A lower bound is
said to be stronger than another if it is higher. An upper bound is said to be stronger than
another if it is lower.
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The availability of strong bounds on the variables of MIP is important to many of the
reformulation techniques,

It follows directly from the definition of M that j=0,uj=1for 1 <j<pand lj=0,
uj=o° for p+1 < j < n are lower and upper bounds on x.

By isolating a variable in an inequality we might be able to strengthen the bounds on this
variables. If ajj > 0, isolating Xj in the i'th equality, we get

XS (b; - > ajkXK)/ajj
ke J\(j}

Any upper bound on the right hand side is an upper bound on Xj. Finding the lowest
possible upper bound on the right hand side would involve the maximization of the ri ght hand
side subject to xe S; a problem just as difficult as the original problem. If SC{xeR™ 1 < x <u)
(that is, if 1 and u are lower and upper bounds on x) maximizing the right hand side subject to
xe {xeR" : 1< x < u} will provide an alternative upper bound Xj which is generally not as
strong, but is much faster to find. This maximum is achieved simply by setting each variable x;
for which ay is positive equal to its lower bound and each variable xk for which ajy, is negative
equal to its upper bound.

If ajj < 0,

Xj 2 (b; - > ajkXk)/ajj
ke N\(j}

and a lower bound on Xj can be found in a similar fashion,
We note that if we are able to strengthen a bound on a binary variable, the value of this
variable can be fixed.

3.2 Coefficient reduction
In this subsection we shall drop the row indices when referring to a single unspecified
inequality of Ax < b and let ax < b be a generic inequality of the formulation of M. In other
words we let ax < b represent 2 ajxXg < b; for some 1 £i<m,
kel
Theorem 1
(Coefficient reduction) Let Xj be a binary variable. An inequality ax < b of the formulation of

M can be replaced by

(aj-8)xj+2akxksb-6 (1)
k#j
without affecting the set of feasible solutions if 0 < § < b - max{z Xy : XE ij=0}
k#j
Proof:
(1) is valid for ij=1 for any value of 8. For xe ij=0, (1) becomes z agxg < b - d which is
k#j

valid for ij=0 ford<b- max{z apXy : XE ij=0}. This shows that (1) is valid for S for
k#j
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0<b- max{z apXg : X€ ij=0}. Now let S be the set of feasible solutions after ax < b has
k]
been replaced by (1). ax < b is valid for ijgl for any value of d. For xe ngzo we have

Z axi < b - & which implies z agXxg S b and therefore that ax < b is valid for S, _ for
kj k#j 1

62 0.

The coefficient reduction reformulation suggested by the theorem can be seen to tighten the

LP-relaxation if 8 > 0. The maximum tightening is achieved for 8 = b - max{z apXy
k#j
X€ ij=0}. Obtaining the exact value of max{z Xy : XE ij=0} is practically as difficult as
kaj
solving M itself. Instead we can use an upper bound on max{z Xy : XE ijzo]- Such an
kstj

upper bound can be found quickly by using the bounds on the individual variables.
Combining the bounds on the variables with a few of the remaining inequalities of M can
often strengthen this upper bound without an excessive computational effort.

Example 3
Consider the constraint
10x) + 4%y + 4x3 < 10
of M. Suppose that x, is binary variable and that 0 € x,, x5 < 1 are valid bounds. Then
8xy + 4x9 + 4x3 < 8 can replace the old constraint since the upper bound of 8 on
max {4x, + 4x3 : xe Sy 1=0} is easily obtained from the bounds on x4 and x43. Now suppose
that
Xg + X3 <1
is another constraint in M. Using this "side constraint" we see that
max{4x, + 4x3 : xe §y =0} S 4 so the original constraint can be replaced by
4xq +4xy +4x4 <4
which in turn is equivalent 10 x; + %, + %3 < 1
The theorem can easily be extended to simultaneous reduction of coefficients (Recall that D
is the index of the binary variables and C is the index set of the continuous variables).

Theorem 2
An inequality ax <b of the formulation of M can be replaced by
Z(aj-ﬁj)xj+ Zanij— 2 83 2)
jeb jeC jeD
where 0 < §; < max{0,b - max{kz' ARXy : XE ij=0}} without affecting the set of feasible
#]

solutions.
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Theorem 3
(Subset coefficient reduction) Let x; be a binary variable and let ax < b an inequality of the

formulation of M. If KC1J such that j¢ K and {i: a; < 0}CK then

(@j- O)xj+ ), ax Sb-d 3)
keK
is a valid inequality when 0 < 6 < b - max { Z agX : XE ij=0}.
keK

Proof:
The inequality ajx; + Z agXy < b is implied by ax < b. Now the theorem follows by
keK

applying coefficient reduction on the implied inequality.

Example 4
Let x,€ (0,1} and 0 < x,X3,X4,X5 < 1, and consider the inequality
3Xp+ X+ X3+ X4+ X554
By choosing K = {2,3,4) we obtain the valid inequality
2Ky +Xg + X3+ %4 <3

which is not available by simple coefficient reduction.

4, Cut Generation

4.1 Lifting of cuts

Algorithms which combine branch-and-bound and automatic reformulation are called
branch-and-cut algorithms. Automatic reformulation can in principle be applied at any node of
an LP based branch-and-bound algorithm. However the fact that cuts generated at one node are
not generally valid at other nodes makes this approach computationally unattractive. Lifting
provides a technique to overcome this drawback by obtaining a globally valid inequality from
an inequality valid only at a given node.

Theorem 4
Let ax < B be a valid inequality for ij=0- Then Gijx; + g oyxy <P is a valid inequality for
)
Sif 6 <b- max{g Xy £ XE Syoy).
J

Proof:
To show that the inequality is valid for S = ij=0 U ij=1 we must show that it is valid for
both ij=0 and ij=1~ x; + Z oy X < B is valid for ij=0 for any value of &;. For
k#j
x€ Sy, Gjx; + >, ayxy =6+ ), ayxg <P which is valid for Sxj=1 if @ S B -
k#j k#j

max(z OXk * X€ Sy.=1).
k#j !
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The strongest inequality is obtained for &; < B - max( ), ogxy : xe SX =1). But normally
) = kAk
k#j

we will be satisfied with a value obtained from a relaxation of the maximization problem.
If ox < B is a valid inequality for SX =) We can obtain a valid inequality for S by applying

the theorem with x; complemented (o < B is valid for Sk =1 Where Q =1-x)).

If a valid inequality is given for a subset of S with more than one variable fixed, a valid
inequality for S is obtained by sequentially lifting each of the fixed variables. Generally,
different valid inequalities can be obtained by varying the order in which the fixed variables are
considered for lifting.

Example 5

Let S = (xe {0,1)* : 13%; + 11x4 + 11xg + 10x4 < 32). We see that x, + x3 < 1 is a vlid

inequality for Sy, _; =0 = {(xp%3) (0,1} 1 11x, + 11x3 < 19)

1. By lifting x, + x4 < 1 for &; we get &, = 1 - max{x,y + x5 : S;Ql:l‘u;o} =1-2=-15s0
the inequality becomes -(1 - X;) + X, + X3 S 1 or X; + Xy + x3 < 2. Lifting this for x4 we
get 0y = 2 - max{x; + Xy + X3 : Sx4=1} =2 -2 =0, so the valid inequality for S becomes

X4 -+ X9 + X3 <2

2. Lifting X, + x4 < 1 for x4 first, we get Oy = 1 - max{xy + x3 Sflzo’x‘i:l} =1-0=1,
so the inequality becomes x, + X3 + X4 < 1. Lifting this for &; we get &; = 1 - max{x; +
Xg + Xyt Sf1=1} =1 - 3 =-2 so the valid inequality for S becomes -2(1 - x;) + Xy + X3 +
x4 S 1lor

2Xy + Xy + X3+ %4 €3

4.2 Gomory cuts

Gomory [7] pioneered the idea of adding valid inequalities to a given integer linear
programming formulation in order to tighten the LP-relaxation until an integer optimal solution
is obtained. A Gomory cut, violated by the current solution of the LP-relaxation, can be
obtained for each fractional variable within it. Although the Gomory cuts are not immediately
applicable to mixed 0-1 linear programs, the idea can be extended to this type of problem [3].

Let x* be the optimal solution of the LP-relaxation of the current formulation of M and let B
be the corresponding basis-matrix. Let x; be a binary variable such that x}‘ is fractional. Let
y = e?B"lN (i.e. the i'th row of the optimal simplex-tableau) where i is the position of x; in the
basis. The i'th row of the optimal simplex-tableau reads

i+ 2, YKkt D, Yikk = Xj
ke Dy keCn

where Dy denotes the non-basic binary variables and Cy denotes the non-basic continuous
variables including slack-variables. Let {a) denote the biggest integer less than or equal to a and

let f(a) denote a - la). Then the simplex-tableau rows can be rewritten as

Xj + D lydxi+ Y, flyoxg + > YKk = Xj
keDyn keDy keCy
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The first two terms on the left side are integer valued for any feasible solutions to M. So we
get

>, fo0xc Y, ik = % (mod1)
ke Dy keCy
This relation remains true if we subtract the integer Z xi on the left side, for some subset

ke ﬁN
ﬁN of Dy
> fyox+ Y E (v - Dxy + Y yixg = Xj (mod1)
ke Dy\Dy ke Dy keCn
For this to be true, at least one of the following two conditionsmust be true. 1) the sum of
the non-negative left hand side terms is greater than or equal to x}‘, or 2) the sum of the negative
left hand side terms is less than or equal to x}‘ - 1. To realize this, assume that both conditions
are false, i.e. that the sum of the non-negative left hand sides is strictly less than x}' and the sum
of the negative terms on the left hand side is strictly greater than x}‘ - 1. It follows the total sum
of the left hand side terms is strictly between xj - 1 and x3 and therefore cannot be equal to xj
modulo 1.
We get
> fyx + D, Vike 2 Xj
ke DN\Oy keCy
or
2 E0 - Dxg+ D, yoxg <x§ -1
ke ﬂN keCy
where Cpj = (ke Cy @ v > 0} and C = (ke Cp : yi < 0}.
Multiplying the last inequality by -1, dividing both inequalitites by their right hand side and
finally adding them yields
y W, .5 lf(y“) et Y y*xk— k> 1 )

keDN\Dy ) keBy | % keCh ™ keCy b
The left hand side is zero for the optimal solution to the LP-relaxation, since all the
variables are non basic, hence the inequality is a cut.
For each ke Dy we can choose to put k in ISN or not. The strongest possible cut is obtained

when the coefficients on the left hand side are as small as possible, so k should be putin ﬁN if

1-f
N ()sz) is less than {(LL) Thus it can be seen that the strongest cut is obtained for
J J

D = (ke Dy : f(yg) > x})

An important property of Gomory cuts for mixed 0-1 linear programming is that they can
easily be lifted. Suppose, for example, that (4) is a Gomory-cut for S x=0 where x; is a binary

variable. By setting Dy =Dy U (1} and y; = TB IAJ the inequality (4) becomes valid for S.
This can be seen by considering the LP-relaxation of M with the constraint x1 £ 0 added. By
pivoting the slack variable of this constraint into the basis, x| becomes non basic and the
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validity of the proposed cut follows. Variables fixed at one can be treated similarly. Note that
this property is not inherited by mixed integer linear programs because an integer variable
which has been used to branch on might not continue to be non basic deeper down in the
branch-and-bound search tree.

4.3 Disjunctive cuts
Disjunctive cuts [2] arise by considering valid inequalities for the set of feasible solutions of
so called disjunctive programming relaxations of M.

Definition 3
Let d be a row vector in ZP. Define
P(d) = convh(Pyp<o U Pyxp>1) (5)
and
DPR: maximize{cx : xe P(d)} (6)
DPR is called a disjunctive programming relaxation of M.
To see that SCP(d) and thereby that DPR is indeed a relaxation of M, we note that dxp is
integer valued for all xe S 50 § = Sgyp<o U Sgxpoi-
S = Sqxp<o Y Suxpz1 € Paxpzo Y Paxpz1 € convh(Pyyy<o U Pyypy>1) = P(d)
We also note that P(d)CP.
The usefulness of P(d) lies in the fact that valid inequalities for P(d) can easily be
characterized,

Lemma 1
Let P = {(xe R} : Ax <b).
ox<PisvalidforP o IA20:a<AAand Ab< P

Proof:
"e=": Assume A is such that o < AA and Ab < B. For xe P we get ax < AAx, since x = 0
and AAx < Ab, since Ax Sband A 2 0. Le. we have ax < AAx <Ab < B.
"=": Suppose that ox < 3 is valid for P. Duality gives us that
max{ox : Ax<b,x 20} =min{yb: yA <a, y20)
Let x*, y* be optimal solutions to the two LP problems above. Then y* 2 0, y*A 2 o and
y*b=ox" < B since x*e P. Hence A = y”* fulfills the conditions.

Theorem 5
Let a.e R" and Be R. The inequality ax < B is valid for P(d) if and only if there exist row
vectors u,v 2 0 and scalars ug,v = 0 such that

o Sulk + ugld 0y p] 0]
ub < B (8)

o< VA - vgld 0] ©
vB<B + v | (10

1)
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whereA=[I 18 ]and3=[1b ]
pxXp “pXxn-p p

Proof:
First note that

A
deDsoz {XER::[ d On-p ]XS[ (6) :I}
and

Paxp>1 = {xeRﬂ:[ -d lgn.p ]xs[ _31 ]}

and that ox < P is valid for P(d) if and only if it is valid for Pyxp<o and for Pgyp>y. Now the
theorem follows by applying the lemma for Paxpzo and Pyy;y>1.

For a given d the theorem characterizes a family of valid inequalities for S. We would like
to find a cut, ox < 3, from this family of valid inequalities which eliminates x* i.e. such that
ax® > B. To this end we consider the LP

DISJ: maximize{ox" - B : u,ug,v,vg 2 0, (8),(9),(10),(11)}
which clearly has a solution with strictly positive objective function value if and only if such a
cut exists. However if such a cut exists, DISJ is unbounded as any positive multiple of the cut

is also a cut. Therefore, in order to use DISJ to find a cut we additionally impose the
normalization constraint 2 loyjl < 1. This normalization constraint can easily be linearized so
jel

that DISJ remains an LP,

Now suppose that we have found a disjunctive cut, ax < . We will show how to
strengthen this cut by possibly increasing some of the a}s. Note that for je D,

o = min[uAej + ugd;, vAe; - vodj}. (12)

Each d; can be individually adjusted in order to increase the value of a; if possible. Note
that the new cut satisfies all the constraints of DISJ (without the normalization constraint) and is
therefore valid.

4.4 Knapsack cuts

Knapsack cuts [6] arise by considering a single inequality at a time. They can be expected
to be particularly effective when the problem is sparse.

From a given inequality apxp + acxc < b from the formulation of M, we can obtain a valid
inequality, apxp <b, in the binary variables only, where b is a lower bound on b - acxc. Such
a bound can be found quickly from the bounds on xc. This inequality can be turned into a
knapsack constraint by complementing the variables for which a; is negative. For example
{x1,x2€ {0,1} : -2x; + x, < 0} becomes {x;,x,e {0,1) : 2(1 - x;) + X, < 2} and then
{%y,x2€ {0,1} : 2%, + X, < 2} introducing X; = 1 - x,. In the following we will assume that

apxp<b (13)
is a knapsack constraint obtained from M in the way described above. A cut obtained with
complemented variables can readily be expressed in the original variables.
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Definition 4
The pair (U,t) with UCD and te D\U is called a(l,k)-configuration with respect to
apxp S bif

ZajSB

jeU
and
a, + Z a;>b
j€Q
for any subset Q of U with k elements and
a; + Z a <b
j€R

for any subset R of U with k-1 elements. If [Ul = k then UU{t} is called a minimal cover.

Theorem 6
Let (U,t) be a (1,k)-configuration with respect to apxp < b, k <1 <|Ul and let T be a subset
of U of cardinality r. Then

(r-k+1)xt+2ijr (14)
jeT
is a valid inequality.
Proof:
Clearly _Z,ij <k - 1is valid for Sxt=1. Lifting this inequality for Qt we obtain the lifting
JE

coefficient o =k - 1 - r, since r is an upper bound on max | Z Xj : X€ S g1}, This shows
jeT
that (k-1-1) (1-x%,) + ijsk- 1 is valid for S.
jeT
Example 6
Consider the knapsack constraint
13%) + 11xy + 11x3 + 10x4 <32
U = {2,3,4}, t =1 is a (1,2)-configuration with respect to this constraint since a, + a3 + a
=11 + 11 + 10 < 32 and a; + aj; + aj; > 32 for any j, # je S. Choosing r = 3 and
T = {2,3,4} we obtain the valid inequality
2X; + Xy + X3+ x4 <3
In example 5 we saw how this inequality can also be generated by lifting the inequality
Xy + X < 1 which is a valid minimal cover inequality for Sy - x,=0-
To generate a cut from this family of valid inequalities for the knapsack constraint, we need
a procedure to identify a minimal cover inequality violated by x*. Such a procedure is provided
by the following knapsack problem

MC: min{.z (1 - xj)si: z a;sj > b, se (0,1}P)
jeD jeD



40 T H. Hultberg / Automatic reformulation for 0-1 linear programs

It can be seen that the set of indices, j, such that §j = I in the optimal solution to MC is a
minimal cover inequality violated by x* if and only if the optimal objective function value is less

than one.
Another approach for generating knapsack cuts is presented in [6]. For any ue RJE, ueR,

jg:) lugaj + ujlx; < lu05+j§3ujj (15)
is valid inequality for S. Note that (15) is obtained by rounding down the coefficients of a linear
combination of the source knapsack constraint and the upper bound constraints of the binary
variables (i.e. it is a Chvatal-Gomory cut). A separation procedure (i.e. a procedure for finding

a valid inequality violated by x*) based on this family of valid inequalities can be stated as

&
SP: max{'z luga; + uj)xj - lugh + z uj) @ uug 2 0}
jeD jeD
This problem can be stated as an integer linear program. As in section 4.3 we need to include a
normalization constraint to make SP bounded. We can use (ugh + Z U J =K for some integer
jeD
K as a normalization constraint. Then the separation problem becomes

max{ox” : o < uga +u, ugh + 2 uj - 1+e<K,uuy20, oF integer, 1 <j<p} (16)
jeD
where e is some small value (for example e = 0.001). Instead of solving this integer linear
program we can use the relaxation obtained be replacing the integrality requirement on oy by

a; 2 1 for all j's.

6. Conclusion

Inspired by the recent success of branch-and-cut methods for several hard combinatorial
optimization problems, there has been a renewed interest in the application of these methods to
general mixed integer and 0-1 linear programs. Each of the automatic reformulation techniques
presented in this paper has the potential to strengthen the LP-relaxation, leading to considerably
reduced execution times for solving general mixed 0-1 linear programs, but the actual gains
which are obtained are highly problem dependent. It therefore seems advisable to combine
several of these techniques in order to achieve a robust algorithm for solving general mixed 0-1
linear programs.
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Abstract

In this paper, the optimal path problem will be studied from a global point of view and having no
restrictions imposed on the network. The concepts of boundness and finiteness will be presented for the general
problem and will be studied in two particular cases. Special emphasis will be given to the optimality principle
since it allows one to design a class of algorithms - the labetling algorithms - which determine an optimal path
when the weak optimality principle is satisfied. Its importance will be stressed by iwo problems which, in its
turn, are similar in their description and completly different in what concerns their resolution.

Resumo

Neste artigo, o problema do trajecto Gptimo serd estudado dum ponto de vista global ¢ sem que sejam
impostas restrigdes a rede. Os conceitos de limitagfo e finitude serdo apresentados para o problema geral e
estudados para dois casos particulares. Serd dada &nfase especial ao principio de optimalidade, dado que nos
permite a concepgo de uma classe de algoritmos - os algoritmos de rotulagfio - que permitem determinar um
trajecto Gptimo quando se verifica o principio da optimalidade fraca. A sua importancia serd realgada com dois
problemas que, semelhantes na descrigfio, s#o completamente diferentes no que respeita ao modo de resolug#o.

Keywords
neiwork, path, optimality principle, labelling algorithms,

1. Imtroduction

In the optimal path problem, a real function is considered which assigns a value to each
path that can be defined between a given pair of nodes in a given network; a path with the best
value in a subset of paths between that pair of nodes is what has to be determined.

As far as it is known, the optimal path problem has not been regarded in the literature as a
general problem; that is, the optimal path problem has not been studied considering a general
objective function. Several instances have merited consideration from researchers, although
most of them assume some restrictions in the network, which imply some loss of generality.

In this paper the optimal path problem is considered from a global point of view and
without any restrictions. As a consequence, boundness and finiteness have to be defined and
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studied. As far as it is known, no paper deals with these two important concepts, perhaps since
the usually assumed restrictions are sufficient to assure both of them.

The importance of the Principle of Optimality is also emphasized in this paper, since it is the
support of a class of algorithms - namelly, labelling algorithms - largely studied for some
instances of the optimal path problem. However, no authors are known which validate labelling
algorithms with that principle. In this paper its importance is stressed by two problems which
are similar in their description and completely different regarding their resolution.

Two classes of optimal path problems can be considered: the unconstrained path problems
and the constrained ones. While in the former no constraints are considered, in the laiter, the
optimal path has to satisfy a given set of constraints, [1,11]. As an example of the constrained
optimal path problem one can point out the classical travelling salesman problem, [9], in which
only paths defined from one node to itself and passing through each node exactly one time can
be considered as feasible solutions. )

Among the unconstrained problems the classical shortest path and the maximum capacity
path problems can be referred to as an example.

Different types of problems can also be considered; for example, ranking paths problems,
[10, 14], and multiobjective path problems, [15]. In the first one, it is intended to determine not
only the best path but also the K best paths by order of their values. In the multiobjective path
problem a vectorial real function is given and a set of paths has to be determined, being all of
them considered as optimal.

2. Notation and definitions

Let (N,A) denote a given network, in which N = {vy,..., v,} is a finite set composed of n
elements known as nodes and A = {a,,..., a,} € N x N is a finite set composed of m
elements known as arcs. Sometimes i will simply be used to represent the node v;. Each arc
age A can also be identified by a pair (i,j), where i,je N.

Let i and j be two nodes of (N,A); if all pairs (i,j) in (N,A) are ordered, i.e., if all the arcs
of the network are directed, (N,A) is considered as a directed network: if all pairs (i,j) are not
ordered, then (N,A) is an undirected network.

With no loss of generality, from now on, one will consider that (N,A) is a directed
network; it will also be assumed that there is at most a single arc between each pair of nodes in
the network and that there are no arcs of the form (i,1), in which ie N. Notice that these
assumptions do not imply some loss of generality, since any network is easily transformed in
order to satisfy them,

Let s and t be two different nodes of (N,A), the initial and the terminal node respectively. A
path p from the node s to the node ¢ in (N,A) is an alternating sequence of nodes and arcs,

which has the formp = <s = v, a, v,..., ay |, vy =t>, where £ > 2, and:
e vikeN, for any ke {1,..., £);
o ag = (W, V)EA, forany ke {1,..., £-1).
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For convenience, sometimes a single node i is considered as a path <i>.

Pjj denotes the set of paths defined from i to j in (N,A), for any i,je N. In order to simplify,
P will denote the set Py. From now on, Pg; and Py, are assumed to be nonempty whatever node
iin (N,A). Once more, there is no loss of generality with these assumptions, since some node
ie N, for which Pg; = @ or Py = @, can be removed from the network.

A loopless path from s to t is a path from s to t where all the nodes are different and a loop
(or cycle) is a path from a node to itself, where all nodes are different, except the first which is
also the last.

Let pe Pyx be a path from u to x and qe Py, a path from x to v. The concatenation of p and
q, denoted by pdq, is a path from u to v formed by p until its node x, and followed by the path
q from x to v. Given a cycle C, the k-cycle concatenation can be defined by ck= Ck"IOC, with
k21landC%a single node of the cycle C.

A finite path is a path with a finite number of nodes (and arcs).

3. The optimal path problem

In the optimal path problem, it is given a directed network (N,A), in which r = 1 real
values, ci]j,. ‘e C'{j, are associated with each arc (i, j)e A. These values are denominated costs of
(1,j). It will also be considered a real function f : P — R, denominated objective function (or
cost function), in such a way that, for a given path p, f(p) depends on the costs associated with
the arcs of p.

One intends to determine a path p*e P* (P* € P) which optimizes a given function f in P*,
i.e., in such a way that f(p*) = opt{f(p) : pe P*}. The path p* is an optimal solution for such a
problem. .

Notice that f : P — R is not defined, since its definition depends on the instance to be

studied.

3.1 Boundness and finiteness

An optimal path problem is finite if there is an optimal path with a finite number of nodes;
otherwise, the problem is said to be non-finite.

When an optimal path problem is non-finite, its optimal solution is considered to be the
limit of a sequence of paths, which is associated with a sequence of objective function values
converging to the optimal one.

An optimal path problem is bounded if for any optimal solution p*, f(p*) is a finite value;
otherwise, the problem is unbounded.

3.2 Examples of optimal path problems

In this section, three examples of optimal path problems will be presented. In the first two
cases, it will be considered that r = 1, i.e., to each arc of the network is associated one single
value; in the last one, r = 2.
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3.2.1 The shortest path problem

The shortest path problem is a classical network optimization problem, which has been
intensively studied since the fifty's. Hundreds of papers about this problem can be found in
specialized literature; among them we call readers attention to [2,4,5,6,7,12,13,15].

It is associated to each arc (i,j) of (N,A) the real value Cjj€ IR, designated as cost or as
distance of (1,j). It is still considered the objective function defined by

c:P->R:p—ochps= .ZCijzz Cij-
(iy)ep p

In the shortest path problem it is intended to determine a path p* from s to t in (N,A) in
such a way that ¢(p*) is minimum, i.e., c(p*) < c(p) holds for any path pe P.

In Theorem 1, it will be proved that the shortest path problem is finite if and only if there
are no negative cycles (cycles with negative cost) in the given network.

Theorem 1 Let us assume that Py and Py are nonempty sets for any ie N. The shortest path
problem is finite if and only if ¢(C) 2 0, for any cycle C of (N,A).

Proof: Let C be a negative cycle, that is, c(C) <0 and let i be a node of C. Since Pg; and
P;; are nonempty, there is p;, a path from s to i, and p,, a path from i to t, in
(N,A). Denoting by p;0C%p, the path p;0p,, one concludes that Pk = p1<>Ck<)p2,
with k 2 0, is a sequence of paths from s until t and c(py) = c(p,) + c(Ck) + c(py).
It can be concluded that

Jm, e(py) = o(py) +¢(C) lim k + c(py) = -e°.

Then, the optimal path is p., = limy_,., pg, which means that p., is not finite. Since cjj is
finite for any arc (i,j), then the shortest path problem is not finite,

Let us consider now that ¢c(C) 2 0 for any cycle C of (N,A) and let p* be an optimal path.

If p* has no cycles then p* is a loopless path; therefore it has no repeated nodes and it is
finite, too.

Considering now that p* has, at least, one cycle, then p* = p;0C0p,. If ¢(C) > 0,
c(p*) > ¢(p;¥p,), then p* would not be optimal. So, it can be concluded that c(C) = 0; but
since c(p*) = c(p;¥p,) then p,0p, is also an optimal path, and p* has one more cycle than
P19p,. If this procedure is repeated over and over again, it is possible to remove all cycles from
p”* and a loopless path will be obtained, which will still be an optimal solution to the problem.
Once again, it could be concluded that this is a finite solution. ¢

From Theorem 1 the following results are immediate.

Corollary 1.1 The shortest path problem is not finite if and only if it is unbounded.

Proof: If the shortest path problem is not finite, then there is a negative cycle, C, in
(N,A). Let one considers pe. = limy_, o, py, With p = p;0C¥0p,, in which
pi€ Py, pr€ Pj and i is a node of C. Then ¢(pe) = -> and the shortest path
problem is unbounded. If the shortest path problem is finite, then the optimal path
has a finite number of nodes and arcs; therefore, it has a bounded value. ¢
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Papers in the literature usually assume the non existence of negative cycles, or even that
cij 2 0 holds for any (i,j)e A. From Theorem 1 and Corollary 1.1, it results immediatelly that,
under this assumption, they need not study the boundness and finiteness of the shortest path
problem. ‘

Corollary 1.2 There is a loopless path which is a shortest path problem optimal solution if
and only if ¢(C) 20, for any cycle C in (N,A).

Notice that, even if there are no negative cycles in (N,A), there can still be non-finite
optimal paths, as long as, it exists a cycle with zero cost with a node belonging to a shortest
path, as it can be seen in Figure 1. In fact, the cost of the shortest path from s to t in (N,A) is 2,
and there are several shortest paths in this network. Some of these paths are finite, for example
¢s,1,ty, which is also a loopless path, while limy_,,co (s,l)OCk0< 1,ty, where C = ¢1,2,1» is

not finite, but it still has cost 2 since ¢(C) = 0.

Figure 1 - Network (N,A)

3.2.2 The maximum capacity path problem
Concerning each arc (i,j) of (N,A), one can associate with it the value € R™, which is
designated as the capacity of the arc (i,j). The objective function is defined by
u:P—>R":p—u@)= min (u;) = min{u;}.
(iyep p
In the maximum capacity path problem, [8], one intends to determine a path p* from s 0 t
in (N,A), in such a way that u(p*) is maximunm, i.e., u(p*) 2 u(p) holds any path peP.
In Theorem 2, it will be proved that the maximum capacity path problem is always finite,
and that this does not depend on the given network.
Theorem 2 Let one assume that Py; and P, are nonempty sets for any ie N. The maximum
capacity path problem is finite for any network (N,A).
Proof: Let p* be an optimal solution to the maximum capacity path problem in a given
network (N,A). Then u(p*) = u(p) for any path pe P.
If p* does not contain cycles, then it is a loopless path and the problem is finite.
Let one assume now that p* has, at least, one cycle, i.e., p* = p;0COp,. Then:
u(p*) = min{u(p;),u(C),u(p,)} < min(u(p;),u(pz)} = u(p;0p,).
Since p* is a maximum capacity path, then u(p*) = u(p;0p,) and p* has one more cycle than
P19p2; s0 p10p;, is also an optimal path. If this procedure is repeated over and over again, it is
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possible to remove all cycles from p*, and thus to obtain an optimal solution that is a loopless
path, which is, in its turn, finite, é
The following result is now immediate.
Corollary 2.1 Under the assumptions of Theorem 2, there is a loopless path that is an
optimal solution to the maximum capacity path problem.
Notice that, similarly to the shortest path problem, non-finite optimal solutions to the
maximum capacity path problem can be obtained.

3.2.3 The problem of the shortest path per unit of time
It is associated with each arc (i,j) of (N,A) a pair of values (cij,tij)e RxR ", denominated,
respectively, the cost and the time of arc (i,j). In the problem of the shortest path per unit of
time, one aims to determine a path that minimizes an objective function defined by
c

f;p_)]R;p_.)f(p):ZD—ii,
Zptij

As Figure 2 shows, this problem can be non-finite and bounded simultaneously.

0,1)

@ (,1) (LD

Figure 2 - Network (N,A)
In fact, the optimal solution for the problem of the shortest path per unit of time from s to t
in (N,A) is peo = limg_,, e Py, in which py = <s,1)0<1,2,1>k0<1,t>, and po. is an non-finite

path, However, as c(py) = —1—-1_;12 » path peo = limy_, oo py has finite cost since ¢(pe,) = limy_, o0

1
1—+E=O.

4. The optimality principle

Some optimal path problems satisfy one or two principles which are known as the stron g
and as the weak optimality principles which will be stated bellow.

Strong optimality principle: Every optimal path is formed by optimal subpaths.

Weak optimality principle: There is an optimal path formed by optimal subpaths.

According to these principles, an optimal solution can be determined by finding successive
optimal subsolutions. As a consequence, when an optimization problem satisfies the strong
optimality principle, a labelling algorithm can be used to solve it. However, labelling algorithms
can be applied only if there is an optimal path under those conditions, and they do really
determine this optimal path. Then it can be concluded that if a problem satisfies the weak
optimality principle, even so, it still can be solved using a labelling algorithm.
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It can be easily noted that an optimal path problem which satisfies the strong optimality
principle, also satisfies the weak optimality one.

Conditions are established in the next theorem in order to assure that the shortest path
problem verifies these two principles (and therefore it can be solved by a labelling algorithm).
Theorem 3 The shortest path problem satisfies the strong optimality principle if and only if

there are no negative cycles in (N,A).

Proof: Let one assume that there is a negative cycle C in (N,A). From the proof of
Theorem 1, peo = limy_ 0Py, in which py = pIOCkOp2 is an optimal solution to
this problem. Then q = pIOCk is a subpath of p.., even though it is not an
optimal subpath since c(qy) > c(qk,1), and then, in this case, the shoriest path
problem does not satisfy the strong optimality principle.

Let one now consider that ¢(C) = 0 for any cycle C in (N,A). Then the shortest
path problem is finite and an optimal path, p*, can be chosen which can be
regarded as containing a non-optimal subpath, ge Py; i.e., c(p*) < c(p) for any
path pe P, and p* = p;0q0p,. Let q* be an optimal path from u until v; then
c(q™) < c(q) because q is a non-optimal snbpath. Considering now the path
w = p;90q*0p,e P, once c(w) < c(p*), it can be concluded that p* would not be
an optimal solution as assumed. Consequently, p* is formed by optimal subpaths.
¢
Corollary 3.1 The shortest path problem satisfies the weak optimality principle if and only if
there are no negative cycles in (N,A).

Notice that the non existence of negative cycles in the network is a necessary and sufficient
condition for the weak optimality principle to be satisfied by the shortest path problem.

It can also be noted that the maximum capacity path problem satisfies the weak optimality
principle (and therefore it can be solved by a labelling algorithm).

Theorem 4 The maximum capacity path problem satisfies the weak optimality principle.

Proof: Let p* be an optimal finite solution to the maximum capacity path problem, i.e.,
u(p“) = u(p) for any path pe P. Based on Corollary 2.1, one can assume that p* is
a loopless path. Let one suppose that p* has a subpath, qe P,,,, which is not
optimal, i.e., p* = p;0q0p,. There is then a maximum capacity path from u to v in
(N,A), q*, which is loopless and

u(p10q™0p2) = min {u(p,),u(q"),u(p)} > min{u(py),u(@),uPz)) = u@*).
This means that p;0q*0p, is also an optimal solution to this problem. If all the
subpaths of q* are optimal, the new path has one more optimal subpath than p*
and this process can be repeated until a path that contains only optimal subpaths is
obtained. If q* still contains non optimal subpaths it is also possible to remove
them in a similar way. Once p” is a loopless path and there is a finite number of
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loopless paths in (N,A), this process is also finite, and when finished, an optimal
path, containing only optimal subpaths, will be obtained. ¢
In general, the maximum capacity path problem does not satisfy the strong optimality
principle which will be shown in the problem described in Figure 3.
The following figures exemplify these results. The first one, Figure 3, represents a network
(N,A), in which a pair (cij,uij)e RxIR* is associated to each arc (i,)); that is, the first value of

this pair represents the cost of (i,j) and the second one represents its capacity.

Figure 3 - Network (N,A)
The second figure, Figure 4, represents the tree containing all the paths that can be defined
from 1 to 4 in (N,A). A pair, in which the first element represents the cost of the path in the tree
from s to i and the second its capacity, is associated with each node i in this tree.

50N

Figure 4 - Tree of the paths from 1 to 4 in (N,A)
In this network, the shortest path problem has two optimal solutions, namely ¢1,2,4> and

<1,3,4>. As it can easily be verified, all subpaths of this two paths are also optimal paths.

There are also two optimal solutions to the maximum capacity path in (N,A), namely paths
<1,2,4» and <1,3,2,4>. Considering the first one, its subpath from 1 until 2 is <1,2», which
has 2 as capacity, while the capacity of ¢1,3,2» is 3. Consequently, there is one optimal
solution that is not formed only by optimal subpaths. Every subpath of the optimal path
<1,3,2,45, however, is optimal.

Finally, Figure 5 represents the tree containing all paths in (N,A) from 1 to 4, where it is
associated with each node i the cost per unit of time - considering ujj as the time for traversing

(i,j) fromi to j - concerning the path in the tree from s until i.
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The path <1,3,2,4» is the only optimal solution for the problem of the shortest path per unit
of time. Its subpath from 1 uniil 2 is <1,3,2); however, the optimal path between those two
nodes is ¢1,2). |

As a result, the unique optimal solution for this problem contains one subpath that is not
optimal, which means that the problem of the shortest path per unit of time does not satisfy
neither the strong nor the weak optimality principle.

Figure 5 - Tree of the paths from 1 to 4 in (N,A)
4.1 Labelling algorithms

From now on only finite problems will be considered since, only in this case, it is possible
to determine computationally an optimal path; moreover, the problem must satisfy the weak
optimality principle. In fact, as remarked before, there is a class of algorithms, known as
labelling algorithms, which can solve some optimal path problems. These algorithms determine
a tree rooted at s, where the path from s until i is optimal for any node ie N. This tree is named
optimal tree rooted at s and contains the optimal path from s until t that one have the purpose to
determine.

These algorithms construct this tree by determining optimal subpaths. With this purpose in
mind, there is a label, x;, associated with each node ie N, that represents the value of the best
path determined from s to i at certain moment. This path will be denoted by p}. Furthermore, it
is also used a set X, containing nodes of (N,A) with labels that may be improved!.

To begin with, the set X contains only the initial node, s. The algorithm finishes when there
are no more labels to improve, i.e., when X is empty. Whenever a node i is picked out from X
and then analysed, the labels of other nodes in (N,A) may be improved and, in this case, placed
in X,

After the execution of the algorithm, p} stands for the optimal path from s to i and 7t} stands
for its value.

In the beginning of the algorithm, for any ie N-{s}, n} should be a value that could be
improved, i.e., should be an upper or lower bound for all the possible values that n} could

1 Note that the concept of best depends on the optimal path problem that is being considered,
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assume, which would depend on the optimization problem. Thus, in the shortest path problem,
m} is initialized to +°o, while in the maximum capacity path problem ! is initialized to 0 for
any ie N-{s}. The node s is initialized to the value f(<s»), i.e., to the optimal value of a path
from s to s.
Notice that labelling algorithms can be easily modified to handle non-finite problems, that
is, to determine when a given instance of the optimal path problem is non-finite, [3].
This class of algorithms is described in Algorithm 1 and its validity is proved by Theorem
5. Since the labelling algorithm can be modified to handle non-finite instances of the optimal
path problem, there is no loss of generality if finiteness of the problem is assumed.
Theorem S Let us assume that the statement of the weak optimality principle is satisfied by an
optimal path problem. Thus, labelling algorithms determine an optimal path.
Proof: As it was assumed, there is a finite optimal path p* and, as a consequence, the
labelling algorithm is also finite. Let us assume that p* is not determined by a
labelling algorithm, and let je N be the first node of p*, for which the value of T
determined by that algorithm is greater than n}‘, the value of the optimal subpath
p}‘ of p*, from s to j. Notice that there exists such a node j in p*, since the optimal
path was not determined by the algorithm. Moreover, j is not the initial node s,
since, by definition, 7ig is initialized with the value of the optimal path from s to s.
Let ie N be the preceding node of j in the optimal path p*. Notice that i exists,
since j # s. Since 7; obtained by the algorithm is correct, it can be concluded that i
has been placed in X. So, when i was picked out from X, node j was labelled
with f(p}0<i,(i,j),j>) which is the value of p}‘, the optimal subpath of p* from s to
j. This contradicts the assumption made. ¢
Labelling algorithms can be divided in two subclasses, namely, the label correcting and the
label setting algorithms,

4.1.1 Label correcting algorithms

The labelling algorithms can be implemented in several different ways, which one
depending on the data structure used to represent the set X. This structure determines the node
to be removed at each step of the algorithm and how X is manipulated.

When the node i is picked out from X in a non-specified way, its label can be improved
later on and, consequently, i can be placed again in X. In this case, the algorithm is a label
correcting one. Note that the description of the general labelling algorithms and that specific one
of the label correcting algorithms is coincident,

As referred before, several versions of these algorithms can be implemented by use of
different structures for X. (See [4,5] for details)
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Algorithm 1: Labelling (correcting) algorithm for the optimal path problem
For (ie N-{s}) Do xt} « teo;
Ps € <S>
g = f(<5);
X « (s)
While (X = &) Do
i ¢ node of X
X X-{i};
For ((i,j)e A such that f(p}0<i,i,j).j>) is better than ) Do
R HRK(R) R
) f(pi0,010>);
If (je X) Then X « X U {j};
EndFor
EndWhile

4.1.2 Label setting algorithms

When a node is picked out from X the labels of several other nodes can be improved.
Therefore it is natural to think of choosing the element in X which has the best cost at each step
of the labelling algorithm. In this way, instead of just removing an element of X, an element i
will be removed in such a way that 7} is better than K}‘ for any je X.

A label setting algorithm is one in which each node is chosen in this manner. This means
that, once a node is picked out from set X, its label is permanent, i.e., it will not be improved
again. In order to assure that this will happen, it will be assumed that all the nodes labelled from
1 have a label that is not berter than n”{. In Theorem 6, it will be proved that, in this case, the
label of every node removed from X is permanent. |

Only when the conditions of Theorem 6 are satisfied, label setting algorithms can be used;
thus, they are less general than label correcting ones. For instance, it is well known that label
setting algorithms for the shortest path problem are valid if and only if ¢jj 2 0 holds for any arc
(i,)e A, [6].

Theorem 6 Let one assume that the label of every node obtained from a node ieN is not
better than the label of i. Then, whenever a node is picked out from the set X, its
label is permanent when a label setting algorithn is used.

Proof: Let one assume that 1 is a node removed from X and that its label is not
permanent, i.e., there is a node j picked out from X, in such a way that, 7} can be
improved from 7].

If j is an element of X when i had been chosen in X, then n’f will not be better
than 7t}. Otherwise, if j is not an element of X when i has been chosen in this set,

then j will be labelled, directly or indirectly, from some node x which belonged to
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X in that moment; that is, 7y will not be better than 7}, which proves the

theorem. As a consequence, the label of i cannot be improved, that is, the node i
has a permanent label. ¢

Algorithm 2: Label setting algorithm for the optimal path problem
For (ie N-{s}) Do &} ¢ deo;
Ps € <5);
g f(<s>);
X « (s}
While (X = &) Do
i ¢ node of X such that xt} is better than n}‘, for every je X;
X« X-{i};
For ((i,j)e A such that £(p{0<i,(i,j).j>) is betrer than }) Do
P} « Pi0<L(i,).>;
1§ < f(pT0O<L,(L,§).0);
If (je X) Then X « X U {j};
EndFor
EndWhile

5. Two optimal path problems

In this section, two problems will be presented in order to reinforce the importance of the
optimality principle in the resolution of optimal path problems.

Although being similar in their description, these problems are completely different in what
regards the determination of the optimal solution. They are based on two of the problems
presented before - the shortest path problem and the maximum capacity path problem. In these
two problems, one aims to determine a path from s to t which is optimal in a given subset of P.

As referred above, although both problems - the shortest path and the maximum capacity
path problem - satisfy the weak optimality principle, only the first one satisfies the strong
optimality principle. In the following sections, it will be proved how this property has influence
in the fact that the problems which will be described will satisfy or not these principles.

5.1 The problem of the maximum capacity path in the set of the shortest paths

Let P* denote the set of the shortest paths from s to t, i.e., P' = {p*eP : c(p*) < c(p),
VpeP). It is immediate that P* C P,

In the problem of the maximum capacity path in the set of the shortest paths, it is intended
to determine a maximum capacity path in P’ i.e., it is intended to determine a path pe P’CP
in such a way that u(p) = u(p) for any pe P" C P.The path P is a shortest path from s to t and it
is also a maximum capacity path among all the paths of P".
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Notice that, as the maximum capacity path problem is finite, this problem is also finite since
there is a finite shortest path. In this case, there is also an optimal path which is loopless.
Theorem 7 Let one assume that Py and Py, are nonempty sets for any ie N and that the

shortest path problem is finite. The problem of the maximum capacity path in the
set of the shortest paths in finite.
Proof’ Let P be an optimal path to the problem of the maximum capacity path in the set of

the shortest paths, that is, pe P and u(p) 2 u(p) for any pe P,
If p does not contain cycles, then it is a loopless path and this problem has a finite
optimal solution.
Let one now assume that P has a cycle C, i.e., p = p;9COp,. Once the shoriest
path problem is finite, c(C) 2 0, and then

c(P) = c(py) + ¢(C) + c(py) 2 c(p19py)-
Since P is a shortest path ¢(p) = c(p;9p,), and then p;0p,e P". Besides,

u(P) = min{u(p),u(C)u(pr)} < u(p;0py).
Analogously, once P is a maximum capacity path in P, then u@) = u(p;0p,).
Since p;0p, has less cycles than P, it can be concluded that it is possible o
remove all the cycles in P, obtaining then an optimal loopless path. Thus, the
problem of the maximum capacity path in the set of the shortest paths is finite. ¢

Similarly to other problems, this theorem leads to Corollary 7.1.

Corollary 7.1 Under the assumptions of Theorem 7, there is a loopless path that is an
optimal solution to the problem of the maximum capacity path in the set of the
shortest paths.

It can now be proved that the problem of the maximum capacity path in the set of the
shortest paths satisfies thé weak optimality principle.

Theorem 8 Let (N,A) be a network without negative cycles. The problem of the maximum
capacity path in the set of the shortest paths satisfies the weak optimality
principle.

Proof: Let one considers a network (N,A) without negative cycles. Then the shortest

path problem in (N,A) is finite and satisfies the strong optimality principle. Now,
one will prove that there is a maximum capacity path in P" for which all subpaths
are also optimal.
Let p be a maximum capacity loopless path in the set of all the shortest paths, i.e.,
u(p) > u(p) for any pe P, Let one assume that p = p10q0p,, where qe P,y is not
an optimal path. Since the shortest path problem satisfies the strong optimality
principle, q is a shortest path from u to v in (N,A), i.e., qe sz. Then, there is
another shortest loopless path, ge P:V, which has maximum capacity in that set,
i.e., ¢(q) =c(q) and u(@) 2 u(q') for any q'e P?,v. As a result, one can consider a
path from s to t in (N,A), p;0q0p,. This is a shortest path since



56 E. Martins et al. / The Optimal Path Problem

c(p10q0py) = c(py) + (@) + c(py) = c(py) + c(q) + c(py) = c(P);
p19q0p, is also a maximum capacity path in P" since p is an optimal loopless path
and
u(p;0q0py) = min{u(p,),u(d),u(p)} = min{u(p;),u(q)u(py)} = u(p).
It is then possible to remove from P every subpath that is not optimal and once the
number of loopless paths in (N,A) is finite, this process is also finite, allowing
one to obtain an optimal path containing only optimal subpaths. ¢
As the problem of the maximum capacity path in the set of the shortest paths satisfies the
weak optimality principle, it can thus be solved by a labelling algorithm, after taking into
accovunt certain adaptations. These adaptations are presented in Algorithm 3. Note that
whenever a tie for the cost of two paths from s to i happens, the path with better capacity is
chosen.
Algorithm 3: Alg}?srithm Jor the maximum capacity path problem in the set of the shortest
pat
For (ie N-{s}) Do it} ¢ (4e0,-00);
Ps  <5);
Ty ¢ (0,4+°0);
X« {s);
While (X = @) Do
i ¢=node of X;
X e X-{i};
For ((i,j)e A) Do
If (nj>m}+c;j) Then
If e X) Then X « X U {j};
Pj < P0G W.j>;
e (n{+cij,min{7ti2,uij});
Else
If (n}=n}+cij and njz<min{7t%,uij}) Then
If & X) Then X « X U {j};
P < Pi0O, >
7t:J2  min(nf,u;};
EndIf
EndIf
EndFor
EndWhile

One can still consider the network (N,A), represented in Figure 3, and the tree containin g
all its paths from 1 to 4, Figure 4. After using Algorithm 3, it can be obtained the tree
represented in Figure 6.
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Figure 6 - Tree obtained with a labellin algorithm for the maximum capacity path problem in
the set of the shortest paths

5.2 The problem of the shortest path in the set of the maximum capacity paths

In this section, P will be used to denote the set of the maximum capacity paths from s to t
(once more P € P).

In the problem of the shortest path in the set of the maximum capacity paths, one aims to
determine a shortest path in the set P, i.e., a path p‘e P C P, in such a way that c¢(p*) < c(p) for
any path pe PCP. Then p* is a maximum capacity path and it is thus, the shortest path among
all the paths of P. However, since the maximum capacity path does not satisfy the strong
optimality principle (but only the weak optimality one), it is not possible to assure that all the
subpaths in p* have maximum capacity. This is the reason why, in general, the problem of the
shortest path in the set of the maximum capacity paths does not satisfy the weak optimality
principle.

As an example the network represented in Figure 3 and the tree of all the paths from 1 to 4
in (N,A) showed in Figure 4 can be used again. The path p* = ¢1,2,4» is the unique optimal
solution to this problem; however, its subpath (1,25, with cost 0 and capacity 2, is not an
optimal path from 1 to 2, since ¢1,3,2> has a higher capacity, 3.

Since this problem does not satisfy neither the strong nor the weak optimality principle,
then it can not be solved with a labelling algorithm. This is shown in Figure 7, which
represents the tree constructed by a labelling algorithm used to determine the shortest path
problem in the set of the maximurm capacity paths from 1 to 4 in the network (N,A).

Figure 7 - Tree obtained with a labelling algorithm, analogous to Algorithm 3 for the shortest
path problem in the set of the maximum capacity paths
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Although it cannot be solved by a labelling algorithm, the problem of the shortest path in
the set of the maximum capacity paths can be solved easily such as follows.

Letu = u(p), in which pe P is a maximum capacity path in (N,A) from s to t.

It can be noted that the arcs in (N,A), whose capacity is lower than 1, will not be a part of
any optimal solution to this problem. Therefore, after the value U is known, those arcs of (N,A)
can be ignored. This is stated in Theorem 9.

Theorem 9 Let % = u(p), in which peP, and let p be other maximum capacity path in (N,A)
Jrom s to t. Then w;j 2 U for any arc (i,j)ep.

Proof: Let pe P and let one assume that p = p;0<i,(i,j),j>0p,, where U <U. Then
u(p) = min{u(p;),ujju(p,y)} <,
and p would not be a maximum capacity path in (N,A) as it was assumed. ¢

Based on this theorem, it can be concluded that the shortest path in P does not contain any
arc with a capacity lower than . Moreover, let A be the set obtained from A removing these
arcs, and let P(A) denote the set of the maximum capacity paths from s to t in (N,A). The
following result, which asserts that P = P(R), is immediate and it will be presented without
proof.

Theorem 10 The set of the maximum capacity paths from s to t in (N,A) coincides with the
set of the maximum capacity paths from s to t in (N,A), in which A = {(ij)eA :
wij 20} . ’

If the initial network, (N,A), is changed according to Theorem 10 it is then possible to

determine the shortest path in P, which is simply the shortest path from s to t in (N,A).

Therefore, this problem can be solved in three phases:

1. Determining T, the maximum capacity of any path from s to t in (N,A).
2. Removing from (N,A) the arcs with capacity lower than .

3 . Determining the shortest path from s to t in the resulting network.
These three phases are resumed and presented in Algorithm 4.
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Algorithm d4: Algorithm for the shortest path problem in the set of the maximum capacity

paths

For (ie N-(s}) Do m; ¢ -°°;
Ps ¢ <8;
Tg = +°°;
X e {s};
While (X = @) Do

i & node of X;;

X e X-{i};

For ((i,j)e A such that x; < u(pj¥<i,(ij).j»)) Do
] P0G
) = u(piO<i, (b)) = min{muy);
If j& X) Then X « X U {j};
EndFor
EndWhile
u* & Ty,
For (i€ N-(s}) Do mj ¢ +°°;
Ps ¢ <5
Ttg < 0;
X « {s};
While (X # @) Do
i & node of X
X e« X-(i};
For ((i,j)e A such that u;; 2 u* and m; > c(pj¥<i,(i,j),j>)) Do
p}' « pi0<i, A,
T & c(pi0<i,(Li).0>) = miteij
If j¢ X) Then X « X U {j);
EndFor
EndWhile
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Abstract

This paper is concerned with the solution of integer multicriteria network flow problems. The single
criterion network flow problem and a sketch of the out-of-kilter method are presented. Important results from
(linear) multicriteria optimization are stated and their importance for network flow problems discussed. The main
topic of the paper is the presentation of a method to solve integer multicriteria network flow problems. The set
of all efficient solutions in objective space is determined in two steps: first the step of all maximal efficient faces
of the linear relaxation is determined. The second step consists in finding all integer efficient points, Finally the
lexicographic max-ordering theory is proposed to choose a compromise solution.

Keywords
Network flow problems, multicriteria optimization, integer programming,

1. The Network Flow Problem
The general formulation of the (minimum cost) network flow problem is the following:

min 2 CijXij

(ijeA
subjectto D, Xjj- D, Xji=0  VieN (NFP)
jeN jeN :

xij 2 Iij ‘v’(i,j)e A
xSy V(jeA
Here, D = (N,A) is a network with node set N, arc set A and variable Xjj representing flow
along arc (i,j)e A. Many types of algorithms are available for the solution of this problem.
Below we will outline the idea of the out-of-killer algorithm, upon which the method for the
multicriteria network flow problem developed later is based.
Using dual variables IT; for the nodes ie N, reduced costs. for the arcs are defined as
Cyj= II; - Hj - ¢jj From complementary slackness conditions of linear programming it is
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straightforward to derive the optimality conditions for the network flow problem: A feasible
flow x is optimal if for each arc (i,j) Cj; = 0,

xi=ljj if <0, or

Xjj = Ujj if Eij >0

(Nonbasic) variables satisfying these conditions are called "in kilter". The out-of-kilter

algorithm is based on the idea of bringing all edges in kilter in order to obtain an optimal
solution of the NFP. Because we use the ideas of this algorithm throughout the rest of this
paper, we will give a sketch of it now, for details see e.g. [Bazaraa and Jarvis, 1977].

Sketch of the out-of-kilter algorithm

1 Letx:=0and[l:=0

2 If there is an "out-of-kilter" edge (u,v) goto 3, else STOP: x is an optimal flow
3 Primal phase:

If possible change flow along a cycle containing (u,v), else goto 4
4 Dual phase:

Change dual variables [] and goto 2

In this paper we will discuss the solution of multicriteria integer (NFP). Integrality is an
issue that does not create any difficulty in the single objective case: due to the total
unimodularity of the constraint matrix of the (NFP) (the node-arc incidence matrix of the
network N), it is well known that all basic feasible solutions of NFP are integral. Thus, solving
the integer (NFP) is equivalent to solving the linear (NFP). In Section 3 below we will see why
the integrality requirement will make the multicriteria NFP much more difficult to solve.

For this paper we shall assume that all problems are non-degenerate. l.e. for all basic
feasible solutions, we do neither have xj; = l;; or Xjj = uyj for basic variables (primal
degeneracy), nor Cj; = 0 for nonbasic variables (dual degeneracy). We will also assume that
(NFP) is feasible and (w.l.0.g.) that lij 20and ujj < °°. Thus the feasible set of (NFP) will be
a compact set. Assuming nondegeneracy will avoid technical complications, e.g. in Lemma 4.
However, the method can be modified to allow degenerate solutions.

2. Multicriteria (Linear) Optimization

In this section we will briefly summarize the basic definitions and some important results in
(linear) multicriteria optimization. Because the multicriteria NFP is a special case, we will refer
to these results later,

A linear multiobjective program is given by

min Cx
subjectto Ax=Db (MOLP)
x20

Here, C denotes a Qxn objective or criteria matrix, A is an mxn constraint matrix of full

row rank. The right hand side vector is be R™ and xe R" is the vector of variables. Individual
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objectives (rows of C) are denoted by C4. As usual, we will denote the set of feasible solutions
of (MOLP) by
X = {xelR":Ax:b,xZO}.
The following is the fundamental definition of optimality in multicriteria optimization,
replacing the single objective notion of minimality.

Definiton 1
« x%e X is called Pareto optimal if there is no xeX, x#° such that Cx < Cx°
componeniwise, with strict inequality for at least one component.
o If LeX is Pareto optimal, then the corresponding image point y0 = Cx0 is called efficient.

We will here consider the case of a compact feasible set X, as we encounter in the (NFP),
due to our assumptions on the bounds for arc capacities, lij and vy We shall also use the
notation Y = CX for the image of the feasible set in criterion space.

The set of efficient points in Y is often referred to as the efficient frontier, a notion we shall
adhere to, too. It is well known that the efficient frontier is indeed located on the boundary of
Y. Figure 1 depicts Y and the efficient frontier (solid lines) for an (MOLP). Many authors have
investigated (MOLP), We will now summarize, without proofs, some of the most important
results in the area, which are relevant for this paper.

A

12$

C].T
Figure 1 - Feasible set in objective space and efficient frontier

Theorem 1 ([Geoffrion, 1968, Isermann, 1974])

If 20 is a Pareto optimal solution of (MOLP) then there exists some Ae RQ, 0< lq <1,

EQ: lq = 1, such that
q=1
ATex0<aTex  vxeX.

In other words, all Pareto optimal points can be found by solving weighted sum
scalarizations of (MOLP) with appropriate positive weights. The reader can easily visualize this
result from the drawing in Figure 1.

The next results refer to topological properties of the efficient frontier, and the set of Pareto
optimal solutions (the preimage of the efficient frontier under C).
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Theorem 2 ([Naccache, 1978)])
The efficient frontier of Y is connected.

Theorem 3 ([Warburton, 1983])
The set of Pareto optimal solutions of (MOLP) is connected,

These results are very important as they imply that neither in decision nor in objective space
we can have isolated Pareto optimal/efficient solutions. It is important to note that these results
are not true for general (nonconvex) objectives. Theorems 2 and 3 emphasize the continuous
nature of linear programming. However, due to basic theory of linear programming and the
widespread use of simplex type algorithms, basic feasible solutions are the ones which are most
important. For compact X this is a finite set. Thus linear programming is on the boundary
between continuous and combinatorial optimization. The combinatorial counterpart of Theorem
3 is the following result, due to Isermann.

Theorem 4 ([Isermann, 1977])

For an (MOLP) define a graph G = (N,E) such that the set of nodes N represenis the set of
Pareto optimal basic feasible solutions. The set of edges E is defined in such a way that an edge
exists between two nodes if and only if the corresponding basic solutions can be obtained Jfrom
each other by one single pivot step. Then G is connected.

Note that G is naturally an undirected graph. The important implication of Theorem 4 is,
that the whole continuum of Pareto optimal solutions can be generated by exploring basic
feasible solutions alone, since Pareto optimal basic feasible solutions represent extreme points
of the feasible set in decision space, Y.

There is a drawback, however. Experiments recently reported by Benson [Benson, 1997]
indicate that even for medium sized problems (MOLP) with 4 objectives, 50 variables and 50
constraints) the number of Pareto optimal basic feasible solutions may be prohibitively large
(80,000 on average). It may well be demanding too much of decision makers to choose among
these. Therefore, the need for compromise solutions is evident.

But how to choose a compromise solution? We propose the following lexicographic max-
ordering approach. The reasons will be illustrated below.

Definition 2
o X%eX is called max-ordering optimal if
T T
I%@Q(c‘l ) X0 S]%@Q(Cq) X

for all xeX.

* For ye R? let sort(x) = (sorti(x),..., sortp(x)) be such that sort;(x) 2 sorty(x) > ... 2
sortg(x). KeX is called lexicographic max-ordering (lex-MO) optimal if
s50rt(Cx%) <iex sori( Cx) for all xe X, where Siex denotes the lexicographic order.
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In other words, we first choose a solution which minimizes the worst objective (some kind
of "conservative planning” idea). But, there may be many such max-ordering solutions, and
most of them need not be Pareto optimal. The idea of lexicographic max-ordering is to iterate
this idea to the second worst, third worst objective, efc.

Why does this define a reasonable compromise solution? The answer is given in Theorem 5
from [Ehrgott, 1977b] (see also [Ehrgott, 1995] and [Ehrgott, 1997a]).

Theorem 5
o Ifx is a lex-MO optimal solution then x° is also Pareto optimal solution and it is a max-
ordering solution.
o x0is a lexicographic max-ordering solution if and only if X0 satisfies the normalization,
regularity and reduction property.

The properties of Theorem 5 need some explanation, Normalization simply means, that
when we have only one objective the optimal solution should define the usual minimum.
Regularity is defined as the conservativeness or robustness in the sense of max-ordering
optimality. Finally, by reduction we mean that, should the value of one objective for an optimal
solution be known, then we can drop this criterion from minimization and impose it as a
constraint instead, but still obtain the same optimal solutions for this reduced problem.

From the point of view of decision makers, given the task to choose from such a huge
number of possibly "good" (Pareto optimal) alternatives, these three properties seem
reasonable. So, once they are accepted as valid, there is only one choice for choosing a
solution, namely the lexicographic max-ordering optimal solution.

3. Multicriteria Network Flow Problems

In this main section we will introduce the multicriteria network flow problem. After
reviewing existing literature on the topic, we will present the outline of a method to solve the
continuous problem in Section 3.1. Section 3.2 describes a method to solve the integer
problem. The method will be illustrated by means of an example. Finally, we discuss the
problem of determining a lexicographic max-ordering solution as a compromise solution.

The multicriteria network flow problem can be written as follows

2 cijxij

(ij)e A

> o
iheA

min

D xij- D, Xji=0 VieN (MONEP)
jeN jeN

Xij 2 lij V(I,J)E A
Xjj € ujj V(@i,jeA
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The feasible set is again denoted by X, the feasible set of the integer (MONFP) is denoted
by Xin, := X N 2'A"

Several authors have investigated this problem. Solutions which can be obtained by a
weighted sum scalarization have been considered in [Klingman and Mote, 1982]. Burkard and
others [Burkard et al., 1989, Ruhe and Fruhwirth, 1990 have used a sandwich approximation
algorithm for convex curves to approximate the efficient frontier of continuous bicriteria
network flow problems. Lee and Pulat and later Pulat and Huarng developed a method to
completely determine the efficient frontier and all Pareto optimal solutions in the continuous
bicriteria case [Lee and Pulat, 1991, Pulat et al,, 1992]. Another study by Lee and Pulat treated
the bicriteria integer case [Lee and Pulat, 1993], It is this paper upon which our research builds
up. We generalize the method to the case of more than two objectives. However, we will not
give any technical proofs, which would be very similar to those given in [Lee and Pulat, 1993].
The structure of integer solutions in the bi- and tricriteria case was also studied in [Mustafa and
Goh, 1997] and [Mustafa and Goh, 1998]. Several authors considered (MONFP) with
lexicographic optimality [Calvete and Mateo, 1995, Calvete and Mateo, 1996] or max-ordering
optimality [Hamacher, 1995]. Results of the latter paper will be used in Section 3.3. Finally,
the method is illustrated by examples in Section 4.

Figure 2 illustrates why solving the continuous problem is not enough to find all integer
Pareto optimal solutions. The pomt y is an integer efficient point, because there is no integer
point on the edge connecting y and y

Due to the results mentioned above (Theorem 1 and the total unimodularity of the incidence
matrix) we know that all extreme points in Y are integer. However, there may be integer points
between extreme points, if a pivot step between the corresponding adjacent Pareto optlmal basic
solutlons represents a flow change of morc than one unit. In Figure 2 the points y(l), y(z), and
y(3) between extreme points y and y are such points. These are also efficient points for the
contmuous problem However, introducing the integrality requirement results in points
y(l 0)se+ s y(l 3) being efficient. These cannot be found solving a problem with a weighted sum
of objectives. Additional problems only encountered with more than two objectives will be

explained later. 4

CQCE

Clilf
Figure 2 - A bicriteria example for integer efficient points
The general idea to solve the integer (MONFP) contains the following steps.
1. Find an initial efficient extreme point yl‘
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Lemma 1
Ify* is an efficient extreme point, y!' is obtained by introducing (u,v) into the basis at ¥ and
(u,v) is in kilter for all 1. Then ' is not efficient.

Proof:
Obvious from the definition of an arc being in kilter. o

After having determined the efficient extreme point of Y, we use Gefr to determine the

whole efficient frontier, which is composed of maximal efficient faces.

Definiton 4
Consider the continuous (MONFP). The convex hull of a subset of extreme points of Y,
which is obtained in the boundary of Y is called a face of Y. A face F of Y is called efficient
face, if all yeF are efficient. An efficient face F is maximal if there is no other efficient face

F' such that FCF".

In order to determine all maximal efficient faces. we check all possible faces (which
correspond to cyles in Gegr) for efficiency. This makes use of the result:

Lemma 2
A face F is efficient if and only if there exists an inner point’y of F which is efficient.

Proof:
If a face is efficient, all points of F are efficient. On the other hand suppose 9 is an efficient
inner point of F. By Theorem 4 this implies that there exists a Ae R such that § solves the
(NFP) with objective ATC. By the linearity of the problem, the whole face F is optimal for
this same scalarized problem. ¢

The idea of the efficiency check is illustrated in Figure 3 and formally stated in Lemma 3.
An inner point § can be obtained by

A — —
Y=y +0.5 €y * - +Cuwy-
Here y! is an efficient extreme point of a t-dimensional face and (u,v); are the edges

introduced into the basis at y! to move to adjacent extreme point yli=1,.,t

y’Z yB
y
........ 4
b Y
0 55(u,u)2 E
1 =
V' 05800, v

Figura 3 - An inner point of a face
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Lemma 3 ([Ecker and Kouada, 1975])
Let ) be an inner point of a face F of Y and let (¥°.5°) be an optimal solution of the problem

0
(TP) below. Then Yis efficient if and only if Y s9=0.
qg=1

s.t. xe X (TP)

3.2 Integer efficient points ,

In order to find all integer efficient solutions of (MONFP), we proceed in two steps. First,
the integer solutions on the efficient frontier are determined. Then, modifying our original
(MONFP), we determine solutions in the interior of Y.

During the determination of the efficient extreme points of Y (which are integer efficient
points themselves) all those lying on efficient edges can be determined immediately. Note that
there may exist integer efficient points on edges leading to non efficient extreme points. This
will be determined as points "inside” or "behind" the efficient frontier.

After the determination of the maximal efficient faces, the integer points on the efficient
frontier can be computed. Let F' be a t-dimensional maximal efficient face, 2 £t < Q-1, and let

y! be an extreme point of F'. Then select t adjacent efficient extreme points y2,..., y*! such
that (y!,..., y*1} are affinely independent. This identifies t nonbasic variables Xqy; at yl.

Then all integer combinations of flow changes of the variables Xyy; (and the respective

cycles) leading from y! to the adjacent extreme points y?,..., y"*! define the set of integer
efficient points on F'. The unit flow changes to be considered are between 1 and the flow
change to reach yl, respectively. For an illustration, see Figure 4 with y! and adjacent extreme
points y2 and y°.

y! y°

Figure 4 - Integer efficient points on a two-dimensional face
If we call two Pareto optimal integer flows adjacent, if one can be obtained from the other
by flow change along a single cycle, we have the following theorem.
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Theorem 6

The set of Pareto optimal integer flows corresponding to integer efficient point on the
efficient frontier defines a connected graph.

Proof:

According to Theorem 2 the efficient frontier is connected. Theorem 4 says that the graph of
Pareto optimal basic solutions is connected. We can therefore restrict ourselves to a maximal
efficient face, say F. Let y be an efficient integer point on face F. According to the
algorithm, y is obtained by combining flow changes along several cycles. Performing these
backwards one after another will generate a sequence of integer points eventually ending in
an efficient extreme point § of face F (see Figure 4 and the text before). According to the
choice of nonbasic variables at § none of the flow changes can yield points outside F, thus
all intermediate integer points (and corresponding flows) are efficient (resp. Pareto optimal).
¢

The crucial step in determining integer efficient solutions is the computation of those which

are behind the continuous efficient frontier. The idea to obtain these is to change the bounds

(decrease the upper bound or increase the lower bound) of some nonbasic variables by 1 at

some efficient basic solution.

Lemma 4

Let y* be an extreme point of a face F. Changing the bound of a nonbasic variable one at »*
leads to0 a parallel translation of a face F containing y".

Proof:

The slope of a face is determined by the reduced costs €jj. Changing the bound of a basic
variables by one does not change the structure of the basis, thus ¢j; are not changed and the

slope remains the same. That the translation is nonzero follows from the fact that the original
solution becomes infeasible by the bound change. ¢

Note that in the degenerate case, we may have Cj; = 0 and therefore the result is not be true

in general.

The effect of changing bounds is illustrated in Figure 5.
crz b

-~

Clz
Figure 5 - Parallel translation of faces
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and selecting the lexicographic minimum. An efficient way to do that is described in [Ehrgott,
1998].

The essential step in determining p best solutions is to find a second best solution. Then by
applying branch and bound methods, further solutions can be determined. Theorem 8 provides
the background of an algorithm for the integer lex-MO (MONFP). The details of the ranking
method for (NFP) can be found in [Hamacher, 1995] and need not be repeated here.

4. Examples
We illustrate the proposed method by means of two examples with two and three criteria,
respectively. Both will be defined for the same network of Figure 6.

Figure 6 - Network for the examples
The cost coefficients as well as lower and upper bounds are given in the table below.

arc | (1,2) (1,3) (2,3) (2,4) (2,5 (3,4 (3,5 (4,5 (4,6) (5,6) (6,1)
¢t s 8 2 6 1 2 6 5 1 2 0

c? 1 2 7 1 7 4 2 3 9 8§ 0
1 0 2 0 2 0 0 3 0 0 4 10
u 9 12 8 10 6 10 10 7 10 9 10

Determining an initial extreme point using weights A, =, = % will yield either y2 or y3,

depending on the implementation of the algorithm. Exploring adjacent basic feasible solutions,
we eventually discover the complete efficient frontier, containing extreme points yl,..., y*.

In the second step, we observe that only moving from y? to y3 a flow change of more than
one unit is performed: nonbasic variables x 4, is increased by 4 units.‘Stepwise increase at this
point, together with regions where integer efficient points may be found is illustrated in Figure
7.
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Figure 7 - Integer points on the efficient frontier

To find integer efficient points behind the efficient frontier, we choose y2. Noting that x5 4)
is not in kilter for both objectives, we increase the lower bound on arc (3,4) from 0 to 1. We
have to change the flow in order to obtain a feasible solution. As a result, y2 is translated to
y(23'4) [1,0]. Here the 1 denotes flow change along arc (3,4), the 0 flow change along arc (2,4),
leading to y3. When we now perform the same flow changes at the translated point, that we did
at y2 we find y2 4) [1,1] and y3s 4 [1,2]. Finally, we note that a further increase of the lower
bound does not yield more integer efficient solutions. The same is observed for all other
nonbasic variables at the extreme points, thus the problem is solved. Note that
conv{yf 4y [1,01,y%.4) [1,2]) is the translation of the efficient face conv{yl,y?}.

Calculating a lexicographic max-ordering solution in this problem yields yé) = (124,123)
as a compromise solution. Note that this is not a basic feasible solution. The result is shown in
Figure 8.

Cue ]

110

100

100 110 Chz

Figure 8 - Integer points on the efficient frontier
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For a wricriteria example, we simply add another objective function to the bicriteria example:
= (1,3,59,7,6,2,3,1,2,0). We restrict ourselves to the presentation of the results.

y? Y’

5) Y 3 Y 1
Figure 9 - Graph of efficient extreme points
The graph Geff is shown in Figure 9. The objective space with all 43 integer efficient
points (21 on the efficient frontier and 22 others) is shown in Figure 10. The efficient frontier
itself consists of a one and a two dimensional face. Integer points on the efficient frontier are
black dots, those in the interior of Y are empty dots, the lex-MO solution is-indicated in Figure
10 by a circle around the point.

A

Y

Cy

Cz

—
Clz

Figure 10 - The (integer) efficient set for the tricriteria example
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Abstract

Numerical algorithms for solving the unconstrained problems of Lipschitz optimization are presented. These
algorithms are based on continuous approximations to the subdifferential and belong to the numerical algorithms
of nonsmooth optimization without calculating derivatives. We give a definition of such approximations and
propose a method for its construction. An algorithm for the computation of descent direction of the objective
function is described. We consider various procedures for the computation of stepsize. The results of numerical
experiments are presented. We compare the suggested algorithms using these results.
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1. Introduction
In this paper, we consider the problem
f(u) — inf, ue E,, (1)
where E,, is the n-dimensional Euclidean space of vectors u = (uy,..., uy) and f is a locally
Lipschitz function, defined on E;. We assume that the Clarke subdifferential of(u) cannot be
computed for any u.

Minimization methods without calculating derivates were developed well enough only for
smooth functions. There are a lot of papers on this subject (see, for example,
[6,9,10,12,18,19,20,21)). In these papers, various approaches to the construction of methods
without calculating derivatives were suggested. One of these approaches is related to the use of
finite - difference approximations of the gradient in numerical methods (see, [12]).

The methods of nonsmooth optimization without calculating derivates were studied
sufficiently weakly. Such methods may be useful when the subdifferential of the objective
function is unknown or very complex in form. For example, the Clarke subdifferential of

marginal functions is very complex in form. For its complete computation at a given point, it is
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necessary to find a set of solutions of special problems of mathematical programming. But for
the computation of the values of the objective function it is sufficient to find the value of these
problems. Of course, the latter problem is simpler.

On the other hand the subdifferential mapping enjoys only upper semicontinuity. As it was
pointed out in [23], the lack of continuity of the subdifferential mapping was responsible for the
failure of nonsmooth steepest descent algorithms. Consequently, various continuous
approximations were proposed, among them the &-subdifferential has been found to be most
successful. Most efficient nonsmooth optimization methods, such as the bundle method and its
variations, are based on it (see, [1 1,13,14,17,22,25,26)).

In this paper, we suggest a method without calculating derivatives for minimizing locally
Lipschitz functions. This method is based on continuous approximations to the subdifferential.
The continuous approximations under consideration were studied in [4]. To construct the
continuous approximations, a notion of discrete gradient, introduced and studied in [1,2], is
used. The discrete gradient is one of possible versions of the finite - difference approximation
of a subgradient. Only values of the objective function are used for its computation.

The algorithm used to compute the descent direction of the objective function is described.
We discuss the problem of choice of stepsize. The use of continuous approximations allows us
to use some ideas of smooth optimization. In particular, we use the idea on modelling the
objective function along the descent direction by one - dimensional quadratic and piecewise
linear functions. Such algorithms with quadratic and cubic functions for the unconstrained
smooth optimization were considered in [12]. Some numerical experiments were carried out
using the suggested algorithms. We present the results of these experiments and compare the
suggested algorithms,

This paper is organized as follows. In Section 2 we give a definition of a continuous
approximation to the subdifferential and describe a method for its construction. Section 3 is
devoted to the description of an algorithm for the computation of descent direction of the
objective function. In Section 4 a method for solving unconstrained problem of Lipschitz
optimization is described and its convergence is proved. In Section 5 we discuss the problem of
the computation of stepsize. Results of numerical experiments are presented in Section 6.
Section 7 provides some conclusions.

n
We use the following notation: w,v> = 2 u;v; is a scalar product in E, llull = «o,u>1/2 js
i=1
the Euclidean norm. We shall denote by f'(u,g) the directional derivate of the function f at a
point u in a direction ge E,, by conv A the convex hull of the set AC E, and by cl A the closure
of the set A.
Then open and closed -ball centered at a point ue E,, will be denoted by Sg(u) and Sg(u),

respectively. More specifically, if u = 0, we use Sg and Sg to denote the open and closed §-ball

centered at the origin, respectively:
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Sgu) = {veEyl liv-ull <3}, Sg(u) = {veEgl llv-ull £ 8},

Sg = (ve Eyl vl <8}, S = {ve E,| Iivil < 3}.

We denote the Hausdorff distance between the subsets A, B € E,, by

dy(A,B) = max{ s:g ‘}2% lhu-vll, ‘S,lelg ulélfA lha-vil}.
2. Preliminary Results

In this section we give the definition of a continuous approximation to the Clarke
subdifferential and describe a method for its construction.

Let f be a scalar locally Lipschitz function defined on E;,. We recall that a locally Lipschitz
function f is differentiable almost everywhere and that one can define for it the Clarke
subdifferential (see, {7,8]), by

of(u) = conv{ve El3uK — u, k — +e0) 1 v = k—l-)iT‘” vk},

where uK — u are such that Vf(uk) exists. It is shown that the mapping of(u) is upper
semicontinuous and bounded on a bounded set.

Let U be a compact subset of the space E;. We consider a family V(u,g) = Vg(u) of set-
valued mappings depending on a parameter € > 0. For each € > 0, V(:,¢) is a set-valued
mapping of U to subsets of E,,. We suppose that V(u,€) is a compact convex subset for all ue U
and € > 0. It is assumed that there exists a number R > 0 such that:

sup{livll : ve V(u,e), ue U, € >0} <R. 2)

Definition 1
The limit of the family {V(u,€)} at a point u is defined by the following set:
Vi(u) = {ve EnEJ(uk —u, g — 40, vke V(uk,ek)) rv= kl)iToo vk},
It is possible that the limit V| (u) is not convex even if all the sets V(u,e) are convex. So we
shall consider convVy (u) the convex hull of the limit V (u). It follows from the definition and
the inequality (2) that the mapping convV[ has compact convex images.

Definition 2 ,
A family {(V( u,s)}. is called a continuous approximation to the subdifferential df(u) on U, if
the following holds:
1) V(u,) is a Hausdorff continuous mapping with respect to u on U for all € > 0;
2) The subdifferential of(u) is the convex hull of the limit of the family V(u,e) on U,
i.e. for all ueU
df(u) = convVy (u).
Now we will describe a method for the construction of continuous approximations. This
method uses a concept of a discrete gradient. First, we recall the definition of a discrete gradient

(see, [2]).
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Let
Sy ={geE,lligh =1},
G = {eeEle = (ey,..., €y), Iejl =1,j=1,...,n},
P = {z(A) | z(M)eEy, z(A) > 0, > 0 and A'z(h) — 0, L — 0},
I(g,0) = {ie {1,..., n} ligjl 2 a},
where aie (0,072 is a fixed number, It is clear that I(g, ) is noh-cmpty for any ge S;.
We define the operators Hf 1By = E, forij = 1,..., n by the formula
i _{ (815-++:85 0,...,0), if j < i,
B @rreesBits O, Biggseens 8 0,.0,0), i § 2 i.
Let e(B) = (Be,, Bzez,..., B"e,), where Be (0,11. For ue E,, we consider the vectors

ul(ge.zMB) = u +Ag - z(\) Hie(),
where ge 8, ee G, ieI(g,a), 26 P, A >0, B (0,1],j=0, 1,...,n, j # i.
It is clear that H?g =0eE, foralli=1,..., n. Therefore,
u?(g,e,z,?&,B) =1+ Ag.
From the definition of the operators H{ it follows that Hiig = H:l g.
Consequently,
u?(g,e,z,?&,ﬂ) = ué'l(g,c,z,l,ﬁ).
In particular, if i = n then ug(g,e,z,K,B) = u’:{l(g,e,z,x,[}).
Henceforth, if 7‘0 > 0 is given, the notations z, $zyand z; = 0, z e P, k — +oo, will
mean that z,(A) < z,(A) for any A& (0,A,] and sup{z (M), Ae (0,14} — 0 ask — +oo,

Definition 3 _
The discrete gradient of the function f at the point ueE n IS the vector '(u,g.ezApB) =

(I*i,..., F,‘;)eEn, ges,, iel(g,a), with the following coordinates:
I} = [zWeB) [10] (g.e.20B) - ful(g.e.zhB)],
j=1,...,0,j#i,

n
. 4 ‘ ,
[ = (hgy) TFui(ge.zAB) - W) - D Tihg; - 20)e(B)].
j=1,j#
Concrete examples and some explanations for the discrete gradient are given in [1,4,5]. We

note the following useful lemma (see, [1)).

Lemma 1
For any geS§,, eeG, icl(g,a), zeP, A >0, > 0
flu+Ag) - f(u) = A<T'(u,g,e,2,\,B),8>. (3)

For fixed ze P, A > 0, B > 0 we will consider the following mapping:
Dy(u,z,A,B) = cl conv{ve E 13(ge S,,eeG,icl(g,a)) : v = Fl(u,g,e,z,X,B)}.
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Let

B(u) = n clcoan (Dy(u,z,AB) : zeP, z < 75, A < A, B <Py}
2g€ P,Ap>0,80>0

Lemma 2
Let f be a Lipschitz continuous function on the set Ss(u), ue E,, 8 > 0. Then there exist
2y€P, Ay > 0 and R > 0, such that
sup(livll : ve Dy(u,z,A,B), ze P, z £ 7y, Ae (0,A], Be (0,11} <R.

Proof:
For 8 > 0 there exist ze P, A > 0, such that
ul(g.e.z.\.B)e S5(u)
for all z < z;, Ae (0,A], pe (0,11, ge S, e G, iel(g,a) j =0, 1,..., n,j#i Let L be a
Lipschitz constant of the function f on the set Sg(u). Then from the definition of the discrete
gradient it immediately follows that II‘}i <Lforallj=1,..,n,j#1.
For j =i from (3), taking into account the inequality Ig;| 2 o, we get

n
T} < Mg ' DfCu+Ag) - f)l 42 Y, IClgl] < nL/a.
j=1,j#
Thus,
I u,g,e,2,0,B)ll < (L/or)(o2n+n2-02) 2
for all ge S,, e G, ic I(g,a), ze P, z < 75, Ae (O,Ag], Be (0,1]. Set R = (L/o) (@ n+nZ-a?)'’
Then we have that lIvll <R for all ve Dy(u,z,A,B). ¢
Note that the (locally Lipschitz) continuity of the function f implies the Hausdorff (locally
Lipschitz) continuity of the mapping Dg(u,z,A,B) with respect to u for fixed ze P, A > 0,
Be (0,17 [2]. If the function f is continuous, then the mapping Dy(u,z,A,B) is Hausdorff
continuous with respect to (u,z,A,B), ueE , ze P, A > 0, Be (0,1].

We will consider semismooth functions [16]. The following results have been established
in [3]:

Theorem 1

Let f be a semismooth function. Assume that the directional derivative f(u,g) is upper
semicontinuous with respect to u for all ge E,. Then, df(u) = B(u).

Corollary 1

Let f be a semismooth function with the directional derivative f(u,g) lower semicontinuous
with respect to u for all ge E,. Then, dflu) = B(u).
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Corollary 2
Let all the conditions of Theorem 1 or Corollary I be satisfied. Then, for any € > 0 there
exist zyeP, Ay > 0, B, > 0 such that for all zeP, z < zg, A€(0,4), Be(0,5,)
dy(9f(u), Dy(u,z,A.B)) <.
Now we apply the notion of the discrete gradient for the construction of a continuous
approximation to the subdifferential.
Corollary 2 implies that for all € > 0 there exist ze P, A > 0, B > 0 such that
Dy(u,z,\,B) C f(u+SP) + Se, (4)

where

f(u+Sg) = U {9f(y) : ye Sp(u)).
Let

V(u,g) = Dy(u,z,A,B), )
where ze P, A > 0, B > 0 satisfy the condition (4). The mapping V(u,e) is continuous with
respect to the Hausdorff metric for (u,e), € > 0. Indeed it follows from Corollary 2 that for
€>0 we can find ze P, A > 0, B > 0 such that

Dy(u,2,A,B) € f(u) + Sg)p. (6)
For such zeP,A >0, 3 >0 there exists 8 > 0 such that for all ye Sg(u)
Dy(y,2,A,B) € Dy(u,z,A,B) + Sgpp 0

Let 6 < &. We have

df(u) € di(y + Sp), Vye Sg(u).
Consequently, from (6) and (7) we get that

Dy(y,2,M8) € D(u,z,A,B) + Sgj € Of(u) + Sg € If(y + SY) + Se. (®)
Thus V(y,e) = Dy(y,z,A,B). These inclusions and continuity of the mapping Dy(u,z,A,B) with
respect to (u,z,A,B) imply that the mapping V(u,e) is continuous at the point (u,€), € > 0.

Appying (8), Corollary 2 and upper semi-continuity of the subdifferential of(u) we can

conclude that

convVy (u) = of(u).
Consequently, the family {V(u,e)} is a continuous approximation to the subdifferential of(u).
Thus, we have proved the following assertion.

Theorem 2
Let UC E, be a compact subset and f be a semismooth function with the directional

derivative f(u,g) upper (lower) semicontinuous with respect to u for all ge E,. Then the
family {V(u,€)} constructed by (4),(5) is a continuous approximation to the subdifferential

df{u) on U.
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We will denote by @ a class of locally Lipschitz functions for which the relation
of(u) = B(u) holds. Theorem 1 and Corollary 1 show that the class @ is fairly wide.
From the definition of the mapping V(u,£) it follows that for all fe @ we can set
V(u,0) = of(u).
By the construction of the mapping V(u,e) we immediately get the following lemma.

Lemma 3
The mapping V(u,g) constructed by (4),(5) is upper semicontinuous with respect to (u,€) at
the point (u,0).
By the construction of the mapping V(u,e) we also obtain that at given point ue E; for any
¢ > 0 there exist § > 0, ze P, A > 0, B > 0 such that for all ye Sg(u)
V(y.e) = Dy(y,2,A,B)
From this we get the following lemma.

Lemma 4
LaUCE,isa bounded set, € > 0 and

V(u,e) = Dy(u,z,,4,,B,).

Then there exist zye P, Ay > 0, By > 0 such that
2, 225, Ay, 2Ny, B, 2By

Jor all ueclU.

3. Computation of the Descent Direction
In this section we discuss the problem of the computation of a descent direction. First, we
recall the following lemma (see, [5]).

Lemma §
Let UeE, and for given zeP, A >0, 3> 0
min{]/vl| : veDo(y,2, 4B} = V)] > 0.
Then for g° = -[°) VP
fu2g°) - fiw) <-Ap).
As it follows from Lemma 5, for the computation of the descent direction, we have to solve
the following problem
ivil — min, ve Dy(u,z,A,B). C))
Problem (9) is difficult, because in general case the complete computation of the set
Dy(u,z,A,B) is not possible. We can substitute it by the following problem:
vl = min, ve D, (10)
where D is the convex hull of a finite number of points and
DC Dy(u,z,A,B).

Effective methods for solving problem (10) (see, for example, [24]) are available.
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For the computation of the descent direction of the function f the following Algorithm is
suggested. Let be given ze P, A > 0, B > 0, the number ce (0,1) and small enough number
6>0. ,

Step 1- Choose any gle S,, ee G, ie I(g!,a) and compute the discrete gradient
vli= Fi(u,gl,e,z,k,B). Set D,(u) = (v} and k = 1,
Step 2 - Compute the vector lwkil = min{liwll : we D, (u)). If

Iwki <8, (11)
then, stop.
Step 3 - Compute the search direction by g*! = -IlwKjI-lwX,
Step 4 - If
fu+Aghhy - f(u) < -cMiwkIl, (12)
then, stop.

Step 5 - Compute the discrete gradient v€*! = T i(u,gk’“l,e,z,?»,[?)), ie 1I(g*!,o0), construct the

set Dy, (u) = conv{D,(u) U {vk+1 }}, set k = k+1 and go to Step 2.

First, we will show that if both conditions for stopping the algorithm do not hold, then the
new discrete gradient vitlg D, (u), that is the algorithm in this case allows to improve the
approximation of the set Dy(u,z,A,B). Indeed, in this case kil > & and

fu+AgE) - f(u) > -cAIwIl.
Therefore, from (3) we get that
fu+Agh*) - fu) = AT, g e, 2,0, B), g541> = A<vEH gkHy 5 ik,
From this we have
WK Wk < cliwkI2, (13)
On the other hand, since wK = argmin{livll : ve Dk(u)}, so from necessary condition for a
minimum it follows that for any we D, (u)
< wk,w-wk> 20
<wk,w> > Iwkii2,
Then from this and (13) we obtain that v¥*le Dy (u).

Now we will show that the described algorithm is finite. For this it is sufficient to get an
upper estimation for the number of computed discrete gradients, m, after which the following
inequality is fulfilled:

Iw™I < 8. (14)

It is clear that for arbitrary te [0,1]

w2 < ek (1-Hywhii2
or

W 2 < w2 + 20wk VR ks 4 @ikt gk
Lemma 2 implies that there exists R > 0 such that

VK wKil < 2R.
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Then, taking into account the inequality (13), we have
w2 < kI - 26(1-c)liwki2 + 4R,
For t = (1-c) CR) AIwXI%e (0,1) we get
w2 < (1-[(1-c)@2R) Hiwki?) w2, (15)
For the given 8e (O,R) we will estimate the number of computed discrete gradients, m, after
which the inequality (14) is fulfilled.
From (15) and the condition liwkil > &, k = 1,..., m-1 it follows the inequality
Wk < (1-[(1-c)R)18]2 ) Iiwkii2.
Set T = 1-[(1-c)(2R) '8]%. It is clear that I'e (0,1). Consequently,
w2 < Tilw™ 2 < .. < P w2 < PR,
If '™ 1R? < §2, then the inequality (14) is also fulfilled and therefore,
m < 2log,(8/R)/log,T+2.

Thus, we have proved the following assertion,

Theorem 3
Let f be a locally Lipschitz function, at a point ue E,, there exists R > 0 such that
max{//vl] : veDy(u,z,A,B)} <R,
and ce(0,1), 8&(0,R) be given numbers. Then after m computations of discrete gradients
one of the conditions (11), (12) should be fulfilled, where
m < 2log,(6/R)/log,I+2,
r=1-[(I-c)2R)" 8],

4. The Method and its Convergence

In this section we suggest the method for solving problem (1) by using the mapping V(u,€)
and study its convergence.

Let be given the numbers c,e (0,1), c,e (0,c;] and the sequences (8y}, {ex}, 8k >0,
g >0, 8 — 0, e — 0, k — +oo. We assume that the choice of & > 0 corresponds to the
choice of some zye P, Ay > 0 and Bye (0,1].

The method for solving problem (1) can be described as follows.

Step 1 - Choose any starting point uke E,and setk = 0.

Step 2 - Sets=0and u§ =uk,

Step 3 - Apply the algorithm for the computation of the descent direction at u = uk, & = 8,
2= 27, A =My, B = By, © = ¢;. After stopping this algorithm, for some finite m > 0,
an element Hvls(ll = min{livll : ve Dm(u‘s‘)} and a search direction gls‘ = -IIv‘s‘II'lvls‘ are

computed such that either

f(uk+hgb) - Fuk) < e A livEll, (16)
 orIvEl <8y
Step 4 - If
IvEll < 8, (17)
then set uk*! = u’s(, k = k+1 and go to Step 2.
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Step 5 - Construct the following iteration
Ui = uf + oggg.
Compute oy in
= argmax {6 2 0 | f(u+ogk) - f(u¥) < -c,0lviil). (18)
Step 6 - Sets =s+1 and go to Step 3.

b

Theorem 4
Assume that fe @ and the set M(uo) = {ueE,, [flu) < f(u )} is bounded Jor starting points
U eE Then every accumulation point of {u } belongs to the set U° = {ueE, | 0c dfiu)}.

Proof:
Since the function f is locally Lipschitz continuous and the set M( uo) is bounded so
Se=inflf(u) : ueE,} > -co_If the condition (16) takes place then taking into account that
0< ¢ <c, we have
Flug+Agh) - ) < -edg iy < 0
This inequality always implies that Og 2 M. From the boundedness of the set M(u® and
Lemma 4 we get that there exists A > 0 such that for given k, Ay (u) 2 A for all ue M(u?).
Consequently 6, 2 A for all 5. Then we have
IVl < e,y £ ub)-Fuk, ). (19)
On the other hand f(ugﬂ) < f(ulsc) forallk,s =0, 1, 2,... and consequently, the limit
lim f(uk) > £

exists for any fixed k. Then from (19) it follows that there exists such finite s(k) > O that
Ilvk(k)ll < Sk Thus, in each stage the condition (17) holds after finite number of steps At that
k! = vs(k) and therefore, min{llvll : ve D (uk"l)} < 8. Since D (uk+1) C Dy(uk* L2, Mo Br)

so

Dm(uk+l) C V(uk+l,€k).
Then we get that '

min{Ivll : ve V@ )} < §,. (20)
By the construction of the sequence {u } it follows that u¥e M for all k. Since M@P) is the
bounded set, the sequence { uk} is also bounded. Consequently, 1t has at least one accumulatlon
point. Suppose u* is the accumulation point of the sequence {u¥} and assume that u¥ — y* as
k — +o0, without loss of generality. The upper semicontinuity of the mappmg V at the point
(u*,0) implies that for any ¥ > 0 there exist " > 0, € > 0 such that

V(u,e) C V(u*,0) + Sy (21)
for all ue Si(u*) and ee (0,£). Since u*¥ - u* and €k — +0 so there exists k; so that
uke Sr(*), gge (0,€) for all k > ko. On the other hand since V(u*,0) = af(u*) so from (21) it
follows that for all k > k;

VU e) € afu*) + Sy
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From this and (20) we have
min{llvll : ve of(u*)} < &y + 7.
Since 8, — +0 as k — +e and ¥ is an arbitrary number then we have that
min{livll : ve of(u*)} =0
or Qe of(u*). ¢

5. Computation of the Stepsize
In this section we discuss the problem of the computation of the stepsize G4 in Step 5 of the
above described method. For this we suggest the following three algorithms. Set 6 = Ilvls‘ll,

where vls‘ is defined as in Step 3 of the method.

Algorithm 1
Let be given number ¥ (0,1). We begin with 65 = 8 and if for u¥ + ok
fuk+o,gX) - fuk) < -co v, (22)
then the algorithm stops. Otherwise we compute the next o5 by 65 = ¥ 65 and again check the
condition (22) and so on. Since the condition (22) takes place for Ay > 0 so if 65 < Ay then
the algorithm stops and we take Og = Ay.

Algorithm 2
In this algorithm we substitute the objective function along the descent direction by the one-
dimensional quadratic function. We set o = 0. If 63 <Ay then we take 03 = Ay and the
algorithm stops. Otherwise we check the condition (22). If the condition (22) satisfies for
f(uls‘+osgls() then the algorithm stops. Otherwise we define
o (t) = f(ub+tgh).,
Originally we have the following information on the function ¢(t):
®(0) = f(uf),  @(h) = ful+hygl),  @(oy) = flug+oeed).
We denote by :
Iy =Aglo() - @), T =05[0(0y) - @(O)].
Since f(uls‘+osgls<) does not satisfy the condition (22) then
®(0g) > ©(0) - c,0IVEII. (23)
Having this information on the function ¢ (t) we substitute it by the following one -
dimensional quadratic function:
W(b) = at* + bt + ©(0),
where
LR SUN ol -MTy .
()'S-}\,k
The inequality (23) implies that T, > -¢,lIvKll. Then takingo into account that T'y < -c,lvEll and
g > A we get thata> 0 and b < -c2llvls‘ll. We compute the point t« = -b/2a for which
¥'(tx) = 0. Since a > 0, then t« minimizes the function ¥(t). Moreover, t« > 0 because
b <0. Therefore, we take t« as a new value for 0. If 05 < Ay then we take o = Ay and the
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algorithm stops. If (o) = f(u*+0,g¥) satisfies the condition (22) then the algorithm stops.
Otherwise we repeat the algorthim for the new value of o,

Algorithm 3

In this algorithm when the condition (23) takes place we substitute ¢ (t) by the following
one-dimensional piecewise linear function:

W(t) = max{a;t+b;,a,t+b,}.
Let ¥'e (0,1) be a given number. It is required that at the points t = 0 and t = A,

ajt+by > ast+by.
We also require that a; > 0. Thus, we get that a; = I}, b; = ©(0) and the coefficients a, and
b, satisfy the following conditions:

by <by, ajhgtby<aA+by,  ay >0, (29
It is clear that a; < -czllvls‘ll. We set g =0. If f(uls‘-l-csgls() does not satisfy the condition (22),
then for the estimation of a, and b, we need to know one more value of the function «(t).
Therefore, we compute the value of this function at the point t = ¥og. If
@ (¥og) = f(uls(+3’(ssg§) satisfies the condition (22), then we take o, = t and the algorithm
stops. Otherwise, we can define a, and b, using @ (o) and ¢ (¥ o). Thus, we have

LI C I CEN) . by= @ (¥ oy)-¥o(oy

oy (1-¥) 1-¥

If a5 and b, do not satisfy the conditions (24) then we set og = ¥ o, If O < Ay then we take

Os = Ax and the algorithm stops. Otherwise we repeat the algorithm. If a, and b, satisfy the

conditions (24), then we compute

_by-by

- A3y ’

which minimizes the function ‘P(t). It is clear that t« > 0. We take t« as a new value for o If
tx < A then the algorithm stops and we take g = Ay. If 64 > Ay and f(uX+0,gX) satisfies the

condition (22) then the algorithm stops. Otherwise we repeat it for the new value of Og.

1%

6. Results of Numerical Experiments

In order to verify the practical efficiency of the suggested algorithms a number of numerical
experiments have been carried out. In these experiments we considered problems with convex
and nonconvex objective functions. So in Problems 1-6 the objective functions are convex (see,
[15]) and in Problems 7-11 they are nonconvex. In Problem 12 we consider the marginal
function of the special form. This problem is simple, but it is important for the comparison of
algorithms. The codes have been written in Microsoft Fortran-90. Numerical experiments have
been carried out in PC IBM AT 386 with Main Processor 80386DX, 40 MHz.

For solving the subproblem (10) the Wolfe method (see, [24]) is used. We take ¢; =02
for all problems and c,e [0.001,0.2]. Parameters z,A,B are chosen by the following form.
z(A) = z(\) = A", By = B = 1 for all k and problems. A, = thy, k = 0, 1,..., where t = 0.75
and Ay = 0.001 for all problems. In Algorithm 1 we considered the various values of the
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number & e (0,1) and chose the best results. So we got the best results for the Problems 1-5,
7-9,12 at & = 0.45 and for the Problems 6,10,11 at ¢ = 0.6.

For description results of numerical experiments we use the following notations: f = f(u) is
the objective function, u® is the starting point, u* the point of local minimum, fx = f(u*), n the
number of variables, N is the number of the problem, 8(uk) = f(uk) - fx is the precision of the
point ok, m, is the number of iterations for achievement of the precision 8 > 0, that is

m = Y s(k),
S(uk)>8

m, is the number of objective function evaluations at the line searching and mjy is the total
number of objective function evaluations for achievement of the precision & > 0.

Results of numerical experiments with 8 = 10?2, 8 = 107, 8 = 10" are presented in Tables
1, 2 and 3, respectively.

To carry out numerical experiments we use the following problems:

Problem 1
f(u) = max (v}+u], (2-up)? + 2-uy)?, 21192, ue By, v° = (1,-0.1),
u* = (1.1390,0.8996), f« = 1.952224.

Problem 2
f(u) = max(fi(u), i = 1,2,3}, f;(0) = uH+u3, £,(u) = v3+ud+10(-4u,-uy+4),
f3(u) = uud+10(-u;-2uy+6), e By, u® = (-1,5), u* = (1.2,2.4), fx =7.2.

Problem 3
f(u) = 4luy-uyl + lug+uyl + lug-usl + lug+ugl + lug-uyl + lug+uyl,
ue By, u® = (1,2,1,1), u* = (0,0,0,0), fx = 0.

Problem 4 ;
f(u) = max(u?,i=1,...,n}, veEp, u® = (i, i = 1,..., In/2[, -i, i =] n/2[+1,..., n),
v =(0,...,0), fx =0.

Problem 5
f(u) = max{lyl,i=1,...,n}, ueE,, w=(,i=1,.., 02l -,1=] n/2[+1,..., ),
u* =(0,..., 0), fx = 0.

Problem 6
100 n '
fw)= Y 1, putl, ueEy, =001, j = 1,..., 100,
=1 =1

w® =(0,..., 0), u* = (I/n,..., 1/n), fx = 0.

Problem 7
f(u) = luy-11 +100 luy-luyll, ue E,, w = (-1.2,1), u* = (1,1), fx = 0.
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Problem 8
£u) = luy-11 +100 tug-fu;ll +90 lug-ugll + hug-11 +10.1(ug-11 + hug-11) + 4.95(Iuy+u4-2! -
hiy-ugl), ue By, u° = (1,3,3,1), u* = (1,1,1,1), fu = 0.

Problem 9
f(u) = max (v}, i = L,...,n)} + min(u?, i = 1,..., n}, ucE,,
w=G,i=1,.,In02[ -,i=] n/2[+1,..., n), u* = (0,..., 0), fx = 0.

Problem 10
20 n _ n _
fw) =3, 13, (wiruDe ! -max(1Y, (wiru, j = 1,..., 20), ueE,,
j=1 i=1 i=1
tj = 0.05], j = L,..., 20, u* = (I/n,..., 1/n), fu = 0,
Problem 11
100 n } n .
fW =1, (uuDd max (1) (uiruDEN, j = 1,..., 100}, ue B,
=1 =l i=1

tj=0.01j, j = 1,..., 100, u* = (I/n,..., 1/n), fx = 0.

Problem 12
f(u) = max (IIxll, xe Z(u)}, u,xe E,,

Z(u) = conv{Al(u),i=1,..., 8),

Alw) = (Al,..., AD), Aj =yl +1,j=1,..,n, A2u) = -Al(u),

AW = A, A, A = () @H1), ] = 1,..., n, Alu) = -A3(u),

AS) = (A],..., A, AT =" j=1,..., n, A%) = -A5(u),

A = (A],..., AD, AT = D e, = 1,..., n, ABu) = A7),
O=(1,.., 1), u* =(0,..., 0), fx = n'”2,
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N |n Algorithm 1 Algorithm 2 Algorithm 3

my m, | My my my ms | 1y my; | s
1 2 14 108 | 164 44 1 217 | 393 39 59
2 | 2 11 114 | 151 22 104 | 188 7 32 57
314 27 204 | 363 81 527 | 1088 ] 36 180 | 376
4 |5 10 20 80 5 10 40 10 20 80
4 110 | 21 42 | 273 10 20 130 | 21 42 | 273
4 |15 37 76 | 668 15 30 270 | 84 219 | 1563
515 20 34 159 17 19 126 | 19 25 144
5 |10 | o1 76 | 747 60 69 729 | 60 67 727
5 |15 | 133 | 186 | 2329 | 128 | 150 | 2198 | 128 143 | 2191
6 | 5 64 | 1103 ] 1882 | 62 | 317 | 1084 | 58 266 | 899
6 | 10 | 60 | 1203} 2353 | 61 310 | 1561 ] 78 305 | 2393
6 | 15 59 | 991 | 3810 | 46 | 208 | 2444 | 80 319 | 3189
6 |20 F 59 | 1195] 3634 | 47 | 249 | 2516 72 296 | 3308
7 2 56 | 293 | 655 40 107 | 363 | 23 37 195
8 | 4 40 192 | 848 71 219 | 1342 | 47 141 | 876
9 |15 8 16 64 4 8 32 8 16 64
9 110 19 38 | 247 9 18 117 19 38 247
9 | 15 34 69 | 613 15 30 270 | 46 104 | 840
10| 5 47 675 | 1117 | 42 182 | 569 | 43 192 | 590
10110 | 45 | 739 | 1384 | 64 | 268 | 1322 63 282 | 1455
10 | 15 64 | 983 12382 | 62 | 263 | 1885 49 256 | 1460
1115 61 | 1091 1737 57 | 275 | 8717 | 76 381 | 1117
11 |10 | 52 | 1015 1917 | 66 | 312 | 1948 | 74 315 | 1909
11 |15 | 75 | 128714962 | 63 | 304 | 29321 93 371 | 4019
12 |1 5 3 11 29 2 4 16 3 9 27
12 | 10 3 5 38 2 6 28 3 5 38
12 | 15 6 24 135 13 93 5 13 93

Table 1 - Comparison of Algorithms for & = 1.0E-0.2
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N in Algorithm 1 Algorithm 2 Algorithm 3
my my | my m, my my | m, m, | my
1 2 19 148 | 229 58 | 288 I 532 1 15 97 160
2 12 13 143 | 190 32 146 | 284 | 10 45 85
314 28 | 215 | 383 89 | 553 | 1214 43 197 | 480
4 15 12 24 96 5 10 40 12 24 96
4 110 | 27 54 | 351 10 20 130 | 27 54 | 351
4 115 1 44 90 | 794 15 30 270 | 92 235 1 1707
515 24 66 | 225 21 39 180 [ 21 31 167
S 1101 71 148 | 989 70 114 | 924 | 67 88 855
5 115 | 151 | 318 | 2899 | 144 | 216 | 2640| 134 161 | 2335
6 | 5 91 | 1465 3121 84 | 389 | 1878 | 78 327 1 1600
6 | 10 | 118 | 2209 | 7357 | 104 | 460 | 4454 127 513 | 5190
6 |15 | 96 115338184 | 108 | 474 | 7902 | 129 | 492 | 8061
6 |20 | 134 | 257714571 71 320 | 5931 | 122 473 | 9775
7 1 2 63 | 358 | 757 44 114 | 402 | 24 41 204
8 1 4 55 1 257 | 1212 | 84 | 246 | 1618 | 58 170 | 1104
915 10 20 80 4 8 32 10 20 80
9 110 ] 25 50 | 325 10 20 130 | 25 50 | 325
9 1151 41 83 | 739 15 30 270 | 52 116 | 948
10 ] 5 60 | 806 | 1526 | 49 | 212 | 726 | 60 250 1 1010
10 1 10 | 64 | 957 | 2461 | 123 | 437 | 4220| 94 387 | 2931
10 1 15 | 126 | 1791 | 7947 | 101 | 382 | 5163 | 84 378 | 4572
1115 88 1145812926 | 95 | 388 | 2103 | 109 490 | 2004
11 ] 10 | 125 | 2348 | 7483 | 112 | 485 | 4747| 94 364 | 3258
11 {15 | 117 | 1968 | 10200 | 103 | 463 | 7091 | 144 578 | 8612
1215 5 26 61 9 27 6 25 61
12 1 10 6 29 105 22 87 8 28 136
12 | 15 14 95 | 349 18 114 8 27 155

Table 2 - Comparison of Algorithms for § = 1.0E-0.3
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9n

N | n Algorithm 1 Algorithm 2 Algorithm 3
my m, my m, m, my | my m, My

1 2 22 169 | 265 63 | 305 | 574 | 16 103 | 171
2 | 2 16 165 | 227 36 160 | 318 | 14 61 123
314 44 1 288 | 695 103 | 583 | 1453 | 56 212 | 704
4 15 15 30 120 5 10 40 15 30 120
4 110 | 31 62 | 403 10 20 130 | 31 62 | 403
4 115 1 52 106 | 938 15 30 270 1 99 249 | 1833
515 35 110 | 409 31 54 300 | 21 31 167
S 110 1 80 183 | 1248 82 142 | 1168 | 77 100 | 1031
5 115 ] 167 | 403 | 3593 | 159 | 251 | 3179 ] 140 164 | 2519
6 | 5 104 | 1647 | 3736 | 120 | 490 | 3250 ] 109 414 | 2788
6 |10 | 279 | 6159121298 | 222 | 988 | 12180] 180 721 | 8641
6 | 15 | 165 | 2865116740 218 | 945 | 18353] 194 789 | 14408
6 |20 | 194 | 3868 [24262 | 197 | 811 |24848| 177 695 117792
7 2 75 | 425 | 910 54 128 | 492 | 38 49 330
g8 | 4 70 § 380 | 1638 | 96 | 273 | 1885] 72 193 | 1413
9 5 12 24 96 4 8 32 12 24 96
9 |10 | 28 56 | 364 10 20 130 | 28 56 364
9 115 | 48 97 8635 15 30 270 | 59 129 | 1088
101 5 94 | 11911 2665 | 164 | 652 | 3556 | 69 267 | 1236
10 | 10 | 102 | 1550 | 4892 | 227 | 837 | 9634 | 169 724 | 6783
10 | 15 | 168 | 2456 | 11909 | 175 | 656 | 11676{ 143 615 | 9998
11 | 5 | 200 | 3401 | 8335 | 269 | 1019 | 7658 | 152 658 | 3100
11 § 10 | 221 | 4568 1 15589 | 177 | 743 | 9020 168 685 | 7963
11 ] 15 | 210 | 3862 122237 | 146 | 613 | 13194| 227 975 117162
12 1 5 12 61 193 9 24 123 16 33 249
12 | 10 19 95 | 534 12 36 308 15 44 339
12 | 15 24 143 | 812 17 44 586 | 21 63 759

Table 3 - Comparison of Algorithms for 6 = 1.0E-0.4
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7. Concluding Remarks

In this paper, we propose three algorithms for solving unconstrained problem of Lipschitz
optimization. These algorithms belong to those of nonsmooth optimization without calculating
derivatives. The difference between them is in the computation of the step size. In Algorithm 1,
we use a usual backtracking step. In Algorithm 2, the objective function is approximated by a
one-dimensional quadratic function, and in Algorithm 3 it is approximated by a one-
dimensional piecewise linear function along the descent direction. Some numerical experiments
were carried out. In these experiments, max-type and min-type functions of quadratic ones
(Problems 1,2,4,9,12), L;-type functions (Problems 3,6,7,8) and mixed functions, which
contain both max-type or min-type functions and L,-type functions (Problems 5,10,11), were
used. We present the results of numerical experiments for three values of § : & = 0.01,
8=0.001 and & = 0.0001. This allows one to study better the behavious of the suggested
algorithms as a precise solution is approached. The results of the numerical experiments show
that Algorithm 2 has an advantage to solve the minimization problems of max-type and min-
type functions of quadratic ones and Algorithm 3 has an advantage to solve the minimization
problems of L-type and mixed functions. Problems 1 and 2 are an exception here. Algorithm 3
was the best one for them. One can suppose that the objective functions in these problems are
well approximated by a one-dimensional piecewise linear functions along the descent direction.

The comparison of the results, presented in Tables 1,2 and 3 shows that the advantage of
Algorithms 2 and 3 becomes more obvious as a precise solution is approached. Comparing
these results, we see that the number of computed discrete gradients in all algorithms at one
iteration increases as a precise solution is approached, whereas the number of function
evaluations in line searching at one iteration, as a rule, does not increase. Algorithms 2 and 3
use a much smaller number of function evaluations than Algorithm 1 in line searching.

The results of the numerical experiments also depend on the choice of the parameters ze P,
A >0, B > 0. Choosing them different for different functions, we can get better results for the
concrete problem. But we took them the same for all the problems in the experiments.

It should be noted that the suggested algorithms allow us to solve all the problems tested
with a given precision. This implies that they seem to be reliable algorithms,

As our main result, we show in this paper that one can construct more effective algorithms
of nonsmooth optimization using the one-dimensional quadratic and piecewise linear models of
the objective function along the descent direction,
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Abstract

The analysis of extreme values data vis classical arguments, makes a through use of the so called extreme
value distribution. An alternative approach, known in the hydrologic litterature as P.O.T. (Peaks Over
Threshold), takes into account the values that cxceed a given threshold mardk. However, both approaches do not
allow for serial depedence in the data. In this paper, we develop forecasting models for extreme values time
series. The models use the dynamic linear ‘model as the model formulation and bayesian inference for parameter
estimation and updating procedures. They are, therefore, included in the class of bayesian dynamic generalized
models for extreme values time series. It is important to mention that the derivation is obtained directly without
the use of any kinf of numerical approximations, even though the extreme values distribution is not a regular
member of the exponential family of distributions. An applications is shown, where the problems related to the
forecast of extreme values are discussed.

Resumo

As abordagens cldssicas para estudos de valores extremos fazem uso das chamadas "distribui¢des de valores
extremos”. Uma abordagem alternativa, conhecida como P.O.T. (Peaks Over Threshold) desenvolvida por
hidrologistas considera os valores que cxcedem um dado patamar (Threshold value). Essas metodologias ndo
consideram explicitamente as propriedades seriais dos dados. Neste trabatho desenvolvemos modelos de previsdo
para valores extremos. Eles utilizam o modelo linear dinimico como formulagfio subjacente e a inferéncia
Bayesiana: sdo modelos dinimicos Bayesianos generalizados para valores extremos. Embora essas distribuigtes
ndo fagam parte da familia exponencial, toda a andlise € feira explicitamente, sem aproximagdes numéricas.
Problemas cldssicos da previsdo de extremos siio apresentados em uma aplicagio.

Keywords
Extreme values, bayesian dynamic modcls, gumbel distribution.



96 M. S. Ferreira et al. / Modelos dindmicos bayesianos para extremos

1. Introdugdo

Estatisticas de valores extremos sdo relevantes em muitas dreas e, uma grande variedade de
aplicagdes € apresentada em Kinnison (1985). A grande maioria das aplicagdes utiliza os
chamados métodos cldssicos de estimagiio e previsdo para extremos. Estes métodos apresentam
algumas deficiéncias, como suposi¢des de independéncia, a necessidade de transformar os
dados e outras, apesar de proverem resultados muitas vezes satisfatérios. Ver por exemplo,
Carter ¢ Challenor (1978), Turner (1982), Smith (1984) e Ferreira e Souza ( 1988).

O objectivo principal deste artigo € desenvolver um modelo dindmico Bayesiano para
valores extremos aplicado a séries temporais. Nessa abordagem a série € descrita por
componentes ndo-observdveis e na andlise Bayesiana dinimica ¢ utilizado um processo
sequencial de estimagdo. Pretende-se com esse procedimento estabelecer uma modelagem que
considere explicitamente os elementos simplificadores e, muitas vezes restritivos, adotados na
modelagem "cldssica".

Na se¢do 2, descrevemos sucintamente dois dos métodos cldssicos de estimagio e previsdo
para extremos presentes na literatura; a exposi¢do ¢ ilustrada com um exemplo. Na se¢do 3,
resumimos os resultados da inferéncia Bayesiana para o caso de amostra aleatéria da
distribuigdo de Gumbel. Algumas aplicacdes sdo feitas; Ferreira, Souza & Brasil (1989).
Finalmente, na segfo 4, desenvolveremos um modelo dinimico Bayesiano para problemas de
extremos de séries temporais.

A modelagem Bayesiana dindmica foi introduzida por Harrison e Stevens (1971, 1976)
para o caso de modelos lineares. Surgiram depois trabalhos estendendo a teoria (para a familia
exponencial) a modelos dindmicos ndo lineares, como em Souza (1979), Migon (1984), West,
Harrison e Migon (1985) e West e Harrison ( 1986). Pole, West ¢ Harrison (1988) mostraram
que o tipo de andlise proposta por West, Harrison e Mi gon (1985) permite tratar distribui¢des
ndo pertencentes a familia exponencial, Descrevemos brevemente esse método na se¢do 4. Uma
implementagdo desse método entretanto pode conduzir a cdlculos numéricos ndo-tratdveis. B
importante verificar se as informages adicionais sobre as distribuigSes podem levar a solugdes
mais simples.

No principais resultados deste trabalho é construfda uma aplicagdo dessas ideias num caso
especifico, no qual a distribui¢do das observagdes é uma distribui¢do de extremos. Esse caso
tem caracteristicas préprias e as distribuigdes envolvidas s3o obtidas analiticamente. O resultado
final ¢ uma implementagio do modelo dindmico Bayesiano para estudo de valores extremos.

2. Alguns métodos para o estudo de valores extremos de séries temporais

2.1 Introducgio
Estatisticas de valores extremos sdo relevantes em muitas dreas e uma grande variedade de
aplicagbes € apresentada em Kinnison (1985). Nesta se¢do discute-se alguns métodos para
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estudar valores extremos de séries temporais. Em geral, a definigiio dos extremos depende do
processo envolvido e do tipo de método que serd usado. Por exemplo, veja Yevjevich (1985):
se a média temporal é uma série de vazdes didrias, obtidas durante vdrios anos numa
determinada se¢@o de um rio, os extremos poderiam ser definidos como:

(1) as razbes maximas anuais; ou,

(ii) os excessos de vazio em relagdo a um dado nivel; ou,

(iii) os valores correspondentes aos excesssos de vazio acima de um dado nivel; ou,

(iv) os intervalos de tempo correspondentes a estes excessos de vazdo (intervalos entre

extremos); ou,

(v) asnvazdes de toda a amostra.

Como se pode ver, a definigdo do extremo depende fortemente do processo subjacente € do
tipo de ensaio ou experimento proposto.

Nesta segdo, discutiremos simplificadamente alguns métodos cldssicos mais comuns. Os
métodos cldssicos mais utilizados sdo: (i) método de Gumbel; (ii) método P.O.T. e (iii) método
P.O.T. modificado. As metodologias serdo ilustradas através de um exemplo, a série de alturas
de ondas no Porto de Praia Mole em Vitéria, Espirito Santo, Brasil e apresentados na se¢@o
5.1.2.

Na sec¢do 2.2, descrevemos um método conhecido como método de Gumbel, descrito, por
exemplo em Carter e Challenor (1978). Na se¢do 2.3 apresentamos o método "Peaks Over
Threshold" (POT), Turner (1982) e Smith (184), que definem como extremos os valores que
excedem a um dado nivel, agrupados ou ndo. Algumas modifica¢des deste método, conhecido
como "P.O.T. modificado" encontram-se em Smith (184), e ndo sdo discutidas neste texto.

Nos estudos tradicionais sobre extremos, um dos objetos de interesse € a estimativa do
valor H(Q), valor que ¢ ultrapassado em média uma vez em cada Q anos (isto corresponde a
especificar a probabilidade de ocorréncia deste valor, ou de valores maiores, como 1/Q). Nos
exemplos deste trabalho, estaremos interessados na altura de onda que retorna em 50 anos,
H(50).

2.2 Método de Gumbel

Este método € baseado na abordagem cldssica de Gumbel (1958). Resumidamente, no
método de Gumbel, onde cada um dos anos de uma série temporal ¢ dividido em N grupos,
digamos N = 12, e toma-se o valor médximo de cada grupo. Define-se M;; como o méximo do
i-ésimo grupo do j-ésimo ano, i =1, 2,..., Nej =1, 2,..., P, onde P € o ultimo ano
disponivel. Ajustando-se para cada grupo (M, Mjy,..., Mjp) uma distribui¢do de Gumbel,
Fi(y), pode-se estimar H;(Q) (o valor que retorna em Q anos no i-ésimo perfodo). No caso do
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exemplo do porto de Praia Mole temos (Grupos - 1 a 12 €, Anos -1982, 1983,...):

Anos
My My, M,
My Mg, My,

Mis1 Myzy Myys

Note que os valores consecutivos no tempo aparecem em coluna e que uma dada linha

Grupos

congrega os maximos em periodos correspondentes, ano apds ano. Ajusta-se a cada uma das
linhas desta matriz uma distribui¢io de Gumbel Fi(y). Estima-se H;(Q) utxhzando essa
distribuigdo ¢ define-se H(Q) como o méximo dos H: i{(Q).

Este método evita a necessidade de estudar previamente a sazonalidade da série visto que,
ajusta-se uma distribui¢do de Gumbel aos méximos obtidos em J aneiro, ano apds ano; uma
distribui¢do de Gumbel (com possivelmente outros pardmetros) aos mdximos obtidos em
Fevereiro, ano apds ano, e assim por diante; porém ele nio detecta uma possivel tendéncia, nem
uma possivel alteragio dos padrdes sazonais.

A descrigio e algumas aplicacdes deste método podem ser encontradas em: Carter, D.J.T.
and Challenor, P.G. (1978) e Ferreira, M.J.S. (1991).

Uma estimativa de H(Q) pode ser obtida do seguinte modo. Considere Q = 50 anos. Entio,
H;(Q) € definida pela expressdo

PIY > H;(50)] = 1 - F;[H;(50)] = 1/50 (2.1)

Fi(y)) =P[Y <yj] = CXP['CXP[- (—y}—an—') jl :l o0 <y < ooy B >0 (2.2)

€ a fungiio distribui¢do acumulada de Gumbel, onde M; € o pardmetro de locagdo da distribuigfio
¢ @; é o pardmetro de escala. Este pardmetros sio estimados pelo método da méxima
verosimilhanga, Carter & Challenor (1978) e Ferreira (1991).
Para obter uma altura de referéncia anual, podemos raciocinar de duas maneiras:
(i) H,(50), definida como o mdximo dos H;(50=, 1 = 1, 2,..., N; nesse caso, H;(Q) ¢
dada por:

H(Q = yi=n;- Giin| (1 - ) | 2.3

(i) supondo independéncia entre as linhas, define-se Hy(50) = yy, a partir da
distribui¢do conjunta F(y) das linhas, do seguinte modo:
P(Y,>ypouY,>ypou. . Yy>yp)=1- Fi(yp).Folyp).. . Fn(yp) = 1/50.  (2.4)
Para calcular Hy(50) = y;, um bom procedimento é o método de Newton-Raphson. A tabela
2.1 mostra os valores de H,(50) e Hp(50) para os dados do Porto de Praia Mole. Ferreira
(1991) apresenta todos os cdlculos. O valor escolhido pode ser, por exemplo, o maior deles:
8,05 metros.
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N H,(50) H,(50)
1 6,61 6,61
2 6,61 6,65
3 6,74 7,30
4 6,98 7,38
6 6,93 7,46
9 7,10 7,85
12 7,08 1,74
18 7,14 8,05

Tabela 2.1 - Valores dos estimadores de H,(50) e Hy(50) - Método de Gumbel

2.3 Método P.O.T. (Peaks Over Threshold)

O Método Peaks Over Threshold (P.O.T.) foi desenvolvido por hidrologistas. Algumas
referéncias para essa metodologia sdo: North (1980), Turner (1982) e Smith (1984). Neste
método em geral, é necessdrio transformar previamente os dados, pois ele foi desenvolvido
para séries estaciondrias, i.e. sdo retirados das séries os possiveis componentes sazonais ¢ de
tendéncia.

A seguir define-se um patamar TL (Threshold Limit), acima do qual os valores sdo
considerados de interesse. Os valores acima do patamar aparecem geralmente em grupos de
instantes consecutivos. O valor mdximo em um dado grupo é denominado o pico desse grupo.
Considera-se somente esses picos (maximos dos grupos). Os tempos correspondentes aos
picos formam, sob certas condiges, um processo de Poisson; Turner (1982) e Smith (1984).

Denotando-se:

Y; - a diferenga entre o valor do pico e o patamar TL e,

T - o instante correspondente ao pico,
os valores dos Y; sdo modelados por uma distribuigdo exponencial e, os T; formam um
processo de Poisson com parimetro A.

Segue-se entdo que as ocorréncias de valores acima do patamar (valores excedentes) em
intervalos disjuntos s#o eventos independentes e o niimero desses valores num dado intervalo
tem uma distribui¢do de Poisson.

A diferenga entre o pico ¢ o patamar € modelada por uma distribui¢do exponencial. Esta
escolha é devida a propriedade de "falta de memdria”, ou seja P(Y > y+c 1Y >¢) =P(Y > y).
Essa propriedade torna as conclusdes, em certa medida, independentes do patamar escolhido.
Outra justificativa para a escolha da distribui¢éo exponencial pode ser encontrada em Smith
(1984). A partir destas hipGteses € feita entdo a estimativa de H(Q).

O método P.O.T. é muito subjetivo:

(i) ndo existe critério para escolha da altura do patamar (TL), na modelagem dos valores

excedentes e no processo de agrupamento dos dados.
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(ii) ndo trata explicitamente os componentes de sazonalidade e tendéncia; e,
(iil) considera as observagdes como independentes e identicamente distribuidas.
Tentativas feitas pr Smith (1984) - método P.O.T. modificado, para definir o tamanho dos
grupos contribufram para resolver esse problema, 3 custa de tornar este método dificil de ser
usado.

3. Inferéncia Bayesiana para uma Distribui¢io de Extremos

3.1 Inferéncia Bayesiana para valores extremos

Apresentamos sumariamente os resultados da inferéncia Bayesiana para uma amostra
aleatoria de valores provenientes de uma distribui¢do de Gumbel. Este resultados é interessante
de ser observado antes do modelo dindmico. A se¢do 3.2 é finalizada com uma estimativa de
H(50).

Suponha uma amostra aleatéria de tamanho t, Y = (Y, Yg,..., Y| de um modelo de
Gumbel com fungdo densidade de probabilidade (fdp) dada por

P[YIM,@] = % (%L)exp[_e Ug_)] ) % 'exp[_ Rl J'Cxp[_exp_(y_g\_)]’ oo <y < oo

Onde: M, (-2 <1 < *°), é o pardmetro de locagdo ¢ @, (@ > 0), o pardmetro de escala,
Observa-se que 1 é a moda da distribuigdo, No desenvolvimento supomos & conhecido.
Na terminologia de Harrison & Stevens (1976) e West & Harrison (1989) temos, nesse
caso, um modelo estdtico:
Equagfio das Observagdes: Y, ~ Gumbel MpB,) = Gumbel (n,9); @ R*, conhecido
Equacdo do Sistema: N =N.1=M, Vt=1,2,...
A actualizagio sequencial de 1, =My = 7, pode ser obtida utilizando-se: (i) uma priori ndo-
informativa para m, (ii) o modelo observacional de Gumbel, ¢ (iii) o teorema de Bayes para
obtengdo da posteriori e 1.

Priori nao-informativa

A priori ndo-informatica para o pardmetro 1| pode ser estabelecida utilizando-se a regra de
Jeffreys, Box & Tiao (1973): P[n] = II(n)Im; inde I(n) € a informagdo de Fischer para 1. A
priori ndo-informativa de Jeffreys fica:

P(MID) o 1) = (13 .

A verosimilhanga da amostra é dada por:
L t
1 yi-n yin
P[Yn,B] =— .exp[-z —}.expl}z exp{—»'—
Q[ i=1 @ i=1 @

A distribuigdo a posteriori de | € calculada via teorema de Bayes (em forma fechada):

P(MIY. @) = P(Yln 2).P(ID)

eXpr-
PMIY.0) = 7 a ?,) [Z exp- Q] exp[ D exp( ‘Wn)}
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Os dois primeiros momentos da distribuigfo a posteriori de 1 podem ser calculados através

das proprias definigoes:
t-1 L .
EMIB,Y) = @.[-C+k=l %—ln[gb exp(- %)ﬂ 3.1
S 2
vnig,y) = @ .[—6- : :‘:1 2 (3.2)

A moda M da distribui¢do a posteriori pode ser calculada derivando-se a densidade a
posteriori com relagdo a M} e igualando-se a zero:

t :
MMIB,Y) = Q.[ln(t)-ln[z CXP(-YQ—')II
i=1

Demonstra-se também que, a média da distribui¢do a posteriori de 1, E(nlY, @), é um
estimador nio-tendencioso de 1; entretanto, a moda € um estimador tendencioso de 1; Ferreira
(1991, pag. 53-54).

Distribuicao preditiva
A fungio de densidade preditiva pode ser determinada através dos argumentos Bayesianos
tradicionais:

P[YMIX[] = o.r P(Ym'Tl,@,Xt)'P(ﬂlﬂ,Xt)dTI

- 00

: N . t ) -(t+1)
PIYilYd = g {2 exp- %J expl- Y4t [Z exp(- ) + exp(- y——;g‘>]
i=1 i=1

A média e a varidncia da distribuigfo preditiva podem ser calculadas via fungfo geratriz de
momentos, € sdo dadas por:

t-1 t .
E[Y qlYy] = Q[z 1E-ln[z exp(- %)ﬂ
i=1

k=1
2 t-1

1
VIYplY] =®2.[“— : —}
11 Ly 3 kgi )

Todos os célculos desta se¢do encontram-se desenvolvidos detalhadamente em Ferreia
(1991, capitulo 3).

3.2 Calculo de H(50)

Nesta se¢do estimamos o valor H(50), que ¢ ultrapassado em média uma vez em cada 50
anos, para a série de alturas de ondas, no Porto de Praia Mole, ES/Brasil. O esquema utilizado
¢ andlogo ao método (a) de Gumbel, da (seg¢do 2.2) com a diferenga de que o pardmetro 1, é
estimado pela média da distribuigdo a posteriori, EI@,Y), calculada na se¢do 3.1.

Lembrando a expressdo (2.3), temos:
H;(50) = n; - @;.In[-In(1-1/50)] = n; + 3,90.9; (3.3)



102 M. S. Ferreira et al. / Modelos dindmicos bayesianos para extremos

Observando-se que Mj; representa o méximo do i-ésimo grupo no j-ésimo ano, vamos
considerar que os maximos M;;, Mj,,... em perfodos correspondentes, ano apos ano, provém
de uma distribuigéio de Gumbel com pardmetros 1; e @;. Seja M; = (Mj1, Mjy, ...). Este vetor
pode entéo ser considerado como o vetor de observagdes, mais precisamente como uma
amostra aleatoria, analogamente a se¢fo anterior.

Com esta notagfo, a partir da equagdo (3.1), podemos escrever:

L1 t M.
> fk"-ln(Z exp(- ‘lel:l)) (3.4)
= j=1

Em;ld;.M;] = ﬂi.[-(}
k=1

A partir das equagdes (3.3) e (3.4) e estimando @; pela varidncia amostral, temos a
estimativa de H; (50). A tabela 3.1 mostra essas estimativas.

@; E(n;%;,M)) H; (50)
0,50 3,10 5,05
0,43 3,02 4,70
0,22 2,67 3,53
0,46 3,61 5,40
0,05 4,03 4,23
0,75 4,30 7,23
0,45 3,31 5,07
0,30 3,05 4,22
0,84 3,20 6,48
0,33 2,65 3,94
0.46 4,73 6,52
0,22 - 2,68 3,54

Tabela 3.1 - Estimativas de @, 1; e H; (50) (estimativa Bayesiana-amostra aleatdria)
A partir da tabela 3.1 definimos H(50= = Mdx H; (50) = 7,23 metros resultado que pode
ser confrontado com o valor Hy, (50) = 8,05 da segdo 2.2.

4. Modelo Dindmico Bayesiano para Valores Extremos

4.1 Introdugio

Harrison & Stevens (1971,1976) introduziram a abordagem Bayesiana para os modelos
lineares dindmicos (representagdo em espacos de estados), estendendo e incorporando novos
pontos de vista aos trabalhos de Kalman (1960), Kalman e Bucy (1961) e Kalman (1963).

A modelagem de séries temporais via "MLD's - modelos lineares dindmicos" foi estendida
no sentido de tornar o procedimento de modelagem mais flexivel, por exemplo: simplificando a
especificagio da matriz de covariéincia do sistema e/ou abrangendo modelos dinimicos nio
lineares no contexto da familia exponencial; Souza (1979), Ameen & Harrison (1984,1985),
Migon (1984), West, Harrison & Migon (1985) e West & Harrison (1986,1989).
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Neste modelos, as propriedades da familia exponencial aparecem na forma de uma
conjugacio entre as distribui¢des a priori e a posteriori, o que permite que todo o processo de
inferéncia seja realizado de forma analitica sem o recurso a aproximagdes. Assim, o tratamento
numérico da atualizagio, estimacio e predigdo € relativamente simples.

Pole, West & Harrison (1988) mostram que, em principio, 0 mesmo tipo de modelagem
proposta por West, Harrison & Migon (1985), pode ser utilizada para distribui¢des néo
pertencentes A familia exponencial. Na se¢do 4.2, apresentamos o modelo dindmico Bayesiano
generalizado. Na se¢do 4.3 desenvolvemos um modelo dindmico Bayesiano para valores
extremos, particularmente a distribuigio de Gumbel, o qual € uma instdncia do modelo anterior,
tendo no entanto caracteristicas préprias, pois as distribuigdes envolvidas exibem propriedade
semelhante 3 conjugagdo, embora ndo sejam da familia exponencial,

4.2 Modelo dindmico Bayesiano generalizado

O modelo apresentado nesta segdo é uma extensio do Modelo Dindmico Linear de West,
Harrison e Migon (1985). O Modelo Dindmico Generalizado € dado por:

Modelo Observacional

P(Y{mp; gy =M =F(@y (4.2.1)
¢ Equagio de Estado
0, =G, (0.1 +w, w~ (0, W) (4.2.2)

Onde para cada instante t sdo conhecidas as fung¢des Fy(-),
Gy (), e as varidncia Ve Wy;
y, s80 as observagdes (supostas univariadas);
9, é o valor (nx1) de pardmetros desconhecidos, denominado vetor de estado do sistema;
F(-) é uma fungfo, em geral ndo linear; duas vezes diferencidvel e conhecida para todo t;
g(-) é uma fungdo de ligagio mondtona e diferencidvel, também conhecida para todo t;
A; € uma varidvel aleatdria;
= sinal de associag@o, denominado relagfio guia;
Gy () € uma fungfo vetorial, em geral ndo linear;
W, € uma matriz (nxn), covariancias do sistema;
0y ~ [mg, Col € o estado inicial.

A andlise da série temporal € feita em termos das componentes ndo observdveis: tendéncia
(1), sazonalidade (¥)), ciclo (¥) e componente irregular (v,). Em geral, o modelo de
decomposigdo tem duas formas:

Yi=p .. ¥, v, modelo multiplicativo (4.2.3)
ou
Y=y +¥ +¥ +v, modeloaditivo (4.2.4)

O modelo adotado serd o modelo aditivo. Vamos descrever suas componentes.
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Componentes de tendéncia (1) - é uma fungdo que varia suavemente no tempo
caracterizada pelos parimetros:
Kip> que representa o nivel da tendéncia no instante t; e
By, que representa o crescimento entre os instantes t-1 e t (fator de crescimento).
Desse modo, o vetor de pardmetros € dado por err,& = [Hu,ﬁdT-

Componente sazonal (¥,). - é caracterizada como sendo a caracterfstica do processo em
repetir um certo tipo de comportamento dentro de um perfodo sazonal (s) que se repete
anualmente.

A modelagem da sazonalidade ser4 feita através de fatores sazonais. Sers estabelecida a
seguinte restrigdo

8
E ¥ i¢|=0, onde s € a periodicidade e ¥y, i = 1,..., s, sd0 os fatores sazonais.
it it
=1

O vetor de pardmetros é dado por Q{t =[¢ 1,8 Zt,..,,a’sl]T

Componente ciclica - sdo movimentos oscilatérios em torno da tendéncia, podendo ser
periédicos ou ndo, com perfodo maior que um ano. Um ciclo tem inicio e fim. A componente
ciclica ¢ definida pela componente ciclica total ¥, e o termo associado ‘I’:, onde

¥, =p.lcos(AW¥) + sen(?».‘l‘:l)]

‘I‘t = p.[sen(A. ¥y ) + cos(%.‘l’:‘_l)]

onde: 0 S A <, € a frequéncia da sendide e 0 < p < 1, € o fator de amortecimento da
amplitude. Se considerarmos p e A conhecidos para todo t, tem-se um modelo linear. O vetor
de pardmetros é dado por _Q;F,t = [‘{’l,\Pt]T
Componente irregular - sio os movimentos irregulares a partir da tendéncia constituindo
um componente ruido branco.

A distribui¢do amostral ou observacional é uma distribuigio qualquer denotada por

P(Y{n,9)),
onde My ¢ @ sdo parimetros da distribuigdo, com @, > 0. Usualmente 1, é um pardmetro de
locagdo e @, € um pardmetro de escala; Y, é a varidvel aleatéria que representa as observagdes
da série.

Sejam E(YIn,,8) e V(Y,In, @) respectivamente a média e a varidncia das observagdes. H4
necessidade de uma distribuigéo a priori para o parametro 7). Existemn métodos para especificar
a distribuigdo a priori, mas esta pode ser arbitrdria. A fungio de densidade de probabilidade, o
valor esperado e a varidncia dessa priori, estdo representadas genericamente, pelas equacdes
(4.2.5) (4.2.6) e (4.2.7), respectivamente.

PMDy.,9)) (4.2.5)
E(M{Dy.1,@)) (4.2.6)
VDy.1,.8) (4.2.7)
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onde Dy., representa a informagdo acumulada até t-1 (muito frequentemente
Dy ={Yg Yi5-.., Yi.1} constitui apenas o conjunto das observagdes até t-1). Observe que,
para cada caso, deve ser especificado o modelo genérico P(n,IDy.;,9,) e calculados seus
momentos (4.2.6) ¢ (4.2.7). Da densidade amostral P(Y,n,3,) e da densidade da priori do
pardmetro 1), (4.2.5), determinamos a distribui¢io marginal para Y; dados Dy_; e @, ou seja
P(Y{D.1,8) =} P(YDy1,8,np.PMyID.1,Bpdn, (4.2.8)
A evolugio do instante t-1 para o instante t e a relagdo entre o pardmetro 1, € o valor do
estado 0, serdo descritas a seguir.
A varidvel aleatdria A, é relacionada ao vetor de estado 6, por
Ay =F (0, MDDy ~ [f,q,] 4.2.9)
Podemos relacionar 1, a A; por: gMmy = A = F(0) (4.2.10)
Como dissemos anteriormente = é apenas um sinal de associa¢do, denominado relagio
guia, que nfo obriga a serem iguais as distribuiges a priori das varidveis g(n,) e A;. De fato,
esta igualdade seria uma restri¢do muito severa. A relagdo entre g(n,) ¢ A é usada simplesmente
como um guia para determinar a priori para 1, (veja West, Harrison e Migon (1985), pdg. 76).
Desse modo a relagdo g(n,) = A, deve ser suficientemente flexivel de modo a possibilitar a
incorporago na priori de g(n,) de informagdes adicionais. A evolugo temporal do modelo ¢
dada pela equagfo (4.2.2). A distribui¢do a posteriori do vetor de estado no instante t-1 € em
geral desconhecida. Seus dois primeiros momentos, no instante anterior, sdo conhecidos por
hipétese.
(8.11Dy.1) ~ [my.1,Cp1] (4.2.11)
Através de (4.2.2) e (4.2.10) determinamos os dois momentos da distribuig¢@o priori de 6y,
ou seja (6;.1/Dy.1).

Entao
(8Dy.y) ~ [a,Ry] (4.2.12)
onde
a; =E(QDy) =G (my.1) (4.2.13)
R, = Var(@Dy.y) =H,. .. H{ +w, (4.2.14)

onde H; € a matriz (nxn) de primeiras derivadas de G; (9, avaliada em 6,_; = m.;.

Na expressio (4.2.14) w, representa o aumento da incerteza de §; do instante t-1 para o
instante t. Representaremos este acréscimo aditivo da incerteza de uma forma equivalente
multiplicativa, usando fatores de desconto. Detalhes dessa abordagem podem ser encontrados
em Ameen e Harrison (1985), West e Harrison (1986,1989) e Brasil (1989). Equivalentemente
podemos escrever (4.2.14) como:

R, = ALH,.Cpi.HLA,. (4.2.15)
onde A, é uma matriz diagonal, (nxn), de fatores de desconto. A partir deste ponto o
procedimento de atualizagdo de 6, e A, segue a mesma linha do modelo de West, Harrison e
Migon (1985). Nio ¢ necessario conhecer a distribuigdo conjunta de A; e 6,. Esta distribuigdo
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serd dada pelos dois primeiros momentos. Assumiremos que a distribui¢io marginal A|D,_; seja
conhecida em qualquer aplicagdo particular, ou seja,

My
l: fﬂ qiS,

- 4l [SiR,
811
E(D,.;) =F; (a) =, (4.2.17)
V(\Dyy) =hi.R.h = q, (4.2.18)

onde h; € o vetor (nx1) de primeiras derivadas de Fy () avaliadas em 9, = a,.

S[ = COV[Q[,?\.[IDt_l] = Kl‘h[ (4.2.19)

Para atualizar os componentes do modelo, serd necessdrio estimar inicialmente os dois
primeiros momentos da posteriori para A, levando em conta que esta distribui¢do a posteriori é
aproximada pela posteriori de g(1),), conforme a relagio guia.

Para o vetor de estado 8;, os momentos so atualizados via métodos Lineares Bayesianos
[Hartigan (1969) e Goldstein (1976)]. As relagdes de recorréncia sdo exatamente as mesmas
apresentadas por West, Harrison € Migon (1985).

(_Q[IDt) ~ [me[] (4.2.20)
onde

=

- St.l:E(}“tlDl)'ft]
G

T|, VAD)| -
t Bz-St.Sl.[L _(_7:;_[2}(“1

Finalmente, os momentos de A, nestas expressdes sdo estimados por estatisticas

B

(@]

provenientes da distribuigo a posteriori de g(n,), conforme a relagdo guia.

4.3 Modelo dinidmico Bayesiano para valores extremos

Desenvolveremos aqui um modelo que é uma realizagio do esquema geral da sec¢do 4.2.
Nesse modelo, a distribuigdo a priori inicial do parimetro de locagdo é uma priori ndo
informativa de Jeffreys, que € uma distribuigio imprépria. Isto ndo afeta o desempenho do
modelo, pois todo o desenvolvimento depende da distribui¢do a posteriori, da distribuigdo
preditiva e do procedimento "Linear Bayes" de atualizagfio do vetor de estado, o qual nio utiliza
de modo essencial os momentos da distribuigio a priori de g(My. Alternativamente poder-se-ia
adotar um modelo no qual a distribuigdo da priori do parimetro de locagdo € a chamada "priori
de referéncia", Bernardo (1979) e Pole & West (1987). Este desenvolvimento encontra-se em
Ferreira (1991).

No modelo a distribuigdo das observagdes é uma distribuicdo de Gumbel, cujo f.d.p. é
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expressa por:
P(Y,n,D)) = —é—t.exp[-exp(- (lg%ﬁ) ].exp[- (Léntﬁ] 4.3.1)

o0 <M <00 -0 <Y < e @ >0
onde: 1, é a moda da distribuigdo e @ € o parfimetro de escala.
Mostra-se que (Johnson & Kotz, 1970), o valor esperado e a varidncia da distribui¢@o sdo

dadas por:
u, = E(YM,@) =0 + C.B, (4.3.2)
onde C ¢ a constante de Euler, C = 0,57721566490
2
V(Y@ = B (4.3.3)

Apresentamos na figura 4.1 o grdfico da densidade de Gumbel (modelo observacional).

N=10,0=1¢ -0 <y<ee
n=10, ¢=1 e -o<y<owm’

o 5 10 15 20

Figura 4.1 - Gréfico da densidade de probabilidade de Gumbel
Reparametrizando a distribuigio de Gumbel pela média |, teremos:

P(Y Jn, @) = @l—t.exp[-exp(. (ﬁ%ﬂﬁ) }.exp‘:_ lti%?dl_t)] (4.3.4)
V(Y =& B (4.3.6)

No desenvolvimento subsequente ndo utilizaremos a distribuigéo conjunta de p € ?. 0
parimetro |, receberd tratamento Bayesiano. Quanto a @y, seré estimado recursivamente, a
partir de hipéteses adequadas sobre a varidncia das observagdes. No caso da distribuigdo
normal, e mais geralmente para a familia exponencial, uma andlise Bayesiana completa pode ser
encontrada em Degroot (1987) e West Harrison e Migon (1985), respectivamente.

Priori nao informativa
A distribuigfio a priori ndo informativa de Jeffreys para . € calculada de modo andlogo ao
da segdo 3.2, o que resulta:

P(/Dy. ;) —@1—[ (4.3.7)
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A distribuigéio preditiva um passo a frente feita a partir dessa priori é também uma
distribui¢do imprépria, como é visto a seguir:
P(Y{IDy.1) = J P(Y{lp,Bp).P(y/Dy_y)dpy
P(Y(D, )% | 5 ,exp{—cxp 0 C.9py) ],exp O COB) | g,
t *g gt Q[

=00

P(Y,D,.,) * Q,it | (4.3.8)

Distribuicdo a posteriori
Pelo teorema de Bayes, a distribuigdo a posteriori de K, € dado por:
P(Dy) = P(Y,lu,3).P(,IDy ;)
Substituindo as expressdes da distribuigio a priori e a verossimilhanga, temos:
oo L i (y+C.B -1y (ytC.B-py) | 1
P(“‘lIDL) @t .CXp{: CXP(' T XD} - ——@[— ‘g[
Apos caleular a constante de normalizagdio, a distribuigio a posteriori ¢ dada por
1 (y+C.O-1) J (y+C.B-11)
P(Dy) = & .exp| -exp| . T ZUEY | | expl WHC 00 Ry) 4.3.9
(L/Dy 3, BXP[ P( —T— eXp, , ( )
A figura 4.2 representa o gréfico da distribuigdo a posteriori de Wy

yi=10,8=1 e, -0 <y < oo

0 2 4 6 8 10 12 14
Figura 4.2 - Gréfico da fungfo de densidade de probabilidade a posteriori para |4
Calculo da média e a varidncia desta distribuigo a posteriori.

Média da distribuig¢io a posteriori de
Através do uso da transformagio

exp(%';) =z (4.3.10)

e de integrais encontradas em Gradshteyn e Ryzhik (1965), p4g. 573, podemos entdo escrever
o valor esperado da posteriori de H; como [Ferreira (1991)]:

E(uiD) =y, 4.3.11)
Varidncia da posteriori de ;.

V(Dy = EQ{IDy - [E(u/Dy)*
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Utilizando-se a transformagdo (4.3.10) e integrais de Gradshteyn e Ryzhik (1965), pég.
578, segue-se que:
2
T
E[u{iD) = y; + B}
Desse resultado € de (4.3.11) segue

2
ViwDJ = 2.5 (4.3.12)

- Com estes resultados, passaremos a descrever o modelo. Por comodidade, resumimos
alguns resultados anteriores.

Modelo observacional
- A distribuig@o das observagdes € uma Gumbel, conforme (4.3.4):

P(Y w3y = Qit.exp[-exp(_ (YL"'_CQ?_tilt_)) }.exp[_ M]

By
E(Y(u,3) = utz 00 <Y, <00
V(Y0 = %’ -@% e <<
@, >0

- Priori nfo informativa do pardmetro p,;, dado por (4.3.7):
1
PID;_{) @ =
(4|Dy.q) 3,
- Posteriori do pardmetro |, expressdes (4.3.9), (4.3.11) e (4.3.12):

P(u, /D) = @l;.cxp[—cxp(_ (y—ttg@gidl—l)J }.exp[_ (y,+Cé¢!—u;)]
{

E(uiD) =y,
7_‘;'2

V(IDy = @%‘_6_
Evolugao temporal do modelo

Como na segdio 4.2, o modelo observacional e a equagdo de estado sdo dadas
respectivamente por:

PCY lup); gnp = A =F.0, , (4.3.13)
0y =Gy 0r.1) + wy, Wy ~ (O,W)) (4.3.14)
- vetor de estado: 8, = [u,8,¥ 1,7 5,...,¥ ¥, ¥*, (4.3.15)
Posteriori do vetor de estado no instante anterior, conhecida:
(8¢.1Dy.1) ~ [my.1,Cy 4] (4.3.16)
ondfl;n'ori do vetor de estado no instante t: (6;.1Dy.1) ~[2,R{] “4.3.17)
2, = Gy (my.) (4.3.18)
R, = A H.Ci.i HL A, (4.3.19)
S;=R.F,=R,.F (4.3.20)

e A € uma matriz de fatores de desconto.
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No nosso caso, 0 modelo é linear, com

1 1 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
G= ® ° ° IS-l ®
0 0 0 0 0 0
0 o0 0 0  pcos(d) psen(d)
0O 0 0 0 -psen(d) pcos(A)
eF; =F = [1,0,1,0,..,,0,1,0]
Do modelo observacional definimos:
A= F1.0,, com AD,; ~ [f,q,] (4.3.21)

E[AID.] = ET@t =fi
VIADy]=F".R.F=q
- Atualizagdo do vetor de estado:
A atualizagfo se processa como na segdo 4.2: (6,Dy) ~ [m,,C,}

onde
m =2, + §l.[E( g) )"f] —a + 5v% (4.3.22)
t
C,=R,- S, 5?.[1 i _(71(&'212}.(1;1 (4.3.23)
t

Essa atualizagdo € fundamentada no método "linear Bayes". No caso a relagfio guia é
A =, pois o modelo observacional estd parametrizado pela média. Entdo E(\L /Dy pode ser
estimada por E(W,/Dy) = y;. Quanto a V(A,/D,) na expressio (4.3.23), mostraremos a seguir que
pode ser estimado por V(D).
- Estimativa de @;:

O parimetro @ € estimado a partir de q; = V(A{D,.;), da seguinte maneira;

% @} = V(Y{Dy.1) = V(IDy.y) = q;

A primeira igualdade acima ¢ obtida tomando a varidncia na distribui¢do preditiva do passo
anterior. (o cdlculo da distribuigdo preditiva se encontra no item seguinte). Assim, escolhemos
como @ o valor que iguala a varidncia q; (dada pelo preditor linear A) & variancia de YDy,

interpretada como a preditiva do passo anterior.
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Uma consequéncia desse modelo para @ é que V(\(Dy) = V(i,/Dy). De fato:
VDY) = VO, D) = (7%/6).07,

a partir do modelo observacional. Por outro lado,
V(D) = 6).2%,
a partir da distribuigdo a posteriori.

Voltando a equagio (4.3.23) temos a expresséo da varidncia do vetor de estado ;, ou seja,

V(—QlIDl) = (_:t.

2 2
_ [, V(D )] a4 T]: (n /6).2){' 1
=R, -§5.S;|1- ==tV [q," =R;-5.5(.|1 - —5————=|.

Ci=R; —t—t[l o =R Si.84 w13 P qi

1

Ct=gt'§l-§’{‘[1 - 2qJ

E interessante observar que a relagdo [V(A/D)/V(MIDy_1)] é constante e igual a 1/2 no
nosso caso. As expressoes completas de atualizagdo do vetor de estado 6; sdo:

Distribui¢do Preditiva
Os itens jd descritos permitem definir completamente o modelo P(Y L, @,). A partir deste
modelo descreve-se na se¢do 5, como se obter uma estimativa para H(50). No entanto, para

efeito de previsdo a curto prazo € \til conhecer a distribuigdo preditiva um passo a frente
(Y,1/Dy). Por defini¢io

P(Yy,, Dy = .[ P(Y 11,4, Dp)-P(ID)dp
Ferreira (1991, pdgs.82-87) desenvolve o célculo da distribuigéo preditiva P(Y,,,ID,), bem

como de seus dois primeiros momentos:

P(Yy /Dy = exp(- yé;ll) exp(- %‘;)
gt-[‘”‘P(- Zg—tl exp(- %‘—t)]

E[Y1,iIDy =3, (4.3.25)

2

V(YD =52 (4.3.26)
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A figura 4.3 representa o gréfico da distribuigdo preditiva.

V1=10,8=1 e, -00 <y < o0

0.25¢

0.2f

0.15}

¢.05F

5 10 15 20

Figura 4.3 - Gréfico da fungfo densidade preditiva
Observacio: a densidade da preditiva obtida nessa item pode ser escrita como:

P(Y{{Dy.) = f P(Y{,1-1)-P(yDyg)dpy
M Yi-1
exp(— g[).exp(' Q[)

2
ool Bl ]

No desenvolvimento da distribuigdo preditiva estamos supondo que @, = @, 4, 0 que

significa assumir uma variagdo suave para . Essa densidade substitui, para todos os
propésitos priticos, a densidade imprépria (4.3.8), pois representa, de fato, toda a informago
necessdria para prever Y a partir das observagdes anteriores, eliminada a incerteza em y1;.;. Em
particular, temos V(Y,ID, () = nZ@%/?), igualdade que foi usada como base para a estimativa de

@,

5. Aplicacdes a algumas Séries e Conclusées

Nesta se¢do estamos interessados em verificar o comportamento do modelo desenvolvido
na segéo 4. Na se¢fo 5.1, aplicamos o modelo dindmico Bayesiano para extremos a duas séries
reais, a saber, a série de vendas de um determinado produto farmacgutico e a série de alturas de
ondas no Porto de Praia Mole, Vitdria, Espirito Santo, Brazil. Na segdo 5.2, determinamos o
valor que € ultrapassado em média uma vez em cada 50 anos, H(50), para a série de alturas de
ondas de Praia Mole, e conclufmos com uma comparagdo dos métodos utilizados em todo o
trabalho para a estimativa de H(50).
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5.1 Aplicagdo a séries reais

5.1.1 Série de vendas de um protocolo farmacéutico

113

Os dados desta série consistem das vendas méximas mensais, nos EUA, de um produto
farmacéutico, no periodo de maio de 1987 a abril de 1989. As tabelas 5.1, 5.2 e a Figura 5.1,
fornecem, respectivamente, a série de mdximos, suas caracterfsticas quantitativas e o gréfico.

M¢s 1987 1988 1989
Janeiro — 302.284 | 294.782
Fevereiro — 217.268 | 206.826
Margo — 224.098 | 209.536
Abril — 214,995 | 197.954
Maio 147.469 | 197.795 .
Junho 206.624 | 198.193
Julho 215.144 | 211.057
Agosto 200.948 | 196.724
Setembro 213,642 | 223.869
Outubro 219.242 | 221.578
Novembro 235.772 | 228.576
Dezembro 259.238 | 274.158

Tabela 5.1 - Mdximos mensais de vendas de um produto farmacéutico (EUA)-Mai/87-Abr/89
Estatistica Valor
Média 221.575,92
Mediana 215.069,50
Valor minimo 147.469,00
Valor maximo 302.284,00
Desvio padrdo 33.225,97

Tabela 5.2 - Algumas caracteristicas da série de vendas

Maximos Mensals (05/87-05/89)
Vendas de um Produto Farmaceutico
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Figura 5.1 - Série de vendas de um produto farmacéutico
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Apesar da pequena quantidade de dados disponivel, podemos observar que o padrio
sazonal dessa série € bem definido. Adotamos o modelo com tendéncia e sazonalidade, i.e., o
vetor de estado 8; definido como: 8, = .[4g,B,¥ 11,8 5. .., ¥ 124].

Os valores da priori inicial estabelecida para o modelo dinimico Bayesiano foram:

my = [180;0;-15,03;-39,25;-28.15;-1 1,81;-24,51;0.08;-1,12;8,86;5,68;75,35;-10,01;-5,08]
Co = Diag[625;9;100;100;...;100]
A tabela 5.3 mostra o erro quadrético médio (EQM) para diversos valores dos fatores de

desconto da tendéncia e da sazonalidade. Considerando o menor MSE relativo [RMSE = IE

m

2
2 ( el/Yl) ], apresentado na tabela, o melhor resultado é para o fator de desconto da
t=1

tendéncia 6; = STpnp = 0.60 e o fator de desconto da sazonalidade &, = dgsy = 0.99.
Podemos observar pela figura 5.2 que o .ajustamento do Modelo Dindmico Bayesiano de
Extremos para esses dados foi muito bom.

Note-se que o desempenho do Modelo Dindmico Bayesiano, que supde normalidade fica
aquém do modelo para extremos: O menor RMSE foi 8,399E™, Ver a figura 5.3 gerada pelo
software BATS (Pole, West & Harrison, 1994) para fatores de desconto 3 =0.60 ¢ &, = 0.99.

F.D.SAZ 0.90 0.94 0.97 0.99

F.D.TEND
0.60 1.5471E3 | 1.5180E> | 1.4974E2 | 1.4843E3
0.70 1.6426E> | 1.6178E3 | 1.5989E2 | 1.5861E3
0.80 1731987 | 1.6968E> | 1.6761E> | 1.6643E>
0.90 1.9100E> | 1.824483 | 1.7788E2 | 1754683
0.95 2.0680E7 | 1.9358E° | 1.8653E2 | 1.8282E7
0.99 2.2427E> | 2.0600E> | 1.96188> | 1.9100E7

Tabela 5.3 - Erro quadratico médio relativo X fatores de desconto: modelo dinanmico Bayesiano
para extremos
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Figura 5.2 - Méximos mensais de vendas de um produto farmacéutico - previsdo um passo a
frente: modelo dindmico de extremos (8; = Stpnp = 0.60 € 8, = 8g47 = 0.99)
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Figura 5.3 - Médximos mensais de vendas de um produto farmacéutico - previsdo um passo a
frente: modelo dindmico (BATS) (8; = dtgnp = 0.60 ¢ 85 = 8547 = 0.99)

5.1.2 Séries de ondas do Porto de Praia Mole (Vitéria-ES)

A série de alturas de ondas no Porto de Praia Mole, j4 foi estudada em se¢Oes anteriores. As
tabelas 5.4, 5.5 e figura 5.5 fornecem, respectivamente, a série de altura médxima mensais, as
principais caracteristicas quantitativas e o gréifico desta série.

Mgés 1982 | 1983 | 1984 | 1985 | 1986
Janeiro — 295 | 2.60 | 3.40 | 2.45
Fevereiro - 2251 215 | 2.80 | 2.04
Margo — 2.80 | 3.19 | 2.50 | 2.80
Abril 425 | 3.45 | 2.69 | 3.30 —
Maio 3.90 | 3.50 | 2.59 | 3.45
Junho 2,59 | 259 | 3.19 | 2.80
Julbo 3.50 | 3.40 ] 3.90 | 4.69
Agosto 390 | 3.90 | 4.00 | 4.00
Setembro 430 | 6.05 | 4.89 | 3.80
Outubro 3.06 | 439 | 3.40 | 3.40
Novembro 2.80 | 3.85 1 3.09 | 3.40
Dezembro 2,69 | 439 | 3.09 | 4.25

Tabela 5.4 - Alturas mdximas mensais de ondas (Ab/82-Mar/86)
Fonte: Instituto de Pesquisa Hidrovidrias (INPH), Portobrds, Brasil

Estatistica Valor
Média 3,38
Mediana 3,40
Valor minimo 2,04
Valor midximo 6,05
Desvio padrdo 0,79

Tabela 5.5 - Algumas caracteristicas da série de ondas
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Figura 5.5 - Gréfico da série de ondas - Porto de Praia Mole (Vitéria/ES)

Adotou-se um modelo com tendéncia e sazonalidade, como na se¢do anterior. Os valores da
priori inicial estabelecido no Modelo Dinidmico Bayesiano de Extremos para esta série sdo:

my = [3.3;0.0;0.0;...;0.0]
Co = Diag[0.6;0.1;0.2;-0.2/11;...;-0.2/11]

A Tabela 5.3 mostra o erro quadratico médio alguns valores dos fatores de desconto da
tendéncia e da sazonalidade. Considerando o menor erro quadrdtico apresentado nesta tabela, o
melhor resultado ¢ para o fator de desconto da tendéncia (3TEND) € sazonalidade (8ga7),
respectivamente, 8, = 0.80 e 8, = 0.99. E importante ressaltar que, neste caso, o ajuste do
Modelo Linear Dindmico, que supde normalidade, foi ligeiramente melhor: MSE = 0,0532.

Apresentamos na figura 5.6 o gréfico do ajustamento do modelo com os fatores de
descontos 8; = 0.80 ¢ 8, = 0.99 e, na figura 5.7 outro grifico com fatores de descontos
8;=0.95 e 8, = 0.97, respectivamente, para a tendéncia e sazonalidade. Nas figuras 5.8 ¢ 5.9
temos os gréficos das variagdes dos pardmetros p, e @, com fatores de descontos de 0.95 e

0.97, para a tendéncia ¢ a sazonalidade, respectivamente.

F.D.SAZ (3, | 0.4 0.97 0.99
F.D.TEND (3,)
0.70 — 0.06471 | 0.06590
0.80 0.06397 | 0.06336 | 0.06296
0.90 — 0.06486 | 0.06466
0.95 0.0685 | 0.06664 | 0.06557

Tabela 5.3 - Erro quadrético médio X fatores de descontos
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Figura 5.9 - Variago do pardmetro @, (5tgnp = 81 = 0.95 e 8ga7 = &, = 0.97)

5.2 Calculo de H(50) e conclusoes

Na se¢io 2, apresentamos dois métodos cldssicos para tratar problemas de extremos: o
método cldssico de Gumbel e o Peaks Over Threshold (P.O.T.). Turner (1982) e Smith (1984)
estudaram estes métodos, com o objetivo de estimar a altura de onda que € ultrapassada em
média uma vez em 50 anos, denotada por H(50).

No método de Gumbel, ajustam-se vdrias distribuigées de Gumbel Fi(y) e, a partir delas,
estimamos vérios H;(Q), definindo-se H(Q) como o méximo dos H;(Q). Este método evita a
necessidade de estudar previamente a sazonalidade da série, porém ele ndo detecta uma possivel
tendéncia, nem uma possivel altera¢io dos padrdes sazonais.

No método de Peaks Over Threshold (P.O.T.), em geral, é necessdrio transformar
previamente os dados, pois ele € idealizado para séries estaciondrias. A seguir definimos um
patamar. Os valores acima do patamar aparecem em grupos de instantes consecutivos. O valor
mdximo em um dado grupo € denominado o pico desse grupo. Consideram-se somente esses
picos, as outras observagées sdo descartadas. Os tempos correspondentes aos picos formam,
sob certas condigdes, um processo de Poisson, veja Turner (1982) e Smith (1984). Segue-se
entdo que as ocorréncias de valores acima do patamar (valores excedentes) em intervalos
disjuntos sdo eventos independentes e o nimero desses valores num dado intervalo tem uma
distribuigio de Poisson. Esses fatos contribuem para a estimativa de H(50).

A diferenga entre o pico e o patamar é modelada por uma distribuigdo exponencial. Esta
escolha € devida & propriedade de "falta de memdria", ou seja P(Y >y + ¢clY > ¢) = P(Y > y).
Essa propriedade torna nossas conclusdes, em certa medida, independente do patamar
escolhido. Outra justificativa para a escolha da distribui¢do exponencial pode ser encontrada em
Smith (1984). A partir destas hip6teses € feita entdo a estimativa de H(50).

Como vimos na segdo 2, nfo existe critério para escolha da altura do patamar e tamanho dos
grupos. O tamanho de cada grupo estd ligado a durago da condig@o de extremo, a qual pode
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ser tdo importante num dado problema quanto o préprio valor do extremo (por exemplo, vento
sobre uma estrutura). Em determinadas situagGes € necessdrio modelar todos os valores
excedentes, e ndo apenas os picos. Tentativas feitas por Smith (1984) para definir o tamanho
dos grupos contribuiram para resolver esse problema, a custa de tornar este método dificil de
ser usado. No modelo dindmico essa questdo pode ser respondida com simplicidade,
diminuindo o perfodo de referéncia para a tomada do mdximo.

A necessidade de estudar previamente as componentes de tendéncia e sazonalidade constitui
também uma limitagdo do método P.O.T. Turner (1982) e Smith (1984) mencionam como
alternativa a utilizagdo de um processo de Poisson nio homogéneo. No modelo dinimico
aquelas componentes sdo consideradas no préprio corpo do modelo, os dados sdo tratados tal
como eles se encontram. As transformagdes de dados usados, por exemplo, por Turner (1982),
dependem em grande parte da experi€ncia do pesquisador. A decisdo de logaritmar os dados,
bem como a decisdo de limitar as frequéncias na componente sazonal sdo exemplos desse fato.
Em contraste, no modelo dindmico Bayesiano, s subjetividade é incorporada naturalmente nas
distribuicSes a priori dos parimetros.

Até certo ponto, o modelo dindmico Bayesiano com observa¢bes provenientes da
distribuigdo de Gumbel, € um retorno ao método cléssico de Gurhbel, embora ndo seja suposto
que os padres sazonais estejam fixos. Nossa proposta € usar os valores de 1 e @ pelo modelo
dindmico como base para a estimativa de H(50), dispensando a estrutura dada pela matriz (5.1).
Esses valores apreendem o comportamento da série, na medida em que retinem informagdes
acumuladas (as distribui¢Ses a posterior e preditiva sintetizam toda a informago no tempo t)
podendo captar uma tendéncia e possiveis modificagSes nos padrdes sazonais. Portanto, para
cada um desses pares (1,8, estimamos H(50) e definimos H(50) como o m4ximo dos
H,(50). Como na segdo 2.2, temos:

F(yp=P[Y<y]J1-1/N=1-1/50=0,98
onde Y = H((50). Logo,
Fy(y)) = exp[-exp-((y, - N)/B] = 0.98
Dai segue-se que
H(50) = Y, = n - @,.In[-In(0,98)] = 1, + 3.90.9,.

No nosso ¢aso, optamos por considerar H(50) = Max {H(50)} no dltimo ano disponivel da
série, embora, em geral possa ser usado qualquer perfodo englobando os ultimos anos da série.
O valor de H(50) calculado na verséo correspondente ao grifico apresentado na figura 5.7 é
H(50) = 6.48 metros.

E claro que, ap6s o cdlculo anual de H,(50), hd a possibilidade de modelagem no tempo
desse novo parimetro, na procura de ciclos, por exemplo; no entanto, entendemos que o
méximo acumulado fornece um pardmetro estdtico apropriado.

Alguns comentdrios sonre os dados e os modelos. Os dados da série de ondas apresentam
um ajustamento melhor para o Modelo Linear Dindmico (distribui¢do normal) relativamente ao
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Modelo Dindmico para Extremos (distribui¢do de Gumbel). Na verdade, os dados da série de
ondas ndo rejeitam a hipdtese de normalidade (teste Kolmogorov-Smirnov e qui-quadrado). O
mesmo ndo se pode dizer dos dados da série de vendas, que é extremamente pequena (24
observagdes): o Modelo Dindmico Bayesiano que adota diretamente uma distribuigdo de
Gumbel apresenta um melhor ajuste.

Quanto ao valor de H(50) determinado pelas metodologias descritas, o valor mais alto foi
obtido pelo método de Gumbel cléssico [H,(50) = 7.14m e Hy(50) = 8.05m] enquanto que a
estimativa Bayesiana (estdtica) foi de 7.23m (se¢do 3.2). Observe-se que o estimador
Bayesiano, neste caso, considera toda a amostra disponivel.

O Modelo Dindmico Bayesiano € adaptativos e atribui um peso maior aos dados mais
recentes. O valor de H(50) obtido via distribuigfio preditiva em t = Abril/86 foi de 6.48m, um
valor pouco conservador (note que o maximo histérico foi de 6.05m); mas isso € devido ao fato
de adotarmos um fator de descontos para a tendéncia muito baixa (3t = 0,60), um valor pouco

recomendado, resultado do pequeno tamanho da série.

Finalmente, podemos observar que hd muitas variagdes do modelo proposto, dependendo
das possiveis informagdes a priori sobre 1 e @, que irdo se refletir nas distribuigdes a priori;
(por exemplo, um modelo com a chamada priori de referéncia). A adogéo de uma determinada
distribui¢do serve a vdrios propésitos, possibilitando intervengdes no modelo, regularizando
um problema numérico, ou até simplificando expressdes analiticas no modelo.

Um exemplo particularmente interessante que pode ser obtido dentro das mesmas linhas
deste trabalho € o caso do modelo observacional Gumbel com priori exponencial. Outra quest&o
a ser desenvolvida € o tratamento Bayesiano para estimar simultaneamente os parimetros 1 ¢ @.

Os autores gostariam de agradecer os comentdrios e sugestdes dos pareceristas da revista.
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